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took up the chall
Newton, Leibpi, T'ge’ and the following year the problem was solved by

out, the solutioy Hapital, John Bernoulli, and James Bernoulli. As it turl}s
passing throy hn s not_ a straight line from 4 to B, but an inverted cycloid
&N the polnts A and B, as shown in Figure 12.8. The amazing

part of the solution

S that a particle starting at rest at any other point C of

the cycloid X
B J);mels 1;): tWeen. A and B will take exactly the same time to reach B.
/ of John. He ‘;I:S)UIll (16f54‘1705), also called Jacques, was the older brother
id ° one of se : i % .
7 perted Cyclot Bernoulli family, Tames's n‘i:iﬁle rarllccomphshed mathematicians of the Swiss

prominent

g for Section 12.

Place in the early devel

atical accomplishments have given him a
opment of calculus.

ot the parameﬂ'ic equations x = V't and y =
Cons!

In Exercises 3—30, sketch the curve represented by the
parametric equations (indicate the orientation of the

')' C’;)mp]ete the table. curve), and find the corresponding rectangular equation
e by eliminating the parameter.
2134
Jox=3t-1 4. x=3-2
y=2t+1 y=2+3t
5.x=Vi 6. x=1¢t+1
y=1-1t y =1
() Plot the points (x, y) generated in the table and T.x=t+1 8 x=p3
sketch a graph of the parametric equations. Indicate y==¢ _r
the orientation of the graph. Yy=3
Find the rectangular equation by eliminating the 3 1 B
‘ parameter. Compare the graph of part (b) with the hx=1+ t 10. x =t _t 1
graph of the rectangular equation. y=t-1 ySyT
1 Consider the parametric equations x = 4 cos? § and . x=2+¢ 12, x =2t
y=1sin . y=t—t y=|t-2|
(&) Complete the table. 13.x=t-1| 14. x = sec 0
y=t+2 = cos 0
7l 7 il o 15, x = tan? 0 16. x = 3 cos §
§ 31770 rai) y = sec? 6 =3 sin 0
== 17. x = cos 6 18. x = 4 sin 26
X y=3sin6 y = 2cos 20
T 19. x = cos 0 20. x = cos 0
y y = 2 sin 26 = 2sin? @
T 21 x=4+2cos 6 2. x=4+2cos 6
0) Plot the points (x, y) generated in the table and y=-1+siné y=-1+2sin8
sketch.agraph of the parametric equations. Indicate B.x=4+2 e 6 24. x=sec 6
, i; (;)nentanon of the graph. y=-1+4sin6 y i tan 30
param‘he fectangular equation by eliminating the 25 x - 4 sec g 26. x = cst 06
i i:)lfer. Compare the graph of part (b) with the y - 33tan 2 i ; S‘;{’
i gl cquation. e =g
i fs of § were s_elccted from the interval [/2, " Y - _'“ B o o 2
o (b)(;felht? table in part (a), would the graph of . X - eg{ S
different? Why or why not? y=e y=t

.
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g fo section 122
5110 (ind dy/dxand d%y/dx’, and evaluate InE
i e n i . _ ;
mExertcthe Spele'ed value of the parameter. and Xercises 19-28, find all points (if any) of horizontal
h _ _ vertical tangency.
¢ ic @ uations Point
prd” 9. x=1-1 20 x=t+t1
;2:.Y’3”11 =2 2 y=¢ —+ 3
1)};;\/”‘3’24.3 t:1 Lx=1-1 p ox=r-tt2
2;t+1-~"=t f t=-1 y=£-3 y=£-3
ixztz“'?’"y:t'l'l i=1u 23. x =3cos 0 . x=cos 0
y = 3 sin 0 = i
—2sin 0 b= Y y = 2sin 20
_9c0s ) 4 25. x=4+2cos 0 _x=4cos? b
I;cosg.’\*=3sin0 0=0 27ch=—1;'Sin0 28y=25i2n€
T . X = S€C _x=cos? 0
2+SCCO,y=1+2tane 0=€ y:tano y=COSO
17 Viy =V -1 1=2 In Exercises 29-34, find the arc length of the given
Bi= st 0V = sin® 0 9= %" curve.
wra,sin@,yﬂ_cosg 9=m Parametric equations Interval
29-x=€"cost,y=e"sint Ostsg
| BRrcises 11-16, find an equation of the tangent 30, x=1%y=4° "1 1=t=1
jnetothe curve at the SPECIerd value of the parameter. N.x=1,y=2 0=t=<2
Pﬂmfﬂ equations Point 32, x=arcsint,y = mVvi-# 0=t 5%
11.x=2!,y=f2"1 , r=2 33.x=\/;,y=3t—1 o0=t=1
px=t-1 Tad t=1 34.x=ty=-{5—+i 1<t=2
x=t= LY "y Y= 10 67 -
13x=t2—t+2,y=t3—3t t=-1 _ _ _
3 In Exercises 35-38, find the arc length of the given
W x=4cos b,y = 3 sin 0 0= i curve on the interval [0, 2m7).
. S = 3
[ x=2cot 0,y =2 sin? 0 g = %’ 35. Perimeter of 2 hypocycloid: ;c Y Z :ionSB :
X Sm 36, Circumference of a circle: x = @ €08 ]
y=3+2s1n0 0=~3' y=asin0
37. One arch of a cycloid: x = a(0 — sin 6)
y= a(l — cos 0)

