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Chapter 11 Further Topics in Algebra

Sequences and Series

ractice Problems

an =_2n = al =_21 = —2; az =—22 = —4;
ay=-2"=-8 a,=-2%=-16

n: 1

5
term: 0 LI c.oa,
2 3 45

Since the terms alternate, and the negative
terms are the even-numbered terms, use the

2 3 4
3

factor (—1)"+1 to alternate the signs. The
-1 1
n-l_,_ L
n n
1

so the general term is (_1)n+1 [1 - —j.
n

absolute value of each term is

ay=-3,a,,;=2a,+5

a) =2a1+5=2(—3)+5=—1
as =2a2 +5=2(_1)+5=3

ay=2a;+5=2(3)+5=11

ds =2a4 +5=2(11)+5=27

The female bee is a,. Since female bees have
two parents, a; = 2. The female parent has

two parents and the male parent has one, so
a, = 3. There are two females and one male

in this generation, so the next generation has
three females and two males. We can use a
tree to represent this:

M F M F F M F <— 8 great-great-

\/ \/ / \/ grandparents
M F  <— 5great-
grandparents

F <— 3 grandparents
<— 2 parents
F <— 1 female bee
ay =a,_, +a,_q for k=3.
13! 13-12!
212

n! :n(n—l)(n—2)(n—3)!
(n—3)! (n—3)!
zn(n—l)(n—Z)

13

~1)" 2" -1)'2!
an=—( ) :>a1=( ) =-2

n 1!
P ) S S

21 21
P G S
3 3! 321 6 3
a_(—1)424_ 16 16 _2
4 41 4.3.2.1 24 3
) e B - B |
ST 51 T 5.4.3.2.1 120 15
3
PRGNS
k=0

ED2ON+ (D' Ay + D2+ (=133
=1+-D+2-D)+(-D3B-2-)=—4

2-4+6-8+10-12+14 alternates addition
and subtraction of consecutive even integers
from 2 to 14. The even integers can be
represented as 2k with k ranging from 1 to 7.
We alternate the signs using the factor

(-1)**. Thus, the expression is

7
Y D (2k).

k=1

11.1 Basic Concepts and Skills

1.

An infinite sequence is a function whose
domain is the set of positive integers.

If a sequence is defined by a,, =2n— Q,
n

0 _

then as =2(5)- .

8.

By definition, 0! = 1.

2(0)

i2k+1_ 1, 2()+1 2(2)+1
22
2
+
2

2 2

)
(3)+1, 2(4)+1
2

2
(5)+1

+
k=0
+

58]
+

1

+

1 3 5 7 9 11
=4+t —+—+—=

+
2 2 2 2 2 2

18

False. a; =3, ay =a,;> =3° =9,

a3=a22=92=81
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966 Chapter 11 Further Topics in Algebra

6. False. 20. a1=a2=a3=a4=—0.4
(Zn)! 2n(2n—1)(2n—2)(2n—3)!
TS P Py e TR (D' D> _1
! ! 21. q, = =—la,=-———"—=—,
1! 21 2
7. a;=31)-2=la,=312)-2=4, _(_1)3_ 1 _(_1)4_ 1
ay;=3(3)-2="7,a,=3(4)-2=10 BT T TN T T T
8. g =20)+1=3,a, =2(2)+1=5, 1 2 3 1 4 1
az=23)+1="7,a,=2(4)+1=9 22. al:ﬁzhaz=5=1,a3=§=5,a4zzzg
1 1 1 1 1
9. a=1--=0,a,=1-—=—, PPN Peu RIS RSy P S §
a 1 a ) 23. a =13 3,a2 (-D~3 5’
1 2 1 3 1 1
az=1-— —»a I-—=-— =(— 3 73:—— =(— 4 74:—
3 3 3 4 4 4 as -D73 27,614 -D"3 31
10, a=1+1=24, =143, 24. a;=(-1)'3"" =—1,4, = (23> =3,
! 2% ay= (-1’3 = —9,a, = (-*3*" =27
ag:1+ = ,(14 1+—:—
4 4 ol ¢ o2 o2 P
25. a1=———,a2= ——,a3=_=_,
1. g =-1>=-la,=-2> =4, 2({4) 24 22) 4 23) 6
ay=-3"=-9,a, =-4> =16 a,=——=%
24) 8
12. a1=13=1,a2=23=8, 1 2 3
3 3 2t 2 27 4 2 8
a3=3 =27,a4=4 =64 26. a =—=—,0y == =—F,0 =— =—,
! el e 2 e2 e2 . 63 63
_20) _22) 4 0 23 _3 2% 16
13. al———l,az————,ag————, ay =—F=—
1+1 2+1 377 341 2 et ot
_2(4) 8
=75 27. a,=3n-2 28. a,=2n+5
1 +1
14. alzﬁzalzg,azzﬁzé, 29. q, = 30. a,="—

17 +1 2 2°+1 5 n+1 n+2
p3® 9 34 D2 )
S T A E I 3. a,=-D""'2)  32. a,=(-1"(Gn)

15. 611=(—1)1+1=1,az=(—1)2+1=—ls B 4 :3'1—1 " . :(_ljn
a3 = (_1)3+1 — 1,614 — (_1)4+1 =-1 n 2n n 2
_ n
16. a=(-3)""=La,=(-3*"=-3, 35. a,=n(n+1) 36. a,= 1)
ay = (_3)371 =9,a, = (_3)471 -7 nn+1)
n
L5 o, 1 _1 3. a,=2-CY 38. Sl
17. 01—3—?—5,02—3—2—2—1, ay n+1 a n+1
a3—3—2%=%,a4= —%:% 39. «a _3"“ 40. a —(E)n
T n+d o2
1 2
18. al:(ij :i,azz(ij _2 41, ay=2a,=2+3=5a;=5+3=8,
2 , 2 2) 4 a,=8+3=1la;=11+3=14
_(3Y 2, _(3) 8
a=5] T %=5) T 2. a =5a,=5-1=4,a;=4-1=3,

a,=3-1=2a5=2-1=1
19. a1=a2=a3=a4=0.6
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Section 11.1 Sequences

and Series 967

43. a;=3,a,=2(3)=6,a3=2(6) =12,
ay =2(12) = 24,a5 = 2(24) = 48

1 1 11 1
44, ay =1,a2 =5(1)=E,a3 =E(Ej=z,

45. a;=7,a,=-2(T)+3=-11,
ay = -2(-11)+3=25,a, = —2(25)+ 3= 47,
as = -2(-47)+3=97

46. a,=—4,a, =-3(-4)-5=1,
ay=-3(7)-5=-26,a, = -3(-26)-5="173,
as =-3(73)-5=-224

47. ap = 2,612 =

48. al=—1,a2=—1=1,a3=—=—1,a4=_1=1,

-n' 1
525) 125
_(=n* D 1
Ts¢-y125) 7
oo DY
37 51/125)

49. ap = 25, a, =

]

s 47525 125

s

-n' 1
312) 36
B T S
37 3(-1/36) TAT3-12) 36”7
= G =12

3(1/36)

50. a = 12,(12 =

as

In exercises 51-56, we show only the first screen to
determine the terms of the sequence before we list the
ten terms.

51. a. ?E‘q':E:"-‘z_l:ﬁ':l:lE
2 11 26 47 74 .

2,11,26,47,74, 107, 146, 191, 242, 299

52. a.

53.a.

54. a.

ﬁeqi4—3fn=n=1=1@
El 2.9 3 3.25 3.

1,2.5,3,3.25,3.4,3.5,3.571, 3.625,
3.667, 3.7 (rounded to three decimal

places)
seqipil-1-ml:n.1
2183
|1 23456 ..

0,1,2,3,4,5,6,7,8,9

seqini-ni.n.l.18
8 4 18 48 1668 ..

0,4, 18, 48, 100, 180, 2

94, 448, 648, 900
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968 Chapter 11 Further Topics in Algebra

55. a. Flokl Flokz Flobz | . |
a. [P Fe 6. @ntD!_Qnih-Qm!_,
~utnBI-1 ule—10 (2n)! (2n)!
gllig 8. 50 Qn+1)! Qn+DEm2n-1!
winfini= 64. = ' =4n* +2n
b= (2}’1—1) (27’1—1)
sesqluinl.na1.110 7
£.5 -1 2 .5 -1 .. 65. ) 5=5+5+5+5+5+5+5=35
[ | k=1
4
66. Y 12=12+12+12+12=148
0.5,-1,2,0.5,-1,2,0.5,-1,2,0.5 =1
5
- 67. Y j7=0"+17+27+3%+4% +5> =55
i=0
4
68. Y k’=0"+1"+27+37+47 =100
k=0
56. a. Flokl Flotz Floks
e B at—1 )2 69 i(z' D=2MO)-D+Q2Q2)-1)+23)-1)
L uin— . i-D= - - _
unllinigi} “
. =
winling= +QA-D+QE) -1 =
=
wlaMing=
SEALULHdams 12117 70. 2(1—3k)
ittt =300 + (=300 + (- 32) + (1-33)
+(1-34)+1A-3(5)+A-3(6))
=-56
LLLLLLLLLI - 2711' +1_4,5.6.7 8 853
b Zj 3 45 6 7 140
1
72. —
2
1 1 1 1 1 1
= + + + + +
341 441 5+1 6+1 7+1 8+1
! ! 2509
57, 2.3 _ 1 _ 2509
5175431 20 2520
6 . .
sg, o8 1 73 Y ()3
10! 10-9-8! 90 =
==D23H+ D332 + (-n*3°
51 DAl CDPEH+ED’EH+ D)
N T R +(=D’GH+ D3
‘ ' =183
20! 20-19-18!
60, 200_20-19-18! .., A
18! 18! 74. Y (-DFk
61 n! n! 1 SR ’ 3413 D4 4y = -3
. = = =(-1 +(-1 +(- ==
(n+1)! (m+1)-n! n+l DT @FEDTEFEDTE)
-1 |
62. (n-D! (-1)-(n- 2) -

n-2)!" (n-2)!
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Section 11.1 Sequences and Series 969

75.

76.

77.

79.

81.

83.

8s.

86.

87.

88.

7

> 2=k
- (2-47)+(2-5%)+(2-67)+(2-7*)
=118

= (42 +1)+ (53 +1)+ (67 +1)+(7° +1)
+(83+1)+(93+1):1995

51 51

Y 2k-1 78. )2k

k=1 k=1

5 2
5k 80. 2k(k+1)
82. Y (-D*'k

— 84.

ﬁeqi12n3=n=1
45268

ﬁeqi2n+?=n=1
2988

UMy l—neE
ala D 3@
-1. 345438188

+1aisn
259399

[

el P
o

WO T

89.

90.

11.1 A

sumisesil -1 nin
Tawmal.18802

sumlses Y+ -1 e
SRana S0
. P = e S S

pplying the Concepts

91. a. Use a table to determine the pattern. It

appears that each second, the body falls 32
feet per second faster than it did in the
second before.

Time | Distance each second

16

48

80

112

144

176

N N |WIN|—

208

b.

92. a.

b.

93.

94. a

95.

16+32(n—1)=32n—-16 feet
1000-22 = 4000

1000-2° =32,000 c. 1000-2"

The fine is $50 plus $25 for each additional
day the work is not done. So on the ninth day,
she will be fined $50 + 8($25) = $250.

. Each year the painting appreciates $40 less
than the year before. In the seventh year,
the painting appreciates
$1280 — 6($40) = $1040.

In the tenth year, the painting appreciates
$1280 — 9($40) = $920.

In three years, there are 6 six-month periods.
For the first six-month period, cell phone
usage was 600 minutes per month. For the
next 5 six-month periods, the usage doubled
during each period. At the end of three years,

cell phone use was 600 - 25 =19,200 minutes
per month.
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970 Chapter 11 Further Topics in Algebra
96.a. 10+7(20)=150 yards Ag =(127,628.16)(1.05) = $134,009.56
A; =(134,009.56)(1.05) = $140,710.04
b. 10+ 20(n 1 (20n 10) yards
The formula s 100,000(1.05").
0.06 06 '
97.a. A =10,000|1+ =3$10,300 100. a; =50,000(0.9) = $45,000
2 a, = 45,000(0.9) = $40, 500
A, =10, 000(1 + ) =$10,609 as = 40,500(0.9%) = $36,450
3 a, =36,450(0.9%) = $32,805
Ay =10, 000(1+ ) =$10,927.27 as = 32,805(0.95) =$29,524.50
4 ag =29,524.50(0.9%) = $26,572.05
Ay =10, 000(1+ ) $11,255.09 a; =26,572.05(0.9") = $23,914.85
5 ag = 23,914.85(0.9%) = $21,523.36
45 =10, 000[“ ) =$11,592.74 ag =21,523.36(0.9%) = $19,371.02
L0 066 ayo =19,371.02(0.9'") = $17,433.92
Ag =10,000{ 1+ ——| =$11,940.52 . "
2 The formula is 50, 000(0.9 )
b. The interest is compounded semiannually, 11.1 Beyond the Basics
so in eight years, there are 16 compounding
eriods. 1/2
P 0.08 101. a,=2"%4a =(2-21/2)/ =294,
A16 —IOO(I‘FT) —$16,04710 a :(2'23/4)1/2 :27/8’
78\Y2 _ S15/16
0.08)' = (2:278)7" =210,
98.a. A =100[1+—— | =$102 12
4 as = (2.215/16) _ 231/32
0.08)’ o/ .
A, = 100(1 +T) =$104.04 —(2"-/2" _ 5112
3 p— —
A3:100(1+0"(38) —$106.12 102.a. a, =3,a,,,=a,+2
b. b =3.b,, =b,+1
0.08*
A =100(1+—) =$108.24 1 1 1 1
4 103. a. a1=1,a2 25,03 :Z’a4 :g’aszE
5
As —100(1+%j =$11041 1
4 b. a,= N
0.08\° 2"
Ag = 100(1 +—J =$112.62
4 104. Write the first five terms to determine the
b. The interest is compounded quarterly, so in pattern: a; = 7-1> = 7,a, = - (2:1)* = 47,
ten years, there are 40 compounding ay=7-(2- 2)% =167
40 : ’
periods. Ay = 100(1 +¥) =$220.80 a,=m-(2-4)% = 64r,
as=7-(2-8) =2567 = a,,, = 4a,
99. A, =(100,000)(1.05) = $105,000

A, = (105,000)(1.05) = $110,250
As =(110,250)(1.05) = $115,762.50

A, =(115,762.50)(1.05) = $121,550.63
As =(121,550.63)(1.05) = $127,628.16
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Section 11.1 Sequences and Series 971

105.

106.