16.x=2-3cos 0,

(if any) of hor-

all points
e curve.

nEercises 17 and 18, find
the portion of th

itntal and vertical tangency to

18. x = 20
s 6)

I, Tavolute of a circle:
y=201- co

x=cos § + O sin 0
y=sinf— fcos 0

2 4

|

4
2
X
X
6 8 10 12

38. Involute of a circle:
y= sin @ — @ cos 0

um of Descartes Given the parametric equations

39, Foli
M g y= 4
gozgp * 113 P
rm the following.

utility to perfo
d by the parametric

use a graphing :
urve describe

(a) Sketch the ¢
equations-

(b) Find the points of horizontal tangency to the curve.

thn=101t0 approximate
Joop (Hint: Because of
y integrate OVer the interval
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gection 12.3
[}ERGISES for
65 1,8! the pol_ar coordinates of a point are
In E:emot he point and find the corresponding rectan-
wen T ates.
gulaf coordlnate
o7 2 (4, ;”_”_’)
1' (49 6) 2
4 4. (0, —
3 (’1* 4) 0, -m)
: L.

R Y .
1. V2 239 8. (-3, ~1.57)

EXeICises 9-16, the rectangular coordinates of a

int are given. Find two sets of polar coordinates for
the point, using 0 = 8 < 2
9. (1L D 10. 0, =5)
]1- (—35 4) 12_ (3, __1)
13. (‘\/3, -V3) 4. (-2,0)
15. (4,6 16. (5, 12)

n Exercises 17-32, convert the given rectangularequa-

tion to polar form.

ne+y?=9 18.Jr2+y2=a2
l9.12+y2—2ax=0 20.x2+y2—-2ay=0
Ny=4 2.y=b

B.x=10 24.x=4a

% 3x-y+2=0 26.4x+7y—2=0
Moxy=4 28, y=4%

.y =9 30, y? — 8x— 16=0

31.x2—4ay—4a2=0
R, 02 + y2p - 92—y =0

s and Curve Ske

t lines to polar graph

12.4 Tangent Line

Relative extrema of r = Tangen

We have seen that
periodic nature an

evelop tWO
. a differentiable function of 0,
the procedures discusse

calculus to d

In Exercises 33-44, ¢ , '
—44, convert the
to rectangular form. given polar equation

33. r=4sin 6 34, r=4cosf
3. 0=% 3. r =14
37.r=2csct 38, r2 = sin 20
39, r=1-2sin6 40.r=———1"
1 —cos @
42, r = 2sin 30

6
i =T
r=2_"3sinb
6

43, r*=4sin 6 -——
M. r=5 09— 3sin b

Ip Exercises 45-54, sketch the graph of the polar equa-
tion. Indicate any symmetry possessed by the graph.

45.r=5 46. r= "2
47.r=190 48,r=—0-
: T
49, r =sin 60 50.r=3cosﬂ
51.r=256¢9 52.r=3c:scO
54.r=2+cos€

53, r =42 + sin 0)
55. Convert the equation

r=2(hcosﬂ+ksin 0)

to rectangular form and verify that it is the equation of

a circle. Find the radius and the rectangular coordinates
of the center of the circle.

56. Verify that the distance between the two points (71, 6,

and (r5, 6,) i polar coordinates is given by

d= r12+ r22—2r1r2 cos (91 = 02).

ordinates -

tching in Polar Co
s ® Special polar graphs

polar curve sketching
d symmetry of the gr

by considering the

can be simplified
s section by using

aph. We begin thi
¢ sketching aids-

then we can de
d in Chapter 4. However, since

§) and the pole is |r], it is possible that both
hose distance

this with an example.

additional curv
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o
2, find dy/dx and the slope of the

., 1and
" aeftcl‘;f; ghown on the graph of the polar equation.
o o
o L sasind 2. r =21 - sin §)
31
(2,0)
v
S 3,171 o 3r
0 ( 6 ) (4, : )
percises 3-01 find dy/dx and the slope of the graph
of the poiar curve at the given value of 6.
Polar Equation Value of 0
3, p=3(1 = cos 6) 0:7_27
4,r=3—2c050 6=10
5, r=3sin8 9= %’
6r=4 0= 727

In Exercises 7 and 8, find the points of horizontal and
vertical tangency (if any) to the polar curve.

Tr=1+sn6 8. r=asinf

In Exercises 9 and 10, find the points of horizontal
tangency (if any) to the polar curve.

% r=2cscf+3 10. r = a sin B cos? 6

In Exercises 1114, use a graphics utility to graph the
polar equation and find all points of horizontal tangency.

12. r = 3 cos 26 sec (]

1L r = 4 sin 9 cos? 6
14. r = 2 cos(30 — 2)

Br=2csco+5

{!‘ ExefCiS§S 15-22, sketch the graph of the polar equa-
Ion and find the tangents at the pole.

}:'ri?’s'm" 16. r = 3(1 — cos 8)
N ::Zc_os 30 18. r = —sin 50
" r2‘3sm 260 20, r = 3 cos 26
12 =4 cos 26 22. r2=4sin 6

] i3

In Exercis

In Exercises 23-28, sketch the graph of the polar

equation.

23. r=3-2cos 0 24.r=5—4sin6
BN SU——

26.7=75Gng-3cos b

28.r=%

25. r=3csc @

27.r=20

es 29—36, use a graphing utility to graph the
polar equation. Find an interval for 6 over which the
graph is traced only once.

30. r=2(1 — 2 sin 6)

29, r=3—4cos b
32.r=4+3c050

3. r=2+sind p
36 o 56
33.r=2cos(-i-> 34.r—3sm<2)

35. r2 = 45sin 20 36. r2 = 3 cos 46

40, use a graphing utility to graph the

In Exercises 37—
dicated line is an asymp-

equation and show that the in
tote to the graph.

Name of Graph Polar Equation Asymptote

37. Conchoid r=2-—secf x=-1

38. Conchoid r=2+csch y=1

39. Hyperbolic spiral r = % y=2
2cos20secd x= -2

40. Strophoid r=

41. Sketch the graph of r = 4 sin 6 over each of the fol-
lowing intervals.

(a)Ososg (b)';—rSOSﬂ

A
2
42. Use a graphing utility to graph the polar equation
r=6[1 + cos(0 — ¢)]
for (a) ¢ = 0, (b) ¢ = m/4, and (¢) ¢ = /2. Use
these graphs to describe the effect of the angle ¢. Write
the equation as a function of sin 6 for part (c).

43. Verify that if the curve whose polar equation isr=
£(6) is rotated about the pole through an angle ¢, then
an equation for the rotated curve is r = f(6 — ¢).

44, If the polar form of an equation for a curve is r =
f(sin 8), show that the form becomes
(@) r=f(—cos ) if the curve is rotated counterclock-

wise /2 radians about the pole.

-z = i
(©) 2505 (d)4sos4
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jar Coordinates 715

jon 12.3 e
b
iﬁﬁ .1 the area of the region bounded 17. r=4—5sin 6 18. r=1+cos 0
ndz,flndte ; : . —3cos 0
40551 8 ie polar equation bY (a) geometric for- r=3sin0 T
|n9‘egraph° integration. x
Ja? 2. r=23cos 6
2350
I .
12, find the area of the region. . 0
grcises 7 - 3
In = 2 cos 30.
tal of r .
3'0ne$ta10fr = 4 sin 20
‘,Oﬂc talofr=00529 3w
5,005Pemlofr=c0550 2
ln[eﬂg)ero =1‘Siﬂ9(b : 1 i -
, Jotet, = 1 — sin 0 (above the polar axis o =T =2
B.lnleﬂ(;;gp;fr=1+20089 19. r=2,r=2 2. 0=7
=3+ 4sin 0 21. r = 4sin26,r =2
lﬂ-mneeen[heloopSOfr =1+ 2cos @ 22. r=3+sin 6, r=2csc 0
i B oops of r = 2(1 + 2sin 6)