107.

a;=a, =1,

ay=a, +a , =aj+ay=1+1=2,

ay=a, +ay , =ay+a, =1+1=2,

as=a, +as_, =a,tay=1+2=3,

ag=a, +tag . =az+ay=2+2=4,
a; =a, +a;_, =a,+a; =2+2=4,
ag=a, +ag . =a,+ay,=2+2=4,
ag=a, +ag_, =a+as =2+3=5,
alo =aa9 +a10,a9 =Cl5 +a5 =3+3=6

ag =1,a; = 3. Use the formula for a; to find
ay: (a1)2 = (_l)lao +a2 = 32 = _1+a2 =
a, =10 . Use the formula again to find aj :

(a5)" = (~D)%a; +a; =10% =3+ ay = a; =97

20 19
Xnt=3% a,
n=1 m=0

Werite the first five terms to determine the

1 0
pattern: an =1= 2 a, =ag=ag=1,

n=1 m=0
2 1
2n2=1+22=5= z a,=ayta =
=1 m=0

[, ]
Il

l+a;, = a =4=2"

n?=1+22+3%=14

DM

S
]
—_

2
= Zam=a0+al+a2=>
m=

0
l4=1+4+a,=a,=9=3>

4
N n?=1+27+32+42=30
n=1
3
= zam=a0+al+a2+a3:>
m=0

30=1+4+9+a; = ay=16=4>

5
Y on?=1+22+3%+4>+52 =55
n=1

4
= 2 Clm =Cl0+a1+a2+a3+a4 =
m=0
55=1+4+9+16+a, = a, =25=5"
Following the pattern, we see that

a, =(m+1)2.

108.

109.

110.

111.

112.

113.

114.

Using the summation properties, we have
50 50 50
Yn-32=Yn*-6m+Yc=
n=1 n=1 n=1

(n—3)2=n2—6n+c=>
n?—6n+9=n’>-6n+c=9=c

10 q
2n3 = 2 (m—2)3 =n’ =(m—2)3=>
n=0 m=p

n=m-2=m=n+2.So,p=2and g=12.

Answers may vary. Sample answer: If a;, =1

20
and b, =1, Y (ayb; ) =20 while
k=1

20 20
(ZakJ(Zbk}zo-zo:mo.
k=1 k=1

71-2(51) = (7-6)(5) - 2(5))
= (42-2)(5!) = 40(5")

10!, 10! _ 101(5!5) +10%(6!4!)

614! 515! 61415!5!
_ 10!(5!546!4!)  Use the distributive
61415!5! property
151(5) 4
_10516546-4)
61415!5!
10!5!141(5+6)
T 61415151 =54
114100 11!
© 615! 615!
1 1 x 1 1 X
—t—=—S—+—=—
51 6! 7! 51 6.5 7-6-5!

Multiply both sides of the equation by
7!=7-6-5! and simplify. Then solve for x.
7-6-5!+7-6-5!_7-6-5!x

5! 6-5! 7-6-5!
x=49

S>P+T7T=x=

(n+1)1=12((n-1)))

(n+1)(m) (2~ 1)) =12((n 1))

n2+n=12
n?+n-12=0= (n-3)(n+4)=0=
n=3,n=-4

Since n! is defined only for n > 0, disregard the
negative solution. Thus, n = 3.
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972 Chapter 11 Further Topics in Algebra

11.1 Critical Thinking/Discussion/Writing

115. B24+n=n-Dn-2)n-3)n-9Hn-5+n’+n=0=m-D)n-2)n-3)n-4)n-5= n=1,2,3,4,5, so
k =5 is the upper limit.

116. If ay =13, then a; =3(13) +1=40, a, = a;/2=40/2=20,a5 = a, /2 =20/2 =10, a, =a;/2=10/2=5,
as =3a,+1=3(5)+1=16, a5 =a5/2=16/2=8,a; =as/2=8/2=4, ag =a;/2=4/2=2,.
a9=a8/2=2/2=1
So the conjecture is true for ay =13.

17 (Zn)! _ (2n)(2n—1)(2n—2)(2n—3)(2n—4)(2n—5)-~-- _ 2n(2n—1)2(n—1)(2n—3)2(n—2)(2n—5)-~--
n! n(n—l)(n—2)-~~~ n(n—l)(n—2)-~~~
=2"(2n-1)(2n-3)(2n—5)----
Note that the odd numbers are represented by 2n — 1, 2n — 3, 2n — 5, etc. Therefore,

%22"(2n—1)(2n—3)(2n—5)....:2"[1,3_5.(271_1)]-

118. n!is divisible by all integers between 2 and n (from the definition of n!). So, if we divide (n! + 1) by any
integer between 2 and n, we will end up with remainder 1. Hence, (n! + 1) is not divisible by any integer

between 2 and n.

11.1 Maintaining Skills

119. a,-a,=5-1=4 125. ay=a;+d=T+(-3)=4
a3_a2=9_5=4 a3=az+d=4+(—3)=1
a,—ay=13-9=4 a4=a3+d=1+(—3)=—2
as—a, =17-13=4 as=a,+d=-2+(-3)=-5

120. a;—a;=52-2=3.2 126. ay=a,+d =8+(-4.5)=3.5
G- =84-52=32 ay=ay +d=3.5+(-4.5)=-1
ay—a;=11.6-84=32 ~
s —ay =148-11.6=32 ay=ay+d=-1+(-45)=-55

as = 04 +d = —55+(—45) = _10

121. a,-a,=1-6=-5
ay—a,=—4-1=-5 127. a,=3n+5
a,—az=-9—(-4)=-5 a;=3(1)+5=8

s —day = _14_(_9)=_5

122. ay,-a;=15-5=-35
az—a, =-2-15=-35
as—az=-55- (—2) =-35
as—ay =-9-(-5.5)=-35

123. ay,=a,+d=3+4=17
az=a,+d=T7+4=11
ag=az+d=11+4=15
as=a,+d=15+4=19

124. a,=a;+d=4+25=65
az=a,+d=65+25=9
ay=a3+d=9+25=115
as=ay+d=11.5+25=14

a, =3(2)+5=11
az=3(3)+5=14
a,=3(4)+5=17
as=3(5)+5=20
a,—a; =11-8=3
az—a,=14-11=3
as—az;=17-14=3
as—ay; =20-17=3
Note that

a, — Ay

(Bn+5)-(3(n-1)+1)
(3n+5)—(3n—3+1)
(3n+5)-(3n-2)=3
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Section 11.2 Arithmetic Sequences; Partial Sums 973

128.

129.

130.

131.

a, =5n-17 132. a,=-3n+4

a;=5(1)-7=-2 A, =-3(n+1)+4=-3n-3+4=-3n+1
a2=5(2)—7=3 an_l=—3(n—1)+4=—3n+3+4=—3n+7
ay;=5(3)-7=8

a,=5(4)-7=13 11.2 Arithmetic Sequences; Partial
as=5(5)-7=18 Sums

a2—01=3—(—2)=5 .

ay—a,=8-3=5 11.2 Practice Problems

1. (-2)-3=-5,-7—-(-2)=-5,etc. The
common difference is —5.

2. gy=-3andd=1-(-3)=4,sothe
expression is

a, =—3+4(n—1)=—3+4n—4=4n—7.

3. ay=ay+d(4-1)=4l=a, +3d

“n _22("1"6 5 ais =ay+d(15-1)=8=a, +14d
alz— —0=-
ay=-2(2)-6=-10 {ZlIfjd__4§=>—11d=33=>d=—3,al =50
a3 =-2(3)-6=-12 4, =50-3(n—1) = —3n+53
ay=-2(4)-6=-14 "
as=-2(5)-6=-16 5 2 1 2 13
4. d=—-—=—;n=10;a,=—; =—

ay—a; =—10-(-8)= -2 6 3 6 T30y
as—ay =-12-(~10)= -2 ¢ —10 3+e 8
a,—ay=-14-(-12)=-2 10— 2 ) 6

(

5. d=32,n=5;a; =32(11)-16=336;

Note that
a,—a,_ =(~2n-6)—(2(n—1)-6) ars = 353(165) ;612 =464

= (-2n-6)—(-2n+2-6) S=5(+j=2000

=(-2n-6)—(-2n-4)=-2 i )

The object fell 2000 feet during the 11th

a,=-3n+8 through 15th seconds.
a=-3(1)+8=5 11.2 Basic Concepts and Skills
a, =-3(2)+8=2
a3 =-3 (3) +8=-1 1. If 5 is the common difference of an arithmetic
a,=-3(4)+8=—4 sequence with general term a,,, then
as=-3(5)+8=-7 a7 ~ a6 =3
ay=ay=2-5=-3 2. If 5 is the common difference of an arithmetic

az—a, =-1-2=-3
Cl4 —a3 :_4—(—1):_3
as—a,=-7-(-4)=-3
Note that 3. If 14 is the tern; 7in‘lmediaFellly fouowing the
B (. e _ sequence term 1s an arithmetic sequence,
ap —ap-1 = ( 3n+ 8) ( 3(n 1) + 8) then the common difference is —3.
=(-3n+8)—(-3n+3+8)

=(-3n+8)—(-3n+11)=-3 4. If a; =2 and a;; =22 for an arithmetic

sequence with a general term a,, and

ay = 7, then (25%) =Q

sequence, then the common difference, d, is 2.

a, =2n-5 5. False. The common difference of an
apy =2(n+1)-5=2n+2-5=2n-3 arithmetic sequence may be positive or
anfl=2(”_1)_5=2”_2_5=2”_7 negative.
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10.

11.
12.
13.

14.

15.
16.
17.

18.

19.

20.

21.
22,
23.
24,

° ® 2

True

The sequence is arithmetic. a; =1,d =1
The sequence is arithmetic. a; =1,d =2
The sequence is arithmetic. a; =2,d =3
The sequence is arithmetic. a; =10,d = -3

The sequence is not arithmetic.
The sequence is not arithmetic.
The sequence is not arithmetic.
The sequence is arithmetic. a; = —%,d =%
—0.

The sequence is arithmetic. a; =0.6,d =-0.4

The sequence is arithmetic. a; =2.3,d = 0.4
Write the first four terms of the sequence:
a;=2(1)+6=28,a, =2(2) +6=10,
az;=23)+6=12,a, =2(4)+6=14.

It appears that the sequence is arithmetic, with

a common difference of 2. Verify as follows:
d=a, 1-a,=Q2n+D)+6)-2n+6)=2.
Write the first four terms of the sequence:
ap=1-51) =-4,a, =1-5(2) =-9,
az=1-53)=-14,a, =1-5(4)=-19.

It appears that the sequence is arithmetic, with

a common difference of —5. Verify as follows:
d=a, . -a,=1-5(n+1)-1-5n)=-5.

Write the first four terms of the sequence:
a;=1-1>=0,a, =1-2% = -3,
az=1-3>=-8,a,=1-4>=-15.

There is no common difference, so the
sequence is not arithmetic.

Write the first four terms of the sequence:
a; =2(1%)=3=-1l,a, =2(2%)-3=5,

ay;=2(3%)-3=15,a, =2(4*)-3=29.
There is no common difference, so the
sequence is not arithmetic.

d=3,a=5=a,=5+3(n-1)=3n+2
d=3,a=4=a,=4+3(n-1)=3n+1
d=-5,a=11=a, =11-5(n-1)=16-5n

d=-4a=9=a,=9-4n-1)=13-4n

25.

26.

27.

28.

29.
30.

31.

32.

33.

34.

35.

1 1 1 3-n
d:——’ = — = = — = — —1 =
=gz an=y ="y
d=l,a1=g$
6 3
an=z+—(n—1)=—+—=n+3
6
dZ—E,al———:>
5
3 2 —1-2n 2n+1
= —_———— 1= = —
n 5= 5
3 1 1 3 3n—-2
d=-,q=-=a,=-+-(n-1)=
Y=y T A=y tyn-h="y

d=3,a=e=a,=e+3(n-1)=e+3n-3

d:4,a1:27[:>
a4, =27 +Mn—1)=4n+27—4

ag=a;+d(4-1)=21=a; +3d
a10=a1+d(10_1)=>60=a1+9d
a+3d=21__ _ 133
{a1+9d=60:> 6d=-39=d=".a =7

3 13 13
a, =§+?(n—1)=?n—5

az=a;+d(3-1)=15=a;+2d
ay =a;+d(21-1)=87=a; +20d
a;+2d =15
a; +20d =87
a,=T+4n-1)=4n+3

=18d=T2=d=4,a, =7

4y =a,+d(7-1)=8=a,+6d

a5 =a1+d(15_1)ﬁ_8=a1+14d
a; +14d = -8
a,=20-2(n-1)=22-2n

=8d=-16=d=-2,a,=20

as =a1+d(5_1)=>12=a5 +4d

a+ 4d=12
a, +17d = -1
a,=16-(n-1)=17-n

=13d=-13=d=-1,a,=16

ay=a,+d(3-1)=T=a, +2d
ans =a1+d(23_1)=>17=a1+22d

a+ 2d =17 B _1

{a1+22d:17:>20d_10:>d_2’a1_6
1 n+11

a, =6+5(n—1)= 5

Copyright © 2015 Pearson Education Inc.



Section 11.2 Arithmetic Sequences; Partial Sums

975

36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

46.

ay; = ay+d(31-1)= 5= a, +30d

a; +10d =1 B 3
{a1+30d=5 :>20d—6:>d—10,al— 4
3 3n—43
= At (n-=T"2
n 0" V="

n=>50;8 = 50(#} =1275

d=2a=2a,=102=102=2+2(n-1)=
n=515 :51(2+—2102j:2652

d=2a=1a,=99=99=1+2n—1)=
n=50:5 =50 ”299}:2500
d=5.a,=5a,=200=200=5+5n—1)=

5+200

n:40;S:40( J=4100

d=3,a,=3,a,=300=300=3+3(n—1)=
n=100:S =100(3+—23’00)=15,150

d=3,a,=4,a,=301=301=4+3(n-1)=aq,
n=100.5 =100[4+301)= 15,250

d=-3,a,=2,0,=-34=
-34=2-3(n-1)=n=13

S = 13(2_—234) =-208

d=-5,a,=-3,a,=-48=
-48=-3-5(n-1)=n=10

S = 10(_3;48) =-255

2
d=—,a1=§,an=7=>

_w
\9)

T==+=(m-D=n=11
373 )

S:11[1/3+7):£
2 3

7 3
d=—,a,=—,a,=—=
571 5

101 E+1(n—1)=>n=15
5 55

S:g(%j:]%

47.

48.

49.

50.

51.

52,

d=5n=50,a,=2= a, =2+5(50—1) = 247
S= 50(%) = 6225

d=2n=40,a, =8 = a, =8+ 2(40—1) =86
S:40[8+86):1880

d=4,n=20,a,=-15=
a, =-15+420-1)=61

S= 20(_1“61): 460

d=717,n=25a=-20=
a,=-20+7(25-1)=148

S = 25(%} =1600

d=02,n=100,q, =3.5=
a,=35+02(100—1) = 23.3

S= 100(wj=1340

d=0.5,n=80,0) =-7=
a, =-7+0.580-1)=32.5

S = 80(_7+—32'5j =1020

In exercises 53-58, use the formula for finding the
terms in an arithmetic sequence, a, = a; +d (n—-1).

53.

54.

55.

56.

57.

58.

a,=75a,=1,d=2
75=1+2(n—1)=>37=n—1=>n=38

a,=120,a,=2,d=2
120=2+2(n—1)=>59=n—1=>n=60
a,=95a,=-1,d=4
95=—1+4(n—1)=>24=n—1=>n=25

a,=83,a,=-5,d=2
83=-5+2(n-1)=44=n-1=>n=45

a, =503, a, =233, d =23
5003 =23 +2\3(n-1)=
483 =2\3(n-1)=24=n-1=n=25

a, =73, a =37, d=2rx
73z =37+27(n—1)= 707 =27 (n-1)=
35=n-1=n=36
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11.2 Applying the Concepts

59.

60. a.

61.

62.

63.

64.

65.

66.

d=2,n=30,a,=10= a, =10+2(30 - 1) = 68
s =30(10+68j=1170

d=-3,a,=60=
a, =60-3(n-1)=(63-3n) feet

b. a5 =63-3(15)=18;

S = 15(6O;ISJ:585 fi

d=25n=30,a) =50 =
az =50+2530—1) =775

S = 30(@} =$12,375

ay=a,+d(3-1)=820=qa, +2d

ap =a, +d(12-1)=910=a, +11d
a,+ 2d =820
{a1+11d:910

=12 H020) g0

Antonio has 17 different hourly wages over
the four years (his original wage plus 16
raises), son =17.a4; =$12.75,d =025 =

a3 =12.75+0.2517-1) =$16.75 .

=9d =90=d =10,a, =800

For the marketing company,

a; =$32,500,d =$1300,n=5=

as =32,500+ (5 -1)(1300) = $37,700
= 5(32,500+ 37,700) — $175.500

For the exporting company,
a; =$36,000,d =$400,n=5=
as =36,000+ (5 —-1)(400) = $37,600

(36, 000+ 37, 600}

§=5 =$184,000

The exporting company will pay $8500 more
than the marketing company.

n=25a,=20,d=2=
ays =20+2(25-1)= 68

S=25(20L268):1100.

There are 1100 seats in the theater.

n=>50,a; =16,a5, = 65=
16 + 65

S=50( j=2025.

There are 2025 bricks in the driveway.

67.

68.

69.

70.

n=17,a1 =40,a28 =8=
s =17(402+8j=408

There are 408 boxes in the stack.

Using the formula for the sum of an arithmetic
sequence with a; =10, we have

10+a,

325=n[ J=>650=10n+nan.The

last term in the sequence, given d = 5, is

a, =10+5(n—-1)=5n+5. Solve the system:
{10“”“" =050 on+n(5n+5) =650
a,=5n-35

5n* +15n=650= n* +3n-130=0=
(n+13)(n—=10) = 0= n = -13 (reject this) or
n=10.

Sophia saved for 10 days.

Using the formula for the sum of an arithmetic
sequence with a; =3, we have

192 = n(3+2“" J — 384 = 3n +na, . The last

term in the sequence, given d = 6, is
a, =3+6(n—1)=6n-3. Solve the system:

{3n +na, =384

a,=6n-3 =3n+n6n-3)=384=

6n* =384 = n? = 64 = n=+8 (Reject the
negative solution.) The flea market was open
for 8 days.

Car A travels 602 miles, so we want to find
out when the distance car B traveled > 60h
where A represents the number of hours.

Car B travels 50 miles in the first hour,

50 + 55 miles = 105 miles in two hours,

50 + 55 + 60 miles = 165 miles in three hours,
etc. Car B’s speed is represented by

(50 +5(h— 1)) mph. Using the formula for the

sum of an arithmetic sequence with a; =50,
we have

O — h(50+(50+5(h—1))J:>

2

= 120h =95h + 5h*> = -

60 = h(M)

5h* =25h=0= 5h(h-5)=0=
h=0,h=5
h =0 makes no sense in terms of the problem,

so we disregard this solution. Car B will
overtake car A after 5 hours.
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11.2 Beyond the Basics

71.

72.

73.

74.

a” an+l
an:log F ,a”+1=10g b_"

an+1 a"
Api1—dy =log B —log bn,l
an+1
n n+l  pn-1
= log bn zlog[abn 'an
a a
bﬂ—l
a
=log—
b

a, = log(ab”), a,., =log (ab”“)
a,. —a, =log (ab"+1 ) —log (ab”)

bﬂ+1
= log a =logb
ab"

S, =3n? +4n
S =3(n=1) +4(n-1)
=3(n? - 2n+1)+4n-4
=3n? —6n+3+4n—4

=3n>-2n-1
a, =S, =S, =(3n% +4n)- (30> -2n-1)
=6n+1

d=a,-a, =(6n+1)-(6(n-1)+1)
=(6n+1)—(6n—5)=6

Since d = 6 is a constant, the sequence a,, is

an arithmetic sequence.

Assume that §, = An® + Bn. Then
Sy =A(-17+B(n-1)
=A(n2—2n+1)+(Bn—B)
= An? —=2An+ A+(Bn- B)
= An* ~2An+Bn+A-B
ap =Sn_Sn—l
= (An®+ Bn)~(An® ~24n+ Bn+ A~ B)
=2An-A+B
d=an_an—l
(2An—A+B)-[2A(n-1)-A+B]
(-2An-A-B)-(2An-2A- A-B)
=—2An-A-B-24n+3A+B
=24

Since d = 2A is a constant, the sequence a,, is an

arithmetic sequence.

75.

76.

77.

78.

79.

Now we must prove that if sequence «,, is an

arithmetic sequence, then the sum S, of the first

n terms is of the form An’ + Bn. We have the
formulas

n

s, =n(a1+a1+(n—1)dJ

S =n(a1+anj and a, =a; +(n—1)d. Thus,
2

2

(2a; +dn—-d)

n2+(2a1 _dJn,
2

2(11 —-d

(CNESWI SR

where A=% and B =

Therefore, the sequence a,, is an arithmetic

sequence if and only if the sum S, of the first n
terms is of the form An> + Bn.

45 is divisible by 3 and the largest number less
than 100 that is divisible by 3 is 99, so a; =45,
d=3,a,=99=99=45+3(n-1)=n=19.

S:19(45;99):1368.

The first multiple of 7 that is greater than 26 is
28 and the largest multiple of 7 that is less
than 120 is 119, so a; = 28,a,, =119,d =7 =

119=28+7(n-1)=n=14
S=14(28+—2119)=1029

The sequence of the reciprocals is

22 4
33

,1,.... The common difference is —% s

so the sequence is arithmetic, and the original
sequence is harmonic.

a. The numerators are the same, so find the
common difference of the denominators to
find the fourth term: d =2 = the fourth
term of the original sequence is 2/11.

b. Find the nth term of the sequence

composed of the denominators:
a, =5+2(n—-1)=2n+3, so the nth term

of the original sequence is .

2n+3

m=a+d and b=a+2d . So

atb a+ta+2d 2a+2d _
2 2

a+d=m

Copyright © 2015 Pearson Education Inc.



978 Chapter 11 Further Topics in Algebra

11.2 Critical Thinking/Discussion/Writing

80. a=a=1b=qa,=30=
1+30

S=465:n(

30 terms in the sequence and k = 28.
30=1+dB0-1)=d =1.

81. a,=10,a,; =a;+d(21-1)=0=10+20d =
1 1
d=—§:>an=10—5(n—l)=

21-n
2

82. First term = —aq, ; difference = —d.

83. There are 100 — 22 + 1 =79 terms in the

series.

84. In the set of counting numbers, a, =n.

j = n=230. So, there are

12,403:;{”7"): 24,806 =n%+n=

n?+n-24,806=0= (n—157)(n+158) =0 =

n =—158 (reject this) or n =157.

The sum of the first 157 counting number is

12,403.
11.2 Maintaining Skills

g5, 2.%_, 86.
al 3
o_12_,
az 6
a _24_,
a3 12
as _ 48 _
04 24
§7. 2_712_ 5 g
al 4
a_ 36
az _12
a_4=—108=_3
a3 36
as 324 _
a, -108

89. a,=a;r=2-3=6
az=a,r=6-3=18
ay =azr=18-3=54
as =aur=54-3=162

a _43_2
a 2 3
a 89 _2
a, 4/3 3
ay _ 16/27 _
Cl3 8/9
as _ 32/81 _
a, 16/27
ay _ =32 _
a 3
as _ 34 _
az _3/2
ag _ -3/8
Cl3 3/4
as _ =38 _
a, 3/16

2

3
2

3

1
2
1
2
1

2
1
2

90.

91.

92.

93.

9.

2 6
= :3'_:_
a2 alr 5 5
o822
3T 75 5725
12 2 24
Ay =azr=—__"""="""7
25 5 125
24 2 48
A5 =QuF =——"—=——
125 5 625
ar =ayr=1(-2)=-2
az =ayr=-2(-2)=4
ay =ayr=4(-2)=-8
as :a4r:_8(_2):16
a, = ar 1(—§j__§
2 1 2 2
w=ar=(-2)-2)=2
3= 2 2) 4
a asr 2(—§J__£
47Tl 8
a aur —2 _g ﬂ
5= % 8\ 2/ 16
a4 =5.2" @ _20_,
_sol10 a; 10
4= 2_ as_ﬂ—z
a2_5-23—20 a, 20
a4_5.24—80 az; 40
as=5-2=160 as _160 _
ay; 80
Note that
a”+1_5_2n+1_5.2”.2_2
a, 5.0 5.2"
an:4'3n a_2:ﬁ:3
_431_12 ap 12
ap = 2_ ag_@_?’
612:4'3 =36 a, 36
az=4-3=108 4, 324
ay=4-3"=324 4, 108
as=4-3"=972 a5 _972 _
a, 324
Note that
an+1_4'3n+1_4'3n.3—3

a, 4.3" 4.3"
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9s.

96.

97.

98.

=2(-3)" 2=—=-3
an ( )1 al _6
a1=2(—3)2=—6 o -S4
a, =2(-3)" =18 ay 18
ay=2(-3)=-54 a4 _162 _ .
a,=2(=3)" =162 @& 4
5 5 _ﬂ__
as =2(-3)> = 486 T
Note that
ap 29" 23 (),
ay  2(-3)" 2(-3)"
a,=5(-2)"
_ 1 5
a,=5(-2) 1=5(—EJ=—E
§ 1) 5
-3 1 5
=5(-2)7 =5/ ——|=-2
as ( ) ( 8) 8
-4 1 5
=5(-2)"=5| —|==
a5 =5(-2) (16 16
5 1 5
=5(-2)" =5|-—— |=——
a5 =5(-2) ( 32) 32
ay _ 54 _ 1
a 52 2
ag _ _5/8 _l
a, 54 2
as 516 _ 1
a;  -5/8 2
as 532 _ 1
a, 516 2
Note that
ap S 52 1
a, 5(=2)"  s5(=2)" 2
a, =-3-2"

11.3 Geometric Sequences and

Series

11.3 Practice Problems

1.

2.

a,=ar"' = 5-3”‘1 =243=

3" =2187=23""=3" =
n-1=7=n=8
There are § terms in the sequence.

a,=3(04)' =1.2; r=04

17 ) _aql7
Sl7=23(0.4)’=1.2(1 04 ]:2
i=1

1-04
(1)(30)
(1+ 0.245) B
A=1500 0.045
1
=$91,510.60
a=3,r= % = %
33

r= 18 =3
6
The first four terms of the sequence are
3 (3.9 (3)_27 (3} 8t
2°\2) 472 8 \2) 16
Since the common ratio is %, the sequence is
geometric.
. a. a = 2 b. r= % = E
2 5

Since |r| <1, we can use the formula for the

sum of an infinite geometric series.

g=-4_ -3 =9

I-r ,_2
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=

3 (10,000,000)(0.85) " = 11—

i=1 -r
10,000,000

1-.85
= $66, 666, 666.67

11.3 Basic Concepts and Skills

1.

10.
11.

12.
13.
14.

15.

16.

17.

18.

19.

If 5 is the common ratio of a geometric

sequence with general term a,,, then
a
263 _ 5

de

If 5 is the common ratio of a geometric

sequence with general term a,, and a;5 = -2,

then aig = __10.

If 24 is the term immediately following the

sequence term 8§ is a geometric sequence, then

the common ratio is 3.

An infinite geometric series
a +ar+ a1r2 +--- does not have a sum if

|r|21.

True

False.

The sequence is geometric. a; =3,r =2
The sequence is geometric. a; =2,r =2

The sequence is not geometric.
The sequence is not geometric.

The sequence is geometric. a; =1,r =-3
The sequence is geometric. a; =—1,r =-2
The sequence is geometric. a; =7,r = -1

The sequence is geometric. a; =1,7 =-2

. . 1
The sequence is geometric. a; =9,r = 3

. . 2
The sequence is geometric. a; =5,7 = 35

. . 1 1
The sequence is geometric. a; = —5 r= 5

. . 10 2
The sequence is geometric. a; = 3 r= 3

The sequence is geometric. a; =1,r =2

20.

21.
22,

23.

24,

25.
26.

27.

28.

29.

30.

31.

32,

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

The sequence is geometric. a; =-1,r =1.06

The sequence is not geometric.

The sequence is not geometric.

1
==

The sequence is geometric. a; = 3

W | —

The sequence is geometric. a; =500, =10

The sequence is geometric. a; = NG = J5
The sequence is not geometric.

ay=2,r=5a,= 2.5"71

a; =-3,r=2,a,=-3-2""

n-1
a :5,r:§,an =5(§)

al = 17 r= \/gv an = \/gn_l = 3(”_1)/2
a;=02,r=-3,a,=02(-3)""
a; =13,r=-02,a, =1.3(-0.2)"™"

a g a, = 2t () = g2

a; =ayr’ ' =5(2%) =320
a; = ar’ ' =8(3%) = 5832
ay = a7 =3(-2)° = -1536

ay = a0t =7(-2)? = -3584

o-1_ S\ __ 390,625
2 256

8
a9:a1r9_1:—4 3 __ 6561
4 16,384
19
ayg :aerO—l =500 L =- 125
2 131,072
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44.

45.

46.

47.

48.

49.