0 Between

pICiSes 1322, find the points of intersection of

t;e graphs of the equations.
g r=1+cosd 14. r = 3(1 + sin 6)
',=1—c059 r = 3(1 — sin 6)
|
' |
m — I DK 0
5
o
i |
jg
Bor=1+cos 6 16. r =2 — 3 cos 0
r=1-sin6 r =cos 0
3 7
* i
t
- ™ "'0
i
3
I
2
.

33.

In Exercises 23 and 24, use a graphing utility to find
the points of intersection of the graphs of the polar
equations. Watch the graphs as they are traced on the
display screen. Explain why the pole is not a p_omt
of intersection obtained by solving the equations
simultaneously.

24. r=4sin 0
r=2(1+sin 0)

23. r=cos 6
r=2-—3sin0

In Exercises 25—32, find the area of the region.

25. Common interior of r = 4 sin 26 and r = 2

26. Common interior of r = 3(1 + sin 0) and r =
3(1 — sin 6)

27. Common interior of » =3 — 2 sin fand r =
-3+ 2sin 6

28. Common interior of r = 3 — 2 sin 6 and r =

3 —2cos b

29. Common interior of » = 4 sin @ and r = 2

30. Inside r = 3 sin 0 and outside r = 2 — sin
31. Inside r = a(1 + cos ) and outside r = a cos 6
32. Inside r = 2a cos 0 and outside r = a

The radiation from a transmitting antenna is not uniform
in all directions. The intensity from a particular antenna
is modeled by

r = acos? 6.

(a) Convert the polar equation to rectangular form.
(b) Use a graphing utility to graph the model for a =
4and a = 6.

(c) Find the area of the geographical region between
the two curves of part (b).
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EXAMPLE 7 An application involving velocity

x , Aln airplane is traveling at a fixed altitude with a negligible wind factor- The
‘ e plane is headed N 30° W at a speed of 500 miles per hour, as shown in Figure
N e wind v 13.12. A_S the plane reaches a certain point, it encounters wind with a velocity
o %\ | 112gc  OF 70 miles per hour in the direction E 45° N. What is the resultant speed
k 5‘1\20 N\ and direction of the plane?
~1 SOLUTION
frURE 11

Using Figure 13.12, we can represent the velocity of the plane by the vector
vy = 500(cos (120°), sin (120°)) = 500 cos (120°) i + 500 sin (120°) j.
The velocity of the wind is represented by the vector
v, = T0{cos (45°), sin (45°)) = 70 cos (45°) i + 70 sin (45°) §.
The resultant velocity of the plane is
V=V + v,
= 500 cos (120°) i + 500 sin (120°) j + 70 cos (45°) i + 70 sin (45°)

= [500 cos (120°) + 70 cos (45°)] i + [500 sin (120°) + 70 sin (459]
~ —200.5i + 482.5j.

Now, to find the speed and direction, we write v = |[v||(cos 6 i + sin 6 j).
Since

vl = V(=200.5)2 + (482.5)2 = 522.5
we have

—200.5, L 482.5.

v~ 522.5[ el 3=s J]z 522.5[—0.3837i + 0.9234j]

=~ 522.5[cos (112.6°) i + sin (112.6°) jl.

Therefore, the speed of the plane, as altered by the wind, is approximately
522.5 miles per hour in a flight path that makes an angle of 112.6° with the
positive x-axis. =

EXLRCISES for Section 13.1

hBercises 14, (a) find the component form of the
*clor v and (b) sketch the vector with its initial point

A the origin,
L? ;
' y 3, s 4. ?
’4 2. ] 4 3, 4) -1, 3) T
3 | G, 3) 3 - ’ 2 3
2LIVV. il e :
T — T TR 1 @2 n

M’ _],,1. I 2 4 56 7 (_4! _2)4| (3! _2) 1 ‘ l
apl23 45 1 @, -2) 1 T &

-
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In Exercises 5-12, the initial and terminal points of a

In Exercises 35 and 36, fing the follow
vector v are given. (a) Sketch the given directed line Win

. \4
segment, (b) write the vector in component form, and @ [u] ® vl © Ju + v
(c) sketch the vector with its initial point at the origin. B 5 u
i pointa O gl @ Il © ey
Initial Point vl

Terminal Point 1
s.u=(L3)v=09

5.(1,2) s, 5)

6. (3, -5) @, 7 36. u=1(2, —4),v=4(55

7. (10, 2) 6, -1) !