20-1 1) 1
= a7 21000 - — | =-——
G0 T ( 10) 106

_1o_
5
a,=a;r" ' =5-2""=5120=

2" =124 2" =210 =
n-1=10=n=11
There are 11 terms in the sequence.
ay=2r= E =3

2
a,=ar" ' =2.3"1 24374 =
31=2187=3""1=3" =
n-1=7=n=8
There are 8 terms in the sequence.

2

ay=5;r

a, =16; r zizl
16 2
n—1
a, zalr'k1 = 16-(lj :L:
2 32

3] el
2 16-32 \2 2425 2

n-1=9=n=10
There are 10 terms in the sequence.

ay =27, r=i=l
27 3
n—1
a, =ayr" =27 1 =L=>
3 27

(1) _r (1) R U T
3 27.27 3 33.33 36

n—-1=6=n=7
There are 7 terms in the sequence.

a; =18; r=_—12=—g
18 3
n-1
a, zalr"_1 :18-(—2) zﬂ:
3 729

P D)
P = =
3 729.18

(2) 2 28 (zj _ (2) R
3 39.32.0 3% \3 3

n-1=8=n=9
There are 9 terms in the sequence.

50.

51.

52.

53.

55.

57.

58.

59.

60.

a, =25; r=_2—155=—§
3

-1
a,=ar" = 25-(—§j

( 3)”‘1 729

_— = —4

5 625-25

D S A L 6_(_§)L
5) 5452 56 \5) (5

n-1=6=>n=7
There are 7 terms in the sequence.

n—1 ~ E
625

_(1/10)(1-5"") 1,220,703

=58, =
r 10 —s .
Lo _60-1/3)') 59,048

30T T3 esel
s 2 W25(1-5) 40,690,104

TR 1-(-5) 25
s Lo -100-(1/100)%)

100" 12 1-(-1/100)

-10** +1 1024 1

“aonao®y  aonao®)

_1 g _50-4°) 109,225
T4V -4 16,384
1o _20-@/5% 195312
5787 T 1-@5) 78,125
“<\2)  1-12 16
S[1] - ouash T
“\5) — 1-15 625
2
al —3,}'"—5
28:3@” 331-(2/3%) _ 6305
“3) " 1-3 729
3
a1—2,r-=§
¥ 2(2)’_1 _ (-39 _ 384,064
o \S 1-(3/5) 78,125
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982 Chapter 11 Further Topics in Algebra
66. =2;r=3
6l a=~r=2 amsrms -
. 41 0 it 1 1458=2-3""=729=3"" =
0 i . .
22’ =22’ _22’ 30=3"156=n-1=n=7
A Thus, the sum is 27:2 3l
_/4a-2"%  @4Ha-2% ’ =~ '
1-2 1-2 SUMLse ZHE " Tn—1
—@_3—255 awals
4 4 2186
62. a,=1/2,r=5
10 5i-1 B 10 5i-1 ) 2 gi-l
i=3 2 i=1 2 11'51 2 ) 67. |sumises(I™in—21,
_A2a-57)  d/2a-5% el 18041 333373
1-5 1-5
=1,220,703-3=1,220,700
63. al——z,r=—§
5 _2_1 68. E.um':EET':E%a;?}“(n
%(_i)(_ijl _(C390-(=5/2%) M letbeeesT
=\ s 2 1-(-5/2)
_3(520_220)
35(21%)
69. |sumisesiC-12"0n—
1\ oy 3 1 Ta#3 C2=ndrns 151
64. a =|-—— |3 )=——,r== (5]
4 4 3 2.2499518965
%(_ 1 ) (321 = G- 1/3*)
o\ 4 1-(1/3)
220 20
_3 18‘”:_3 181 70. BEumtzeatl 4303-
8(3'°) 8(3'°) wlrawala
65. al:l;r:l
5 2
1 1(1)”1 1 (1)"1
_ = | — - — = — e
320 5\2 64 \2 1 1
6 n—1 71. Cll —,r=—
(l) = l =6=n-1=>n="7 3 3
2) "2 11, 1,1, 1B 1
; - 39 27 81 1-@1/3) " 2
Thus, the sum is 21 l
’ —5(2 ' 5 1
n=l1 72. al—E,r=E
UM 12001~
27 Gr=13sm 170 5.,5.5.5...__52
Ans+Frac 2 4 8 16 1-(1/2)
127328
n 1 1
73. ay=——=,r=——
2 2
R R U R I |
2 4 8 16 1-(=1/2) 3
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74.

75.

76.

77.

78.

79.

80.

3 1
ay ——,r=—-—
2 2
33 3 3 32
—_—— _—t—t e =— = —
2 4 8 16 1-(=1/2)
611—8,r=—l
4
8_2+l_l+...:L:£
28 I-(-y4 5
3
:1’ = ——
ap r 5
39 27 1 5

-_—t -t == —
5 25 125 1-(-3/5) 8

a 5r—l'§:5(l”— > —E

3 at3) -3 2

a 3r—1'§3(1 ' 3

1= 2= - = =
4 = \4 1-(1/4)

a —lr——l' 3 (—ljn——l =—
T 372 3) T 1-(-1/3) 4

11.3 Applying the Concepts

81.

82.

83.

84.

85.

as = 20,000(1.03°) = 23,185
ap, =25(2'%) =102,400

0.06 Y
+ -

12

36
Gy
Aasg =100 T =$393361

12

[ 0.08

1+—22
2

dz0 =300 0.08

2

ay =2""=1024.
A person has 1024 ancestors in the tenth
generation back.

20
J -
— 2 [=$8933.42

86. a. The first day there are 1000 bacteria, the

87.

88.

89.

91.

92,

second day, there are 2000 bacteria, and the
third day, there are 4000 bacteria.
Continuing in this manner, we find that

az =64,000=1000(2""").

After n days, there will be
a, =1000(2"") bacteria.

a; =$36,000,r =1.05

1 ns20
Sy = 36,000(1-1.057) — $1,190,374.35
1-1.05
For option A, at $4000 per month for 25
months, the buyer pays $100,000. For option
B, the buyer pays

525
1¢+2¢+4¢ + 8¢ +--~=%

=33,554,431¢ = $335,544.31, so option A is
the better choice.

a; =56.25,r=0.8

G - 56.25(1-0.8°)

5 =189.09 cm
1-0.8

as =120, 000(0.85) =$39,321.60
3 3)? 3)}
D—5+2(5)(§)+2(5)(gj +z(5)(§) ..

2 3
= 5+10(§J+10(§j +10(§) +...
5 5 5

—5+— 0 _—20m
1-(3/5)

D= 9+z(9)@+ 2(9)@2 ++z(9)@3...
= 9+18(%)+18@)2 +18(§)3 +...

18(3/5)
m— 36 m

11.3 Beyond the Basics

93.

The area of each square is 1/2 the area of the
next larger square. However, we are including
the shaded regions only, so r =—1/2. (This

will eliminate the white squares.)

5] s

i=1
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984 Chapter 11 Further Topics in Algebra
94. The perimeter of each triangle is 1/2 the 102. Since a;,a,,as,... is an arithmetic sequence,
perimeter of the next larger triangle. The a, =a,  +d foreveryn>1
perimeter of the largest triangle is 12, so the n el o
. n Ay =, g +d = 2% =291 =t opd
i 12 y__12__ 24
sum s 112=1 2) T1-(2) So the sequence 2,29,2% ... is geometric
with common ratio 2¢ .
95. Since a;,a,,as,... is a geometric sequence,
. 11.4 Critical Thinking/Discussion/Writing
a, =a,_ir forevery n =1, where ris the
common ratio. Taking the logarithm of both 103. a;yy; =10+1000(2.7) = 2710.
id have 1 =1
sides, we have Ina, n(anqr) bioor = 10(21000)’ s0 byg; is larger.
=Ina,_; +Inr. So the sequence
Ina;,Ina,,Inas,... is arithmetic with | 1)
al1=1=
common difference Inr . 104 ! 12 10235 a, = 512
96. Since a;,a,,as,... is a geometric sequence, 1— 5
a, =a,_ir forevery n =1, where ris the
. . . 15
common ratio. Squaring both sides, we have ) 15 ;
5 ) 2 5 105. 54+52)+527)+---+5(2 ):25(2) or
(an) = (an,lr) = (an,l) r=.So the i=0
sequence alz,azz,a32,... is geometric with 126:5(21'—1)
common ratio 7. i=1
97. Since a),ay,a,... is a geometric sequence, 106. Let ﬂ,a, and ar be the three terms of the
a, =a,_ir forevery n =1, where ris the ro
common ratio. Taking the reciprocal of both geometric sequence. Then we have
. 1 1 1 a =
sides, we have — = = «—. So the r+a+ar—35 a+ar+ar®=35r
a apqr dy T a 3
R o (—]a(ar)ﬂooo a” =1000
sequence —,—,—,--- is geometric with r
a, a, as a=10
common ratio 1/r. 10+10r +10r2 =35r = 2r2 =57 +2=0=
1
2r=D(r-2)=r=— =2.
98. Since a, = Dn-l for every n 2 1, the sequence @r-Dir=2=r 2 ot
1
is geometric with common ratio 1/ c. If r= E’ then the three numbers are 20, 10,
2a and 5. If r = 2, then the numbers are also 5, 10,
99. Since a, = ==l for every n > 1, the and 20.
X
sequence is geometric with common ratio 107. Let a,a+d, and a+ 2d be the three terms of
2/x. the arithmetic sequence. Then
a+t(a+d)+(a+2d)=3a+3d=15=
100. Since a, =- In-l for every n =1, the a+d=>5.
) X ) The geometric sequence is a+1,a+d +4,
sequence is geometric with common ratio and a+2d+19 . and
~afx. a+d+4 a+2d+19
, a, a+1 a+d+4
101. Since a, =——"= forevery n = 1, the

sequence is geometric with common ratio
-1/y.

(continued on next page)
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(continued)

Use substitution to solve the system:

a+d=5

a+d+4 a+2d+19=
a+l  a+d+4

d=5-a

a+d+4 a+2d+19=
a+l a+d+4

at+t(S-a)+4 a+2(5-a)+19

a+1 at+(5-a)+4

) P 94280 =81
a+1
—(a?=28a+52)=0= (a-2)(a—26)=0=
a=2ora=?26.

If a = 2, then d = 3, and the arithmetic sequence
is2,5,8. Ifa=26,then d=-21, and the
sequence is 26, 5, —16.

108. Let a, ar, and ar® be the three terms of the
geometric sequence. So,
a-ar-ar’=a’r’ =1000 = ar = 10.
The arithmetic sequence is a, ar + 6, and
ar* +7. Then,
(ar+6)—a = (ar2 +7)—(ar+6).
Substituting ar = 10 gives

(10+6)—a=(10r+7)-(10+6)=
16-a=10r-9=25=10r+a
ar=10= rZE

a
Substituting, we have
25210(E)+a:>25a=100+a2 =

a

a’-25a+100=0= (a—5)(a-20)=0=

a=5a=20
If a =5, then we have 5r =10= r =2, and
the geometric sequence is 5, 10, 20.

If a = 20, then we have 20r=10= r = %, and

the geometric sequence is 20, 10, 5.

11.3 Maintaining Skills

109. P, :n(n+1) is even.
Py:3(3+1) is even. True
P,:4(4+1)iseven.  True

110. P, :n> +n is divisible by 3.
P, :3% +3is divisibleby 3. True
P, 147 + 4 is divisible by 3. False

+1
111. Pn:1+2+3+..._,_n:”(”2 )
3(3+1
P3:1+2+3=¥ True
4(4+1)
Py:1+2+3+4= 5 True
112. P,:2" >3n
Py:2°>3.3 False
P:2* >34 True

113. P, :n” +nis divisible by 2.
P:(n+ 1) +(n+1) is divisible by 2.

n

114. P, :2°" —1is divisible by 7.
P, : 220" 1 s divisible by 7.

n+l -

115. P,:3">5n
3" S 5(n+1)

n+1

116. P, :1+4+7+-+(3n-2)=—n(3n-1)

Pyil+4+47+- +3n 2)+(3(n+1)-2)
L 3e-1) >
Pn+1:1+4+7+--+(3n 2)+(3n+1)
=%(n+1)(3n+2)

l\)|>~

k(k+1)
2

1) = k(k2+1)+ 2(k2+1)
k2 k+2k+2
- 2
_k*+3k+2

2
_ (k+1)(k+2)

2

117.

18, Lk
6

+

1)(2k +1) + (k +1)°
(2k3 +3k2 +k)+(k2 +2k+1)

[(2k3 +3k% +k)+6 (k> +2k+1)}

oxl»—oxl»—oxl»—oxl»—

(2k +9k2 +13k +6)
=—(

k+1)(k+2)(2k +3)
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11.4 Mathematical Induction

11.4 Practice Problems

1.

Py :[(k+1)43] > (k+1)> +9=
(k+4)* > (k+1)"+9

For n:1:1:1(1+1) is true. Assume that it is
true for n=k:1+2+3+...+k=@.
Thenfor n=k+1:14+2+3+...+k+(k+1)
2
=k(k+1)+(k+1)=k +k+2k+2
2 2
:wgﬁ-b’ which is exactly the

statement for n = k +1 . Therefore the formula
is true for all natural numbers.

For n=1:3">1 is true. Assume that the

inequality is true for n =k : 3K > k. Then, we
must use this fact to prove that for

3k+1

n=k+1: >k+1.

sk =333k =3 S 3k >k +1,

which is exactly the statement for n =k +1.
Therefore the formula is true for all natural
numbers.

11.4 Basic Concepts and Skills

1.

Mathematical induction can only be used to
prove statements about the natural numbers.

The first step in a mathematical induction
proof that a statement P, is true for all natural

numbers n is that A is true.

The second step in a mathematical induction
proof is to assume that P, is true for a natural

number k, and then show that P, ,; is true.

True

False. The number e is a constant. The

statement ¢” > n can be proven by
mathematical induction for all natural
numbers 7.

True

10.
11.

12.

13.

Py ((k+1)+1)% =20k +1)
=k>+4k+4-2k-2
=k>+2k+2=(k+1)> +1

Py A+ k+D)(A = (k+1)) = (k +2)(-k)
=—k?-2k=—(k>+2k)=1-(k+1)?

Py 2K S 5+ 1)

P, :1+3+5+...+(2k—1)+(2k+1)=(k+1)2

For n=1:2=2 is true. Assume that it is true

for n=k:

244+6+..42k=k*+k=k(k+1)

Then for n=k +1:

2+4+6+..+2k+2(k+1)
=k(k+1)+2(k +1) = k? +3k +2
=(k+1)(k+2)

which is exactly the statement for n =k +1.