8. (0, -9 (=5, -1) ,

9. (6,2) 6, 6) !n Exer_mses. 37 and 38, demonstrate th

10. ('3/, -1) (-3, -1) inequality using the vectors u ang y, © i,
3 1 o«

1. (3.9) 4.3) F.u=(2,1,v=054

12. (0.12,0.60)  (0.84, 1.25) 38. u=(-3,2),v=A(1, -2

In Exercises 13 and 14, sketch the scalar multiple of v. In Exercises 3942, find the vectyr , .
i

13. v=(2,3) magnitude and the same direction a5 u E i
@ %v (b) ’2_3" Magnitude  Direction
© 3 @3 . vj=4  w=(11)
K. v=(-15) 40. ||v|| = 4 “=(:/1_, 1)
. 1 41. |v|| = 2 u=(V3,3)
(a) 4v (b) =3V 2. v=3 u=(,3
(c) Ov (d) —6v

In Exercises 15—20, find the vector v and illustrate the
indicated vector operations geometrically, where u =
(2, —1)and w = (1, 2).

15.v=%u 16. v=u+w
17. v=u + 2w 1. v=—u+w

l9.v=%(3u+w) 20. v=u-—-2w

In Exercises 21-26, find a and b such that v = qu +
bw, whereu = (1, 2) and w = (1, —1).

2l. v=14(2,1) 22. v =0, 3)
23. v=(3,0) 24. v=(3,3)
25.v={(1,1) 2. v=(-1,7)

In Exercises 27 and 28, the vector v and its initial point
are given. Find the terminal point.

27. v = (-1, 3), initial point (4, 2)
28. v = (4, —9), initial point (3, 2)

In Exercises 29—34, find the magnitude of v.

29. v=(4, 3) 30. V=(12, _5)
31. v=06i — 5j 32. v=-10i + 3j
33 v=14 Mov=i-j

In Exercises 43—46, find a unit vector (3) paralle/

and (b) normal to the graph of f(x) at the indicateq D

Graph Point
43, f(x) = x3 1,1
4. f(x) = x° (-2, -8)

45, fx) = V25 —x*2  (3,4)

46. f(x) = tan x

(&)

In Exercises 47-50, find the component.form ofvg@;»éi
its magnitude and the angle it makes with the pist

x-axis.

Magnitude Angle
47. |v| =3 =0
48. |v| =1 0 = 45°
49, |v|| =2 6 = 150°
50. |[v| =1 =235

In Exercises 51-54, fin
v given the magnitudes of uand va

v make with the positive x-axis.

5L fluf =1, 0= 0% |v] = 3,0 = 45
52, |lul = 4, = 0% v =2, 0= %

53. lu=2,6=4|v|=11067 2
54. [[u] =5, 6=

-0.5; Ivll = 3,

0:0.5

d the component " CL"
nd the anges””



5 and 56, find the component form of v

iseS
perc™ onitudes of uand u + v and the an
l;,lveﬂ tht’; n;ariake with the positive x-axis. Bits
U
" 455 [l + vl = V2, 6= 90°

=1,
gl g =30%lu ¥ vl =6, 6 = 120°

e o PO pomiBIns Lean S 4hgve the
fl A 'zonml is applled to a bolt. Find the horizontal and
ho:ica] _omponents of the force (see figure).
Ve

_sound weight is su§pcnded from the ceiling by a
g A § feet long. Determine the magnitude of the hor-
force required to hold the weight 1 foot from

o™ - a1 (see figure).

the vertic

FGURE FOR 57

FIGURE FOR 58

§9. To carry a 100-pound cylindrical weight, two men lift
on the ends of short ropes tied to an eyelet on the top
center of the cylinder. If one rope makes a 20° angle
away from the vertical and the other a 30° angle, find
the following.