Therefore the formula is true for all natural
numbers.

For n=1:1=1? is true. Assume that it is true
for n=k: 1+3+5+...+ 2k—-1)=k>.
Then for n=k +1:
1434+54+...+2k-D)+ 2k +1)
=k>+Qk+1)
=(k+1)%
which is exactly the statement for n =k +1.
Therefore the formula is true for all natural
numbers.
For n=1:4=2(1)(1+1) is true. Assume that
it is true for n = k:
44+8+12+...+4k =2k(k+1)
Then for n=k +1:
44+8+12+...+4k+ 4k +4)
=2k(k+1)+ @k +4)= 2k% +2k + 4k +4
=2(k? +3k +2)=2(k + 1)(k +2)
which is exactly the statement for n =k +1.

Therefore the formula is true for all natural
numbers.
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14.

15.

16.

For n=1:3

= w is true. Assume that

it is true for n = k:
34649443k = KE+D
Then for n=k +1:
3+46+9+...+3k+ 3k +3)

_3KEAD | 343
CBk(k+D)+203)(k+1) K249k +6
- 2 - 2
3k +D(k+2)

2
which is exactly the statement for n =k +1.
Therefore the formula is true for all natural
numbers.

For n=1:1=1(2-1) is true. Assume that it is

true for n =k:

1+5+9+...+(4k-3) =k(2k-1)

Then for n=k +1:

1454+9+...+(4k-3)+ (4k +1)
=kQk -1+ @k +1)=2k> —k+4k+1
=2k +3k+1=(k+1)(2k +1)
=k+DRKk+D -1

which is exactly the statement for n =k +1.

Therefore the formula is true for all natural
numbers.

For n=1:3 =? is true. Assume that it is
true for n = k:
3+48+13+...+(5k-2) :M
Then for n=k +1:
3+8+13+...+(5k—2)+ (5k +3)

=k(5k+1)+(5k+3)=5k2+k+2(5k+3)
2
5k +11k+6 _ (k+1)(5k +6)
B 2 B 2
_(k+D(5(k +1)+1)
2

which is exactly the statement for n =k +1.
Therefore the formula is true for all natural
numbers.

17.

18.

19.

For n=1:3= 36-D is true. Assume that it is
true for n =k:

k_
3+49+27+..+3F =%

Then for n=k+1:

k—
349427 4. 43k 43k =¥+3"+1

B 3k+1 3+ 2(3k+1)
- 2
B 3(3k+1) -3
2
~ 33k )
D —

which is exactly the statement for n =k +1.

Therefore the formula is true for all natural
numbers.

1_
For n=1:5 :y is true. Assume that it
is true for n =k:
k_
5+25+125+..+5F =¥

Then for n=k+1:
5+25+125+...+5F 45541
56581 i ¥ 54450
=—-|—5 =
4 4
4 4
which is exactly the statement for n =k +1.

Therefore the formula is true for all natural
numbers.

Lot
M2) 1+1
is true for n =k:
1 1 1 1 k
+ + +..+ = .
MR) @03 B4 k(k+1) k+1
Then for n=k +1:

For n=1: is true. Assume that it

LN SRR N
M2 @3 B
1 1
+ +
k(k+1)  (k+1)(k +2)
k 1 k> +2k+1

Tkt kD) k+Dk+2)

(continued on next page)
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(continued) 23. For n=1:1(1+2) < (1+1)? is true. Assume
_ (k-i—l)2 _ k+1 that it is true for n=k: k(k +2) < (k+1)2.
(k+D(k+2) k+2 Then for n=k +1:
which is exactly the statement for n =k +1. k+Dk+1+2) = (k+ Dk +3) < (k+1+1)* =
Therefore the formula is true for all natural 5 5
numbers. k“+4k+3<k“+4k+4>
| | k2 +2k+2k+3<k’>+2k+1+2k+3=
20. For nzl:m: 2+ is true. Assume k(k+2)+ (2k +3) < (k+1)2 +(2k+3) =
that it is true for n = k: k(k+2)<(k+ 1), which is exactly the
1 + 1 " 1 - 1 statement for n = k +1 . Therefore the formula
2)4)  @6) 6)8)  2k(2k+2) is true for all natural numbers.
k
= 4k +1) 24. For n=1:1<1? is true. Assume that it is true
Then for 1=k +1: for n=k: k <k*.Then for n=k+1:
LN DU SR 1 k+1<(k+1)> = k+1<k>+2k+1=
@) 4©6) (6)8) 2k(2k +2) —k < kz, which is true for all natural
+ ; numbers. Therefore the formula is true for all
L (2k +2)(2k +4) natural numbers.
1
= + > !
4k+1)  (2k+2)(2k+4) 25. For n=1: L (1-1)! is true. Assume that it
K2 42k+1 ! N
4k +1D)(k +2) is true for n = k: 7 =(k—1)!. Then for
= (k+l)2 _ K+l (k+1)! (k+Dk!
4k +D)(k+2) 4k+2)’ n=k+1: Tl - = Tl = k!, which is
which is exactly the stgtement for n=k+1. exactly the statement for n =k +1 . Therefore
Therefore the formula is true for all natural .
the formula is true for all natural numbers.
numbers.
!
21. For n=1:2<2 is true. Assume that it is true 26. For n=1: . 1'1 = ﬁ is true. Assume that
+D! 1+
for n=k: 2<2* Thenfor n=k+1: I+ 21 |
2<2k=2.2<202%) s 4 <2k 5 2 <0k it is true for n = k: ~— = —— . Then for
k+D! k+1
Therefore the formula is true for all natural
n=k+1:
numbers.
(k+D)!  (k+Dk!  k+1 k!
22. For n=1:2(1)+1<3' is true. Assume that it k+2)! (k+2)k+D! k+2\ (k+1)!

is true for n = k: 2k +1< 3% . Then for
n=k+1:

2k +1<3" =302k +1)<3M =

6k +3 <35,

Since 2(k +1)+1=2k +3 < 6k +3,
2(k+1)+1< 351 which is exactly the

statement for n = k +1 . Therefore the formula
is true for all natural numbers.

Ck+1(1T )1
k+2\k+1) k+2
which is exactly the statement for n =k +1.

Therefore the formula is true for all natural
numbers.
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27.

28.

29.

_ 1A+D2+1) .

For n=1:1° is true. Assume

that it is true for n = k:
k(k+1)(2k+1)
—6 .

12+224+3% 4 4k% =

Then for n=k +1:
2+22 432+ + k> +(k+1?
_k(k+D(2k+1)
SR a—
_ k(k+D(2k +1)+6(k + 1)2
- 6
(k1) (k(2k +1)+6(k + 1))
- 6
 (k+1)(2k? + 7k +6)
_ (k+D(k +62)(2k +3)
- 6
which is exactly the statement for n =k +1.
Therefore the formula is true for all natural
numbers.

+(k+1)?

12a+1? .
For n=1:1° =% is true. Assume that
it is true for n = k:
P2t p3g gt oK GrD?

2

Then for n=k +1:
P+2+3 +. +3+(k+1)?

2 2

=@+(1«+1)3
K2k +D? Ak + 1)
B 4

(k+1)2 (k2 + 4k +1))
B 4
_ (k+1)%(k? + 4k +4) _ (k+1)%(k+2)?

4 4

which is exactly the statement for n =k +1.
Therefore the formula is true for all natural
numbers.

For n=1:2isafactorof 12+1=2.

For n = k: assume that 2 is a factor of
n?+n=k? +k =2p for some integer p.
Then for n=k +1:
k+D%+k+D)=k>+3k+2
=(k>+k)+2k+2)
=2p+2k+1)=2(p+k+1)

30.

31.

32,

(p+k+1) is aninteger, so 2(p+k+1) is
divisible by 2. Therefore the formula is true
for all natural numbers.

For n=1: 2 is a factor of 1° + ®)1)=6. For

n = k: Assume that 2 is a factor of

P +5n=k>+5n= 2p for some integer p.
Then for n=k +1:

(k+1)° +5(k +1)

=k3+3k>+3k+1+5k+5
=k +5k +3k% +3k +6=2p+6+3k(k +1)
=2(p+3)+3k(k+1)

Either k or k + 1 is even, so
2(p +3)+3k(k +1) is divisible by 2. Therefore

the formula is true for all natural numbers.

For n=1:61is a factor of 11+1)(1+2)=6.
For n = k: Assume that 6 is a factor of
nn+1)(n+2) = k(k+1)(k+2)=6p for
some integer p.

Then for n=k +1:

(k+D(k+2)(k+3)
=kk+D(k+2)+3(k+D(k+2)
=6p+3k+D(k+2).

Either k + 1 or k + 2 is even, so

3(k +1)(k +2) is divisible by 6 and, thus,

6p +3(k+1)(k +2) is divisible by 6.

Therefore the formula is true for all natural

numbers.

For n=1: 3isafactorof 11+1)(1-1)=0.

For n =k , assume that 3 is a factor of

nn+)(n—-1) = k(k+1)(k—1)=3p for some

integer p. Then for n=k +1:

(k+D(k+2)(k)=k(k+1)(k—1+3)
=k(k+1D)(k—-1)+3k(k+1)
=3p+3k(k+1)
=3(p+k(k+1))

Since (p +k(k +1)) is an integer,

3(p + k(k +1)) is divisible by 3. Therefore the

formula is true for all natural numbers.
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33. For n=1:(ab)' =a'b' is true. Assume that it We can obtain the number of outcomes
P including the k + 1st prize by including that
is true for n=k: (ab)" =a"b" . prize with the possible outcomes that don’t
Thenfor n=k +1: include it. Therefore, there are 2k possible
(ab)k“ _ (ab)k (ab) = ap*ab = ak+1bk+1, outcomes that include the k + 1st prize. So
k Ak k k+1 .
which is exactly the statement for n =k +1. there are 2" +2% =2(2") =2""" possible
Therefore the formula is true for all natural outcomes, which is exactly the formula for
numbers. n =k +1. Therefore the formula is true for all
. natural numbers.
a a . -
34. For n=1: (;) = o is true. Assume that it is 37. a. The number of sides of the nth figure is
L. 3(4"7). For n=1:3(4%) =3, which is
a a
true for n = k: (;j = — - Then for the number of sides of the triangle. Assume
il b the number of sides of the kth figure is
=k+1L
" ka1 r ' il 3(4k_1) . When making the k + 1st figure,
2) =< 2) =L (Z =1 each new small triangle splits the original
b b) \b) | p* \b) pr+t” o | rangie spus e OHg
side into two sides, thus doubling the
which is exactly the statement for n=k +1. number of sides. In addition, each new
Therefore the formula is true for all natural triangle adds on two new sides per original
numbers. side. So, the number of sides of the k + 1st
. figure is four times the number of sides of
11.4 Applying the Concepts i . k-1 k
the kth figure, i.e., 4(3) (4" ) =3(4"),
2_ o which is exactly the formula for n =k +1.
35. For n=2: =1, which is the correct Therefore the formula is true for all natural
number of hugs for two people. Assume that numbers.
2 _ n-1
the number of hugs for k people is f b. The perimeter of the nth figure is 3 (%j .
there are k + 1 people, then we can separate 0
2 _1.a(4) S
one of them. The remaining k have For n=1:3 ( 3) =3, which is the
hugs by the hypothesis. The k +1 st person P .edr irileterﬂi) fl ﬂj: equila:(;lra:ltilriangl.e Wtith ¢
has to hug each of the other k people. So the side length 1. ssumeki? ¢ penimetero
nuzm ber of hugsz1s ) the kth figure is S(EJ . When making
K=k K —k+2k _kZ+2k+1-(k+1) 3
2 k= 2 - 2 the k + 1st figure, each new small triangle
(k + 1)2 —k+1) o adds oq two new s.1des and deletes one
= f’ which is exactly the small side, each with length 1/ 3 of the
statement for n = k +1. Therefore the formula ?;iigi:li: S;irer?:tzrnlf v f;;ar;ilzn
is true for all natural numbers n > 2. o . p y )
original side. Therefore the perimeter of the
36. If there is one prize (i.e., n = 1), there are two

(=2h possible outcomes: either winning zero
prizes or winning one prize. Assume that if

there are k prizes, then there are 2k possible
outcomes. If there are k + 1 prizes, we can
separate the possible outcomes into two
categories: the ones containing the k + 1st
prize and the ones not containing it. The
number of possible outcomes not containing

the k + 1st prize is 2k by the hypothesis.

k + 1st figure is 4/3 times that of the kth
k-1 k
figure, i.e., i(3) (ij = 3(i) , which
3 3 3
is exactly the formula for n =k +1.

Therefore the formula is true for all natural
numbers.
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38. a.

39.

There are 27 small black triangles + 9 small
white triangles + 4 larger white triangles =
40 triangles.

Ad
Ad

There are 81 small black triangles + 27
small white triangles + 13 larger white
triangles = 121 triangles.

The number of number of triangles after the
n

nth iteration is , and the number of

the smallest triangles (i.e., the ones which
were created during the last iteration) is
3! Prove as follows: For

1_
n=1:3 !

=1 is the number of triangles

after the first iteration, and the number of

smallest triangles is 3171 =1, Assume that
the statement is true for n =k . When
performing the k + 1st iteration, there is one
new triangle on each side of the previous
smallest triangles. That is 33k 1y =3k

new triangles. So, altogether there are

3% -1 3k 14235

2 . —

33 -1 3k
S22

formula for n =k +1. Therefore the
formula is true for all natural numbers.

3k =

, which is exactly the

The smallest number of moves to accomplish
the transfer is 2" —1. Prove as follows: for

n=1:2'—1=1 is the number of necessary
moves for one ring. Assume that the smallest

number of moves for & rings is 2% —1. When
we move the biggest peg from the bottom to
another peg, all the other rings must be
stacked on the third peg in decreasing order

from bottom to top. This requires P
moves by the hypothesis. It takes one move to
put the biggest ring onto the other peg. Then
we have to move all the other rings on top of

it, with again requires 2% —1 moves.

40. a.

Altogether, then, there are
QF-D+1+@2F -1 =202%)-1=2¢" -1
moves, which is exactly the formula for

n =k +1. Therefore the formula is true for all
natural numbers.

If n = 1, then two answer sheets are
possible. If n = 2, then four answer sheets
are possible.

The number of answer sheets is 2" . Prove

as follows: For n=1:2'=2 , which is the
number of answer sheets for one question.
Assume that the number of answer sheets

for k questions is 2% If there are k + 1
questions, then the first k can be answered

in 2% different ways, by the hypothesis.
The last question can be answered in two
ways. So the number of possible answer

sheets is 2(2k ) =2k*1 which is exactly

the formula for n = k +1 . Therefore the
formula is true for all natural numbers.

11.4 Beyond the Basics

41.

42,

For n=1, 5 is a factor of 8' —3'=5. For

n =k , assume that 5 is a factor of 8" —3" =
gk —3k = 5p for some integer p. Then for
n=k+1 8 -3¢ =g(8%) - 3(3%)
=8(8*)-8(3F) +5(3")=8(8" -3%) +53)
8(5p)+5(3%)=5@8p+3%). Since 8p+3* is
an integer, 5(8p + 3k ) is divisible by 5.

Therefore the formula is true for all natural
numbers.

For n=1, 24 is a factor of 52 _1=24. For
n =k , assume that 24 is a factor of

52" _1= 5% —1=24p for some integer p.
Then for

n=k+1 52K _1=52k+2 1 = 52(52ky
=25(5%)=25+24 =255%* - 1)+ 24
=25(24p)+24 =24(25p +1). Since 25p +1
is an integer, 24(25p +1) is divisible by 24.

Therefore the formula is true for all natural
numbers.
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43. Forn=1, 64 is afactor of 46. Forn=1,5isa factor of 2*V —1=15.
32M+2 _ 8(1)—9 =64 . For n = k, assume that For n = k, assume that 5 is a factor of
64 is a factor of 3*"*? —8n—9 = 2% —1= 2% —1=5p for some integer p.
3%k*2 _8k -9 =64p for some integer p. Then for n=k +1:
Then for n =k +1 R EP VA
32k+D+2 _g(p 4 1) g =2%2% -16+15
k+1
=3 Mk D9 LG5 +15- 5016p 43
—32(32%42) _gr g9 . = .( P).+ =5(16p+3) '
= 9(3%+2) _9(8k) — 9(9) + 8(8K) + 64 (Sllln.cejbll61; +53 rlrshan 1fntege}rl, i(16p1+ %) is )
ivisible . Therefore the formula is true for
=9(3%"2 ~8k ~9) + 64(k +1) all natural illumbers.
=9(64p)+64(k+1)=6409p+k+1)
Since 9p +k +1 is an integer, 64(9p +k +1) 47. Forn=1, a—b isafactorof a' —=b'=a—b.
is divisible by 64. Therefore the formula is For n = k, assume that a — b is a factor of
true for all natural numbers. a" —p" = a* —pk = (a—b)P(a,b) where
44. Forn =1, 641is a factor of 9' — 8()-1=0. P(a,b) is a polynomial of @ and b. Then for
For n = k, assume that 64 is a factor of n=k+1
9" —8n—1=> 9¥ —8k—1=64p for some - b = afak ~p*)+ bk (a-b)
integer p. Then for n =k +1: =a(a—b)P(a,b)+b* (a—b)
9! —8(k +1)~1=9(9) -8k -8 -1 = (a=b)(aP(a,b) +1*)
=9(9%) - 9(8k) — 9 + 8(8k) i b s b | L ofa and
=9(9k—8k—l)+64k ince aP(a,b)+b" is a polynomial of a an
= 9(64p) + 64k b, a—b is a factor of (a— b)(aP(a,b) + b ) .
=640p+k) Therefore the statement is true for all natural
Since 9p + k is an integer, 64(9p +k) is numbers.
divisible by 64. Therefore the formula is true 1
for all natural numbers. 48. For n=1:1=2L"" istrue. Assume that it is
a—
45. Forn =1, 3 is a factor of 22+ L 1=9.

For n = k, assume that 3 is a factor of
221t 1= 2281 L 1=3p for some integer
p-Thenfor n=k+1:
=227 443
=402%M 11)-3
=4(3p)-3=3(4p-1)
Since 4p —1 is an integer, 3(4p —1)is

divisible by 3. Therefore the formula is true
for all natural numbers.

k
1 a -1
true for n=k: l+a+a’+..+a*"' =

a-1"
Then for n=k +1:
k
_ -1
lva+a’+..+a" ' +ak =2 . +ak
a—
a-1+a*@-1
a—1
A

a-1
which is exactly the formula for n =k +1.
Therefore the formula is true for all natural
numbers.
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49.

S 1 1. 1_5 M s
Forn:1:2—2—+—s—istrue.Assumethatitistrueforn:m: <—.
i k+l 2 3 6 i k+m 6
m+2 m+3 m+1
Thenfor n=m+1 ) L. L D ! + ! + 1 )
i ktm+l Tk+m [T k+m) 2m+2 2m+3 m+l
In the last expression, + 1 :(2m+3)+(2m+2)—2(2m+3):_ ! <0
2m+2 2m+3 m+l1 2(m+1)2m+3) 2(m+1)2m+3)
m+2 m+1 m+1
So, 2 1 _ 2 1 + 1 + 11 < 2 1 Sé
i k+m+l \Tk+m) 2m+2 2m+3 m+1 i k+m) 6

This is exactly the formula for n = k + 1. Therefore the formula is true for all natural numbers.

11.4 Critical Thinking/Discussion/Writing

50.

51.

52.

The proof is not valid because the first step of the mathematical induction, which is to show that the
statement is true for P, , is missing from this proof.

Forn=m=4: 2* >4% =16 >16 is true. Now assume that the statement is true for n = k: 2% > k%, Now we
must use P, to prove that P, is true. Thatis, P, : 2k > (k+ 1)2.

2.2k >2k2 = 2k >0k = 2k > k2 k2

Since k >4, we have 2k 28 = 2k > 1. Also, since k >4, we have k2 > 4k.
2 S k2 k2 skl 4k = 2" S kP v dk = 2K S k2 4 2k 2k =
S k2 42k + 2k > K2+ 2k +1= 2 S k2 4 2k 1= 2K s (k4 1)°

Thus, P, = P,,,, and the statement is true for all natural numbers.

Forn=m=6, 6!> 6> = 720> 216 is true. Now assume that the statement is true for

n=k: k!>k>. Now we must use P, to prove that P, is true. Thatis, P, :(k+1)!2(k+1)3.
k!> k? = (k+1)-k!2 (k+1)-k% = (k+1)!> (k+1)-k>.

Since k+12>7, we have (k+1)!> (k+1)-k* = (k+1)!> 7k°.

We need to show that 7&> > (k +1)° for k > 6:

(k+17° =k +3k2 43k +1= 7k 2 k3 +3k2 43k + 1= 6k° 23k + 3k +1=
RS L DL L N 1c2+k+l):>7k3zZ k2+k+l)

27 2 6 2 3 2 3
k26=T7k* k2Tk* 6= Tk> = 42k*

7 1
Now compare E(kz +k+ 5) with 42k :

12{%(1«2 +k+%ﬂz42k2 +42k +14 = 42k 2%(1(2 +k+%), 50

7k Zg(kz+k+%}=>(k+1)!2%(k2+k+%J=>(k+1)!2(k+l)3.

11.4 Maintaining Skills

53.

(x+ y)2 =(x+ y)(x+ y)=)c2+2xy+y2
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54. (x+ y)3 = (x+ y)(x+ y)2 =(x+ y)(x2 +2xy + y2)= X3 +2x2y+xy2 + yx2 +2xy2 + y3
=x -i-3)czy+3xy2 +y3

55. (x+ y)4 =(x+ y)(x+ y)3 = (x+ y)(x3 +3xzy+3xy2 + y3)

=x* 43y 4307y ot 4 4327y 7 4307 4yt =t Hady v ety a4

56. (x+ y)5 = (x+ y)(x+ y)4 = (x+ y)(x4 +4)c3y+6)62y2 +4xy3 + y4)
=x5+4x4y+6x3y2+4x2y3+xy4+yx4 +4x3y2+6x2y3+4xy4+y5
=x5+5x4y+10x3y2+10)c2y3+5xy4+y5

57. Inexercise 53, we see that the sum of the exponents in each term is 2. In exercise 54, the sum of the
exponents in each term is 3. In exercise 55, the sum of the exponents in each term is 4, and in exercise 56, the
sum is 5. Thus, we can say that the sum of the exponents on x and y in each term in the expansion of

(x + y)n is n.

58. In exercise 53, we see that there are 3 terms. In exercise 54, there are 4 terms. In exercise 55, there are 5
terms, and in exercise 56, there are 6 terms. Thus, we can say that there are n + 1 terms in the expansion of

(x+y)".
11.5 The Binomial Theorem

11.5 Practice Problems

L GBy-0°=13y)°+6(3y) (0 +15(3y)" (~x)2 +20(3y)’ (~x)* +15(3y)> (~0)* + 6(3y) (~x)° + 1(=x)°
=729y 1458y x +1215y*x% =540y x> +135y%x* —18yx° + x°

| .5.4
2 a. (6)= 6! =654.=15
2) 216-2)! 214!
! . . .0 . .
b (12)= 120 _12:11-10-9! _12-11 10=220
9) 9112-9)! 9131 3.2:1

3 (-0t =g e+ ) e+ (3 )0 o+ 3oy + [ § e

=%(81)64)—%(27)6%)+%(9x2y2)—%(3xy3)+%y4

=81x* —108x°y + 54x%y% —12xy% + y*

4. The term x> y9 is the tenth term in the expansion of (x + y)12 . So its coefficient is (192 )

9= =220

(12) 12! 12:11-10-9! 12-11-10
91(12-9)! 913! 3.2-1

_ 15 _ 15
S. " x" (2a)n "= ¥ (20)15 . ¥ (2a)12 = 1—5!x3 (2a)12 = 15! x? (20)12
n—r 15-3 12 12!(15—12)! 1213!

.14-13-12! 14
=15 14-13 12.x3(2a)12=15 14 13x3

a'? = 455x% (2a)'"? =1,863,680x°a'?
12131 3201
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11.5 Basic Concepts and Skills

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

The expansion of (x+y)" hasn + 1 terms.

In the expansion of (x+ y)5 , the coefficient of x2y? is (’:) whenn=5and r=3.

Expanding a difference, such as (2x— y)lo

For any positive integer n, (n) =1

False. If n is even, then there are an odd number of terms in the expansion, so one coefficient appears just

once.
n
False. 2(2j:n! for n > 3.

! .5.4.31
61_6-54-31_
3! 3!

! .10-9!
&:11 10 9.:110
9! 9!

! a1
£=12 11.=12
11! 11!

! ..
3320
0! 1

(6) 6! 6-5-4!
- = =15
4) 416-4) 412!

(6) 6! 6-5-4-3! 6-5-4

- - = =20

3) 316-23)! 3131 3.2-1

(9) 9! 91
=—=—=1

0) 0!19-0)! 0!9!

(12)_ 12! 12! .

0) o0112-0) 012!

(7)_ 70 7-6!

L) 1@a-n! 16!

7 7! 7-6-5-41 7-6-5

o

3) 37-3) 314! 3.2-1

, results in alternating signs between terms.

(x+2) = x* +402x°) +6(22xH) +4(2% )+ 2% = x* +8x3 +24x% +32x+ 16

(x+3)* = x* +4G6x7) +6(3%x?) +4(3° 1) +3* = x* +12x° +54x% +108x + 81

(x=2)° = x> +5(=2)x* +10(=2)2 x> +10(=2)* x? + 5(=2)*x + (=2)° = x> = 10x* + 40x> — 80x% +80x — 32
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20. 3-x)° =3 +53")(=x) + 10)3*) (1) + 10)3*)(=x)> + 5)3)(-x)* + (-x)°
=243 - 405x +270x% = 90x> +15x* - x°

21, (2-3%)7 =23 +3(2%)(=3x) +3(2)(-3x)% + (-3x) =8 -36x + 54x% - 27x>
22. (3-2x)° =33 +332)(=2x) +33)(=2x)% + (=2x)> = 27— 54x+36x> — 8x>

23, 2x+30)* =20 +420)°By) +6(20)2(By)? +42x)3y)> + By)*
=16x* +96x>y +216x%y? +216xy> +81y*

24, 2x+50)* = 20* +420)3(5y) +6(2x)*(5y)% +420)(5y) + 5y)*
=16x* +160x> y + 600x2y2 +1000xy> + 625 y*

25. (x+D* =xt+4xH)+ 61222 +4@3 ) +1% = xF + 43 + 6x7 +4x+1
26. (x+2)* =x*+402x3) +6(22x2) + 423 x) + (2)* = x* +8x% +24x% +32x +16
27. (x=1° = x> +5(=Dx* +10(=1)2x> +10(=1)> x> + 5(=D*x+ (=1)° = x° = 5x* +10x> = 10x +5x—1

28. (1-x)° =1 +50%)(=x)+ A0)1*)(=x)% + 10)(1>)(-x)* + G)D)(-x)* + (-x)°
=1-5x+10x% —=10x> + 5x* = »°

29. (y-3)2 =y +3(=3)y2 +3(-3)2y+(-3)> = y* —9y2 +27y-27

30. (2-y)° =27 +52 (=) +10)2*)(=»)* +10)2H)(=y)* + G2)(=* + (=)’
=32-80y+80y2 —40y> +10y* — y°

31. (x+y)6z(g)x6+(16)x5y+(g)x4y2+(g)x3y3+(2 x2y4+(2)xy5+(2)y6
6! 6 6! 5 6! 4 2 6! 3 3 6! 2 4

= x + Xyt—————x Yy +t—————xy +——Xx"y
06-0)!"  11(6-1)! 216-2)! 31(6-3)! 41(6—4)!
6! 5 6!
+ xy” + y
516 -5)! 61(6-6)!