(a) the tension in each rope if the resultant force is
vertical
(b) the vertical component of each man’s force (see

figure)

0 Ay FIGURE FOR 59 '
y aitplane is headed 32° north of west. Its speec.1 with
Pect to the air is 580 miles per hour. The wind at

Perplaue’s altitude is from the southwest at 60 miles
hour. What is the true direction of the plane. and

What ;e :
ﬁ::lml)s its speed with respect tO the grou nd? (See

Section 13.1 / Vectors in the Plane 7317

_____ >4 FIGURE FOR 60

61. A plane flies at a constant ground speed of 450 miles

per hour due east and encounters a 50 mile per hour
wind from the northwest. Find the air speed and com-
pass direction that will allow the plane to maintain its
ground speed and eastward direction.

62. A ball is thrown into the air with an initial velocity of

80 feet per second and at an angle of 50° with the
horizontal. Find the vertical and horizontal components
of the initial velocity.

63. Three vertices of a parallelogram are (1, 2), (3, 1), and

(8, 4). Find the three possible fourth vertices (see
figure).

o(8, 4)

6 7 8 9 10

FIGURE FOR 63

64. Use vectors to find the points of trisection of the line
segment with endpoints (1, 2) and (7, 5).
65. Prove that the vectors

u = (cos 6)i — (sin 0)j
and
v = (sin 0)i + (cos 0)]

are unit vectors for any angle 0.

66. Using vectors, prove that the line segment joining the
midpoints of two sides of a triangle is parallel to and

one-half the length of the third side.

67. Using vectors, prove that the diagonals of a paral-

lelogram bisect each other.
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oS o 1 =

_4, find @u-v, (Bu-u,

and  (@)u-2v.

) Jluf?,

yectors:

« e « =
nmonon
o~

™

|

—

=

e e s e =

3w, . 3w,
v:cOSTI # SlnT

2w
i+sin—j

_ 27
ll.u—cos 3

= _'+ H ._71'
¥ = COS 12l sin 12]

InExercises 13-16, find the positive angle 6 between
te given vector and the positive x-axis.

lJ.n:i—j

4. u=V3i+j
15.u=<3’2>

16. u = (12, 5)

h Bercises 17-24, determine whether u and v are
"hogonal, parallel, or neither.

Mousgg, 0, v =1, 1)
s, -g,v= 0, 1)
l9ll~(2 18), V=<%,—%>

g" 0,4, v = (v3, 1)
U=, ~4), v =(-3,2)

LR SRR

In Exercises 2530, (a) find the projection of uontov,
and (b) find the vector component of u orthogonal to v.

25,
26.
27.
28.
29,
30.

3L

3.

3.

35.

37.

u=(2,3,v=_5,1)

u= (I, =-2),v=(1,3)

u=(1,1),v=(5,0)
=(2,-3),v={5, -1

u=(2,-3),v=_3,2)
=(V3,1),vy=(-V3, -1)

A truck with a gross weight of 32,000 pounds is parked

on a 15° slope (see figure). Assuming the only force to

overcome is that due to gravity, find the following.

(a) the force required to keep the truck from rolling
down the hill

(b) the force perpendicular to the hill

Rework Exercise 31 for a truck that is parked on a 16°

slope.

Weight = 32,000 Ib
FIGURE FOR 31

FIGURE FOR 33

An object is dragged 10 feet across a floor, using a
force of 85 pounds. Find the work done if the direction
of the force is 60° above the horizontal (see figure).

50 ft FIGURE FOR 34

. A toy wagon is pulled by exerting a force of 15 pounds

on a handle that makes a 30° angle with the horizontal.
Find the work done in pulling the wagon 50 feet (see
figure).

What is known about 6, the angle between two vectors
u and v, if
(@u-v=20

byu-v>0 C©u-v<0?

. What can be said about the vectors u and v if

(a) the projection of u onto v equals u?

(b) the projection of u onto v equals 0?

Use vectors to prove that the diagonals of a thombus
are perpendicular.
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antiderivatives
by imposing
onstrated 1n

As with real-valued functions, we can narrow the family ‘?f
of a vector-valued function ' down to a single antiderivative
an initial condition on the vector-valued function r. This is dem
the next example.

EXAMPLE 10 Finding the antiderivative of a vector-valued function

Find the antiderivative of
r'(t) =cos 2ti— 2sintj

that satisfies the initial condition r(0) = 3i — 2j.