=0 +6x5y + 15x4y2 + 20)c3y3 +15x2y4 + 6xy5 + y6

32 o0t =0T Jreme )t en o (§ R en o [§ R et o §fren® gt

| | | | |
_ 6! x6— 6! x5y+ 6! x4y2_ 6! x3y3+ 6! x2y4
016—0)1" 161! 216-2)! 316—3)! 46— 4)!
6 s 6l
516-5)1" " 6I6-6)1"

=x° —6x5y + 15x4y2 - 20x3y3 +15x2y4 - 6xy5 + y6

33, (1+3y)° =1° +50H3y) + 10113 + 10)13)3y)* + G)DGEY* +(By)°
=1+15y+90y% +270y° +405y* + 243y°

4. 2x+1)° =(2%)° +520)* )+ 10)2x) 3 (D)% + 10)2x)2 1) + 5)2x)D)* + (1)°
=32x> +80x* +80x> +40x% +10x +1

35. Qx+D*=020*+420° M) +620)2 M) +42x)1)> +1* =16x* +32x° +24x% +8x +1
36. GBx-D*=3B0*+43x)° =) +6(30)*(=D? +4G8x)(=D> + (=D* = 81x* —=108x> + 54x% = 12x +1
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37. (x-2y)° = x> +3(2)(=20) +3(x)(20)% + (=2y)> = P —6x2y +12xy? - 8)?
38. (2x— )’ =20 +320)% (=) +32x)(=y)? + (=y)? =8x° —12x2y + 6xy% — y*
39. 2x+ )t =20*+402x)° y+6(20)2 y2 +42x)y> + y* =16x* +32x7 y +24x2y% +8xy3 + y*

40. Gx-2y)*=Gx)* +43x)3(=2y) + 630 (=2y)? +4Bx)(=2y)* + (=2 )*
=81x* —216x°y +216x2y2 = 96xy° +16y*

S R EIRHE R B B HERNH  E HE
| Al

7 53 . 7 T (x) e 71 ;
- 4)(2) 2 )+5v(7 5)'( j @)+ 61(7 - 6)'( )(2 )+7!(7—7)!(2)

7 6 5
_x I 21—x+35x +70x3 +168x2 +224x+128
128 32 8 2

R S O R S R
e Cel2 01T |
=ﬁ(2)7+1.(77_!1).(2)6(_§)+2'(7 o ( 2) 317~ 3)‘() ( j

71 4 > 71 6 71 Y
- 4)v( )( 2) 51(7 - 5)!“( 2) 61(7 - 6)'( )(_5) +7!(7—7)!(_5)

X7 7x8 21 35x%

41.

p—

= I T 70x7 +168x7 —224x+128
128 32 8 2
4 2 3 4
43. az—l) =(a2)4+4(a2)3(—1j+6(a2)2(—1) +4(a2)(—lj +(—lj =ag—ia6+ga4—iaz+i
3 3 3 3 3 3 3 27 81
AN AR : 1)’ 1
44. E—azj =(Ej +4( ) (~a )+6(E) (=a”) +4( )( a® +(—aH)=a® -24% +Za* 2a2+E

45.

i
VR N N N
= | =
+
=
Ne—
(98]
1l
N\
| —
Ne—
(98]
_|_
[O%]
VR
—_
N N | =
[\*)
- f
+
[O%]
/—\
;/
\<
+
<
1l
w|~
|u.>
W<
w
<
[ ]
+
=

3 2 3 2
46. x+£j =x +3£2sz +3(3j XJ{EJ =x +6i+12—2x+%
y y y y )
10! 7
47. The term containing x’ is the fourth term in the expansion: 7 10-7)! B — y =120x y
!
48. The term containing y is the eighth term in the expansion: ( j 7 '(1100. 7)' y7 =120x° y7
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49.

50.

51.

52.

53.

54.

55.

56.

The term containing x° is the tenth term in the expansion:

12 |
¥ (=2)° = L(—512)x3 =-112,640x>
3 31(12-3)!

The term containing x° is the fourth term in the expansion:

12 |
¥ (=2)° = L(—512)x3 =—112,640x°
9 91(12-9)!

The term containing x® is the third term in the expansion:

8 6 2 _ 8! 6 2y _ 6. 2
(2j(2x) By)’ = 2!(8_2)!(64x )(9y*)=16,128x"y

The term containing y6 is the seventh term in the expansion:

8!
() antane-

m(4x2)(729y6) =81,648x2y°

The term containing y9 is the tenth term in the expansion:

11 2 g _ 11! 2 9\ _ 2.9
(gj(sx) (-2y) _m(zsx )(—512y )_—704,000x y

The term containing x° is the seventh term in the expansion:

15\ o ¢ 15l 9\ 6 _ 9 6
(6J(7x) (=) _m(40,353,607x )(y )—201,969,803,035x y

(12)° =(1+0.2)° =1° +5(1)*(0.2) + 10(1)3(0.2)% +10(1)%(0.2)* + 5(1)(0.2)* + (0.2)° = 2.48832
a. (2.9%=2+09%=2%+4(2%)0.9)+6(22)(0.9)% +4(2)(0.9)* + (0.9)* =70.7281

b. (10.4)° =10+0.4)° = (10%) +3(10%)(0.4) +3(10)(0.4)> + (0.4)> =1124.864

11.5 Beyond the Basics

57.

58.

59.

The middle term is the sixth term in the expansion:

(IOJ(\/;)S(_%T l—mxzﬁ(_%):_w

5 2) T 5110-5) .

The middle term is the sixth term in the expansion:
10 5 > ! 5
(V5) (i): 10t oo 3 ) 252k
5 3x2 51(10-35)! 33410 X
The middle term is the seventh term in the expansion:

12 (15 (ex?y ) = 12! X7 9244
6 Y T ooy )T s
. . y y
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60.

61.

62.

63.

64.

The middle term is (2nJ(1" )x" = (Z‘n)'! x" = [(DRS)---2n = 1')][‘(2)(4)(6) @0l x" (arranging the factors

_MB)B)---2n=-DI[2(D)-2(2)-2(3)----- 2(n)] ,

in groups of even factors and odd factors) = - x" (there are n
nln!

[(DB)S)--+(2n=DI2")n! = DOG)--@n-1)

n'n! n!

factors of 2; factor out 2 in the even factors) = 2" x"

By the Binomial Theorem, we have

2" = (1+1)" = @(l)"(l)o +@“)"1(D1 +@<D“(D2 +---+[Zj<l>°<l>"

(P OG- L)

By the Binomial Theorem, we have
n_ [y O L vt | P =22 | yn=3 2 L PN PR
0=01-D =( j(l) @) +( J(l) =D +[ j(l) =D —( J(l) =D +~--+( j(l) =D
0 1 2 3 n

GHEHEHOp-erl:

(k}r( k Jz k! N k! _ kG =Dk = j+ DMKk = )

J J=1) jlik=p! (j=DUk-j+D! JIk= DG -DWk-j+D!
KNG -D k= DU+ k= j+D] kWG +(k—j+D)  klk+1)  (k+D! (k+]
k= PIG-DIk—j+D! ik +1-))! _j!(k+1—j)!_j!(k+1—j)!_(j

1

1
For n=1:(x+y)' = o4
n=1:(x+y) (O)xy (1

jxoy1 = x+y istrue. For n =k , assume that the hypothesis is true, i.e,

ko (k o
(x+y) = 2( ,}ukjyf.Thenfor n=k+l1,

j=0\J
) =k )+ f =2+ )+ yae+ )
K (k - k(K .
= xz ( .}'k‘]}"] +y 2 ( ,}k"y" (By the hypothesis)
j=0\J j=0\J
k (k o k(K o
= 2 .}\k_ﬁly] + Z( '}\k—]y”l (Multiply through by x and y.)
j=o\J j=o\J
k
_ k+1 k k—j+1_j & k k—j. . j+1 .
=X+ 2 . yo+ 2 . y (Pull out the j term.)
j=1\J j=0\J
ke k k—j+l_j Sk k—j+l_j .
=X "’2 . Ty +2 1 Ty (Pull out the j = k +1 term.)
j=1\J j=INS

(continued on next page)
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(continued)

KTk ( k L
PSS EN S I ( j+[ ﬂ k—j+l_
(COMRE S JZJJ i1 (#7157
N S zk:(kJrlj(xkjﬂyj): g(kﬂ}(xk‘iﬂy‘i)
Jj=1

J j=o\ J
This is exactly the formula for n = k +1. Therefore, the theorem is true for all natural numbers.

65. 2x-D*+42x-1)°G-20)+6(2x-1)%3-2x)%+4Q2x-1)3-2x)>+3-2x)*
=(@x-D+@3B-20)" =2*=16

66. (x+1)* —4x+1)>(x—D+6(x+D2(x-1D2 —dx+Dx—1)> +(x-D* = (x+ - (x-1)* =2* =16

67. (Bx-1°+53x—-D*1-2x)+10C8x-1)>1-2x)2 +103x-1)>1 - 2x)> +53x - D(1-2x)* + (1 - 2x)°
=(Bx-D+(1-20) =2

91 x

L I L Y
61(9—6)! x°

9 6
68. a. The constant term is the seventh term in the expansion: (6) (xz)3 (——j
x

10 8 2 ! 4
b. The constant term is the third term in the expansion: (\/; ) (—ij = __10t fax =180
2 x? 2110-2)!| »*

6 2
69. The constant term is the third term in the expansion: 240 = (J (k)c)4 (—%)

X

T216-2)! 4

X

|
_ O e (ij =15k* = k=16 k=12

11 sk
70. The constant term is the fourth term in the expansion: 1320 = ( 3 J(x3) (—j

‘ 3
_ (x24)(k_]:165k3 =k =8=k=2

T 311-3)! 2

71. The general term in the expansion has the form (2x2)k (——j = (2k )(——) ———.1In
k 4x k 4 xl 1-k

order to get a constant term, 2k must equal 11 — k. However, the solution of this equation is not an integer, so
there is no constant term in the expansion.

11.5 Critical Thinking/Discussion/Writing

72. 2°=(1+1°
_ 6 6 0 6 5 1 6 4 2 6 3 3 6 2 4 6 1 5 6 0 6
—(Oj(l) M +(1j(1) M +(2j(1) Q) +(3J(1) Q) +(4j(1) D +(5](l) Q) +[6)(1) 0

LURBEHEHEHEHEN
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73. 0=(1-D"

_(10) 10500 (10 o 1 (10) g o
—(Oj(l) @ (IJ(D @ +(2j(1) @ (

(G HEHEHEM

74, (x+y)?=x?+2x+y>. Ifx>0and y>0,
then 2xy > 0 and
x2+2xy+y22x2+y2=>

(x+y)22x2+y2:>x+y2\lx2+y2

75. (x+y)'=x" +(ij”_1y+[;)xn_2y2 4o

n n—1 n
+( ny +y".Ifx>0andy> 0, then
n—
all the intermediate terms in the expansion are
positive. Therefore (x+ y)" > x" + y" if
n>1.

76, (+x)" =1+ |+l |24+ " e
1 2 n
n n) , ny ,
=1l+nx+ x+ X“ 4.+ x L Ifx>
1 2 n

0, then all the terms in the sum are positive,
and

n n) , ny ,
1+nx+ X+ X"+t x >1+nx.
1 2 n

Therefore, (1+x)" >1+nx if n>1.

11.5 Maintaining Skills

8!
77. 5-6:7-8=—
41

|

78. 10-9-8-7-6=%

79. 2-4-6-8-10-12
=2~(2-2)-(2-3)-(2-4)-(2-5)-(2-6)
=20.6!

80. 3-6-9-12:15=3-(3-2)-(3-3)-(3-4)-(3-5)

=3%.51

!
81. £:12-11:132
10!

jaﬂ(lf + (10j<l)6(1)4 - (150 ] M)’ + (160 j M*m°

4

(10Y 15 7 (10) o g (10 o (10 o o
(7j(l) M +(8j(1) M (9)(1) M +[10)(1) Q)

M

! !
g2, 1001 _T00t_,50. 99 9900
(100-2)! 98!
! .7
8 _87:6_4
5131 3.2-1
100 10! 10-9-8

=120

(10-3)131 7131 3.2:1
Section 11.6 Counting Principles

11.6 Practice Problems

1. ) {\\‘\%
S

Afternoon

R S
& e
Q}\
o

o

French Afternoon

There are 9 ways to choose a course.

2. There are 7 restaurants and 5 movies, so there
are 7-5 =235 different choices.

3. There are 10° = 1,000,000 possibilities.

4. Thereare 7!=7-6-5-4-3-2-1=5040
possible arrangements.

5. There are 9-8-7-6=3024 possibilities.

| .8.71
6.a. P(9Y,2)= o :9 8 7':72
(9—2)! 7!
n! n!
b. Pn,0)= =—-=
(n=0)! n!
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7.

{bears, bulls, lions}, {bears, bulls, tigers},
{bears, lions, tigers}, {bulls, lions, tigers}
C4,3)=4

9! _9-8-7!

8.a. C(HY2)= =36
9- 2)‘2' 712!
n! n!
b. C(n,0)=—=—=1
(n=0)!10! n!
n! n!
c. Clnyny)=——"—-=—=1
(n—n)!n! n!
! .11-10-9!
9. C(2.3)= 12! :12 11-10-9!
(12—3)!3! 913!
=12-11-10=220
3.2-1

10.

There are 220 ways that three of the twelve
chocolates can be chosen.

6!
212121
There are 90 ways to send six counselors in
pairs to three different locations.

11.6 Basic Concepts and Skills

1.

10.

Any arrangement of n distinct objects in a
fixed order in which no object is used more
than once is called a permutation.

The number of permutations of 5 distinct
objects is 5! = 120.

When r objects are chosen from » distinct
objects, the set of r objects is called a
combination of n objects taken r at a time.

The number of distinguishable permutations
of 10 objects of which 3 are of one kind and 7

|
are of a second kind is £ =120.
317!

True

True (as long as r> 1)

6!
P(6,1) = 6D 1)'
7!
P(7,3) = =210
(7-3)!
8!
P(8,2) = e 2)'
P(10,6)—$— 151,200
(10-6)!

11. P(9,9)= ———=362,880
9-9)!
5!
12. P(5,5=———=120
(5-5)!
7!
13. P(7,0)= T
14, P@4,0)=—
“-0)! 0)‘
8!
15. C83)=————
8-3)13!
6. C(1.2y=—" =
(7-2)12!
91
17. CO4)=—— =
(9—4)1(41)
18. C10,5=—10
(10— 5)!5!
51
19. C5,5=——"— =
(5-5)!(5)
20, C6,6=—2 -
(6-6)16!
31!
21. C(3,0)=———
G-0)!0!
5!
22. C(5,0)=—— =
(5-0)10!

23. a. The first letter can be chosen in 26 different
ways. The second letter can also be chosen
in 26 different ways, so the number of
different 2-letter codes is 26-26 = 676.

b. The first letter can be chosen in 26 different
ways. The second letter can be chosen in 25
different ways, so the number of different
2-letter codes is 2625 =650 .

24. Each question can be answered in one of two
ways. There are ten questions, so the number

of possible answer sheets is 21021024

25. The president can be chosen in 50 ways, while
the vice-president can be chosen in 49 ways.
So the number of possibilities is
5049 =2450.
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26.

27.

28.

29.

30.

31.

32,

33.

34.

35.

36.

The first digit cannot be 0, so there are 9
possibilities for the first digit. There are 10
possibilities for each of the remaining three
digits, so there are 9-10-10-10 = 9000

possible four digit numbers.

There are four people to be seated in a row of
four chairs, so there are

(4-4)!
arrange the people.

P4,4) = =24 different ways to

There are ten teams and three possible

!
outcomes, so there are P(10,3) = _tot
(10-3)!

=720 possible outcomes.

There are five shirts, three pairs of pants, and
four ties, so there are 5-3-4 =60 possible

outfits.

There are eight pieces in the program, so there
!

L = 40,320 possible

8-98)!

program arrangements.

are P(8,8) =

There are five different toppings. So there are
!