SOLUTION

r(z) =

J
- (f cos 2tdt)i - <2fsintdt)j
(

1
= Esin2t+ Cl)i + @Qcost+ Cr)j

Letting ¢ = 0 and using the fact that r(0) = 3i — 2j, we have
r0) =0+ C)i+ @+ Cpj=3i-12

r'(t) dt

Equating corresponding components produces C; = 3 and C, = —4. Thus,
the antiderivative that satisfies the given initial condition is
r(s) = (%sin2t+3)i+(2cost—4)j. =
BERCISES for Section 13.3
hBxercises 1—4, find the domain of the given vector- In Exercises 7—10, sketch the curve represented by the
valued function. vector-valued function and give the orientation of the
i curve.

bet) = 5ri - 7 7. 0(t) = 3ti+ (t = Dj

L) = V4 - 2i + 12j
St =ei+1ntj

4-[’([:L' 1 .
) t—3l+_t—5]

I Eve
"Bercises 5 and 6, find [|r(0)].

-

10 = i
= s 7ti + cos 7t
< Viie sy

8. r(1)=2costi+ 2sintj
9. r(t) = ti + 1%

1
10. r() =ti + ?j

In Exercises 11-16, evaluate the limit.

2
11. lim (ti P sk )

t—3 t2_3t‘l
sin ¢
12. 1 iy 220
2 i e+ %311)
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13. L
t

(
14. lim (\f;i+ L. j)
(

. 2
15. lim ﬁi + e‘z‘j)
. 312 5
16. —i+ i
§ }52(:2+1'+ -')

In Exercises 1720, determine the interval(s) on which
the vector-valued function is continuous.

17. r(t) = ti + ltj

8. r(t) = Vii+ Vi - 1j
19.r(t) = Inti+ e'
20. r(t) = arccos ti + 12

In Exercises 21-24, (a) sketch the plane curve repre-
sented by the vector-valued function, and (b) sketch the
vectors r(y) and r'(¢,) for the specified value of ¢,. Posi-
tion the vectors so that the initial point of r(z,) is at the
origin and the initial point of r'(z) is at the terminal
point of r(zy).

21. r(1) = £2i + ¢ fy =
2. r(t)=ti+4j to =

23. r(t) =costi+sintj =

1
24. r(t) = 21 + ;j h =

In Exercises 25-30, find r'(¢) and r'(s).
25. r()) =3ti+ (1 — 1)j

1 t+1
26. r(t) = ?l + —‘l‘j
27. r(t) = (@ cos t, a sin t)
28. r(t) = (sec t, tan 1)
29. r(t) = (¢t —sint, 1 — cos f)
30. r(r) = {cot ¢, 2 sin  cos )

In Exercises 31 and 32, find the following.
(@) r'(n (b) D,[r() - u(1)]
(€) D[3r(r) — u(n] (d) Dflr(x)]

31, r(e) = 3ti + 4, u(r) = 4ti + 2
32. r(t) =sinti+costj,u(t) =costi—sintj

In Exercises 33—38, find the open interval(s) on which
the curve given by the vector-valued function is smooth.

33.r(t) =i+
1, .
34. r(t) = t—_—ll + 3t

35. r(6) = (2 cos® 6, 3 sin3 6)

36. £(6) = (0 + sin 6, 1 ~ coq

37.r(6) =(0—2sin g, 1 - 205
[/ 3 312 )

8.r0)=\15 m>

In Exercises 39-42, evaluate the ; indefin;
t

Efé
39, f(mzn +3j) dt .

o[ (b i) a
41. J’(4sinti + 3 costj)dt

42. f (te i + tj) dt

In Exercises 43—46, evaluate the definite integry
1 .
43. L (6ti — 3tj) dt
1
44, fo Vi + Vi+1j)at
w2
45. _L (Bcosti+ 3sintj)dt

3
46. L (ei + tetj) at

In Exercises 47-50, find r(¢) for the given conditvs
47, r'(1) = 4e¥i + 3¢

r(0) = 2i
48. r'(r) = 2ti + Vij
r@0) =i+ j

49. r'(f) = -3
r'(0) = 600V/3i + 600j, r(0)=
50. r"(t) = —4 costi—3sintj
r'o0) = 3j, r(©)=

In Exercises 51-55, prove the given propert¥0r el §

ector @™
case assume thatr and uare dlfferentlablilV g furct’

functions of «, fis a differentiable real-valV

of #, and ¢ is a scalar.

5L Djer(s)] = cr'(¥)

52. D[r(p) * u(p)) = r'(r) £v'()

53. DLf(1)r(n)] = f()r'(t) + f1(OF0)

54. Dx(f)] = x'(fNF' )
55. I r(r) - £(f) = c, then (1) * T’V ~
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