> =10 different pizzas with

(5-2)12!

two additional toppings.

C5,2)=

There are 15 students, so it is possible to
choose two representatives in

15! .
=105 different ways.

CU52=5 o

There are eleven problems, so it is possible to
choose nine of them in

!

AL =910y

=55 different ways.

There are 18 potential teammates, so it is
possible to choose three of them in

18! .
=816 different ways.

ci8,3)=———
18-3)!(3))

Order is not important, so find the number of
combinations. There are C(11,4) =330

different combinations.
There are seven applicants for the clerk

position and four applicants for the technician
position, so there are 7-4 =28 possibilities.

37.

38.

39.

40.

Order is important, so find the number of
permutations. There are 8 seats and six people
will be seated, so there are

!
P(8,6) = 8— =20,160 different ways to
8-6)!
seat 6 people.
To rent the canoes, there are
!
C(7,2) = 7— =21 different
T-2)!12"
combinations. There are
!
C(5.3)=— 210 different
6-3)!(3)!

combinations to rent the kayaks. So there are
21-10 =210 different ways to choose the
students for the rentals.

Order is important, so find the number of
permutations or use the Fundamental
Counting Principle. There are

5!
(5-5!
colleges.

P(5,5)=

=120 ways to visit the five

Order is important, so find the number of
permutations or use the Fundamental
Counting Principle. There are
75-74-73-72 = 29,170,800 different ways

to call the numbers.

11.6 Applying the Concepts

41. a. The first digit cannot be a zero or a one, so

42,

there are eight possibilities for the first
digit. There are two possibilities for the
second digit and ten possibilities for the
third digit. So there are 8-2-10=160

possible three-digit area codes.

There are eight possibilities for the first
digit, ten possibilities for the second digit,
and ten possibilities for the third digit. So
there are 8-10-10 =800 possible three-

digit area codes.

If the call letters begin with K, there are
26% = 676 radio stations with three letters

and 26> =17,576 radio stations with four
letters, for a total of 18,252 possibilities.
There are the same number of possibilities if
the call letters begin with W, so there are a
total of 2-18,252 =36,504 different call-

letter selections.
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43. a. If no repetitions are allowed, there are 50. There are P(7,7)= 5040 possible
24-23-22=12,144 three-letter fraternity arrangements. Only one is in increasing order
names. of difficulty, so there are 5039 ways the
b. If repetitions are allowed, there are zggggt;:;uld fail to arrange the exercises
243 = 13,824 three-letter fraternity names. ' )
51. a. There are seven letters in the word
44. a. If no letters are repeated, there are CHARITY. If two letters in each four-letter
10-9-8 = 720 three-letter codes. group must be an A and an R, then there are
b. If letters can be repeated, there are five letters that can be chosen in groups of
3_ two: C(5 2)=L=10
107 = 1000 three-letter codes. : ) (5-2)1(2)!
45. To reach a majority decision, five, six, seven, possibilities.
eight or all nine of the nine justices must .
. . . . b. If one letter in each four-letter group must
agree. Since order is not important, find the >
. be an A and none of the letters in the group
sum of the combinations b R. then th five lotters that
C(9.5)+ C(9,6)+ C(9.7)+ C(9.8) + C(9.9) can be an R, then there are five fe ers tha
91 91 91 can be chosen in groups of three:
— . + . + . 5! ey eqen
9-5!5H ©-6)6) O-1HNTH C(5,3) =———— =10 possibilities.
91 91 5-3'03)!
+ - + . .
O-8!'8H O-N!9)YH c. If none of the letters in each four-letter
=126+84+36+9+1=256 group can be an A or an R, there there are
There are 256 ways to form a majority of five five letters that can be chosen in groups of
from the nine justices. 51
four: C(5,4)=———=5
46. Order is not important, so find the 5-4)'(4h
o 10! possibilities.
combination C(10,4) =——— =210.
10-4)14! 20!
There are 210 different ways to select a 52. There are C(20,4) = (20— 4)1(41) = 4845
committee of four from a group of ten. possible combinations of four students and
47. Al can choose from 8-8-8 =512 different C8.2 ! 28 bl
outfits. Since there are 365 days in a year, he 8,2)= 8-2)121 possible
can wear a different outfit every day. combinations of two professors. So, there are
48. There are 2-3-8-5=240 different dinners. 28-4845 = 135,660 possible combinations of
four students and two professors.
49. a. There are 7! = 5040 different ways to )
arrange the houses since any arrangement 53. The store will need to stock 5-7-3=105
of the seven houses could be made to shirts to have one of each type.
correspond to a permutation of the seven 54. Because the tenth digit is determined by the
des1gns by agreeing that the first f‘?uf goon first nine, we need to count only the possible
one side of the street apd the remaining arrangements of the first nine digits. Each of
three go on the other side of the street. the nine digits has ten possibilities, so there
b. There are 7! = 5040 different ways to are 10° = 1,000,000,000 possible ISBNs.
arrange the houses since any arrangement
of the seven houses could be made to 55. The maximum number of folders is necessary
correspond to a permutation of the seven if all' of the questionnaires have different '
designs by agreeing that the first five go on rankings. There are 10!= 3,628,800 possible
one side of the street and the remaining two rankings, so they would need that many
go on the other side of the street. folders.
56. Since order is important, find the permutation.

There are 12!=479,001,600 different orders
in which the parcels could be delivered.
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57.

58.

59.

60.

61.

In each group of four, if one child is
“constant”, then the other three children can

be chosen in C(6,3) = =20 ways.

!
(6-3)!3!
So the maximum number of times any one
child will go to the circus is 20.

]
There are C(7,4) = _ =35
(7-4'4!
combinations of four children, so the father 62.

will go to the circus 35 times.

The person selects a total of nine books, three
out of six history books, two out of four
biology books, and four out of five economics
6!
— =20
(6-3)!13!
possible combinations of history books,
41
4-2)12!

books. There are C(6,3) =

C4,2) = =6 combinations of

5!
- _5
6-4'4!
combinations of economics books. Then there
are 20x6x5=600 ways to select the nine

biology books, and C(5,4) =

. 63.
books. Each of these 600 appropriate
selections of books can be arranged in 9! ways
for a total of 600x9!= 217,728,000
Because order is not important, we use
combinations. Under the “B”, there are
!
C(15,5) = L =3003 combinations of
15-5)!5!
numbers. There are the same number under
the “I”, “G”, and “O”. Under the “N”, there 64.
!
are C(15,4) = L =1365. So there are
3003* -1365 = 111,007,923,832,370,565
different bingo cards.
Each team in the league plays 10 games
against the teams in its division and 6 games 66.
against the teams in the other division.
Because the game where team A plays against
team B is the same as the game where team B
plays against team A, there will be 16-6 =96
ames.
£ 67.

There are 10 people and four are needed for
the committee. Once the first person is
chosen, that person’s spouse is eliminated, so
there are 8 ways to choose the next person.

That person’s spouse cannot be chosen next,
so there are 6 ways to choose the third person,
and 4 ways to choose the fourth person. That
gives 1920 possible permutations. However,
the order that people are chosen for the
committee is not important, so the number of

combinations is 1942’0 =80.
The three-person committee must have at least
!
one man. There are C(4,3) = 4 =4
(4-3)!3!

ways to choose the committee if it consists of
all men. There are C(4,2)xC(7,1)
41 7!
= X
@-2)12! (7-nliay
to select two men and one woman. There are
C4,HxC(1,2) = 4! X 7!
@-nh (7-2)12
=4x21=84 ways to select one man and two
women. So there are 4 + 42 + 84 = 130 ways
to select a three-person committee that
includes at least one man.
If Cory wants to give his sister one coin, there
are 4 different combinations of one coin. If he
wants to give his sister two coins, there are
C(4,2) = 6 different combinations. If he

wants to give his sister three coins, there are 4
combinations, and if he wants to give his
sister four coins, there is one combination. So
there are 4 + 6 + 4 + 1 = 15 different
combinations of coins.

There are 2-3-5-6=180 different four-
course meals.

=6X%x7=42 ways

Out of six letters, there are two “A”’s and the

!
— =360
21mn!
distinguishable ways to arrange the letters.

rest are singles. So, there are

Out of seven letters, there are two “A”’s and

the rest are singles. So, there are

!
. 2520 distinguishable ways to
2t

arrange the letters.

Out of seven letters, there are three “S”’s, two

“C”s, and the rest are singles. So, there are
7! .

———— =420 distinguishable ways to

312111!

arrange the letters.
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68.

Out of seven letters, there are two “A”’s, two “R”s, and the rest are singles. So, there are 1260

7!
202110010
distinguishable ways to arrange the letters.

11.6 Beyond the Basics

69.

70.

71.

72.

73.

74.

The company needs n workers in combinations of three. So C(n,3) = 20=

n!
_—>
(n—-3)!3!

nn—-D(n-2)(n-3)!
(n—3)!3!
The possible rational zeros are t1,+2,13, 14, £5,4+6,+8,+£10,+12,+15,£20,%24,1£30,+60, £120.
Using synthetic division, we find that 6 is a zero:
6l 1 -3 2 -120
6 18 120
1 3 20 0

and (n-6)(n”> +3n+20)=0.

>20= 1’302 +20>120= n’> - 3n> +2n—120>0

The two zeros of n”> +3n+20=0 are complex, so we reject them. Therefore, six different workers are
necessary.

The radio station needs n songs in combinations of five. So C(n,5) =21 = 2l =

nl

(n—-5)!5!

nn—-Dn-2)(n-3)(n—-4)(n-5)!
(n—-5)!5!

of signs, we know that there are 5, 3, or 1 positive zeros. (Ignore the negative zeros since the exercise

>21= n° —10n* +35n° —50n? + 24n - 2520 > 0. By Descartes’ Rule

requires a positive answer.) The prime factorization of 2520 is 23 .3%2.5.7, from which we can determine
the possible rational zeros. Using synthetic division, we find that 7 is a zero:
7] 1-10 35 =50 24 -2520
7 =21 98 336 2520
1 -3 14 48 360 0

So, (n— 7)(n4 —3n  +14n+48 - 360) = 0. Continuing the process, we find that there are no rational zeros

for the second factor. So the radio station needs seven songs to start its programming with five songs every
day for 21 days without using the same five songs on any two days.

30!

There are C(30,2) =——————— =435 lines.
(30-2)12"
21! .
There are C(21,3) = ————— =1330 triangles.
(21-3)!13
+1 ! ! N
m PTIIN (m+1)! —6— (m+1)! =6=}(m+l)m(m 1).=12=>
m—1 (m-DN((m+1)—(m-1))! (m-1)12! (m-1)!

m>+m-12=0= (m+4)(m-3)=0=m=3orm=—4

Reject the negative solution because factorials are not defined for negative numbers. The solution is {3}.

6(n—1j=(n+lj:> 6(n-D! _ (n+1)! 3= (4D, (D! (4 Dn-D!_
2 4 2l(n=3)! 4l(n-3)! 24 (n=1! (n-1!

n+n-12=0= (n+9)n-8=0=n=-9 orn=23

Reject the negative solution because factorials are not defined for negative numbers. The solution is {8}.
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Section 11.6 Counting Principles 1007

75.

2(n—1j=(nj=> 2An-D! _ nl_ (=Dn=2)(n=3)!_n(n-Dn-2)(n-3)!_
2 3) T 21n=-3)! 3in-3)! (n-3)! 6(n—3)!
6(n—DN(n-2)=nn-)(n-2)=n==6

4(kj=[k+1j=> 4k _ (kDU Ak -D(k=2)!_ (k+Dk(k=D(k-2)!

76. 302 3 32Nk -2)! 3l(k—2)! 6(k—2)! 6(k—-2)!

dk(k-D)=(k+Dk(k-1) = k+1=4= k=3

1 n

n n n n
77. Using the Binomial Theorem, (OJ +( J+ (2J - +( j =64 is the sum of the coefficients in the nth row

of the expansion of (x+y)". Ifx=1and y =1, then

(o ()
1+1" = + + +- 4 =64= 2"=64=n=6.
0 1 2 n

78. Using the Binomial Theorem,

-
B A

is the sum of the coefficients in the kth row of the expansion of (x+ y)".Ifx=1and y =1, then

o (k) (k) (k k .
A=) || | =128 20 =128k =7,

79. (m)=[mj:> mt o omt SN _Gm=d o e HmmI s 4
4705 )T =14t m=5)151 41 (m-5)! (m—5)1

0. (njz(nji Bl =37 =30- -5 n-6n-7)!_7-6:54-3!
7)) T =17 =331 (n=7)! 3! (n—17)! 31

(n=3)n—-4)n-5n-6)=840= n* —18n> +119n% - 342n— 480 =0
The possible rational zeros are *1, £2, +3, +4, +5, +6, £8, +10, £12, £15, £16, 20, =24, £+ 30,
132, £40, £48, £ 60, £80, £ 96, £120, £160, £ 240, and *£480.
Using synthetic division, we find that 10 is a zero:
10] 1 -18 119 -342 -480
10 —80 390 480
1 -8 39 48 0
Another zero is —1:
-11 -8 39 48
-1 9 48
1 -9 48 0
The zeros of the depressed equation are complex. Reject —1 because factorials are not defined for negative
numbers. The solution is {10}.

11.6 Critical Thinking/Discussion/Writing

81. There are 5-5=25 terms of the form x"y"” if n and m are any integers such that 1<n <5 and 1< m<35.

82. There are two terms in the first factor and three terms in the second factor, so there are 2-3 =6 terms.
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11.6 Maintaining Skills
83. E={2,57}=n(E)=3
84. E={-3,-1}=n(E)=2
85. E={0}=n(E)=1
86. E=@=n(E)=0

For exercises 87-90, A={1, 2, 3, 5} and
B={3,4,56,7).

87. n(A)=4, n(B)zS

88. AUB={1,234,567}
n(AUB)=17

89. ANB={35}
n(ANB)=2

90. n(AUB)Zn(A)+n(B)—n(AﬂB)
7=4+5-2 True

For exercises 91-94, A={a, b, ¢} and
B={2,4,6,38}.

91. n(A)=3, n(B) =4

92, AUBz{a, b, c, 2, 4,6, 8}
n(AUB)=17

93. ANB=0
n(AﬂB)ZO

94. n(AUB)=n(A)+n(B)-n(ANB)
7=34+4-0 True

11.7 Probability

11.7 Practice Problems

La E={3 5},p(E1):%:%
2 1
b. Ez—{5,6},P(E2)_g_§
2" S:{(HsH)s(Hs Ds (T,H),( sD}
E={HD). (T, H)}
2 1
PEI=3=3

E={(6,1),(5,2),43),3,4,(2,5), (6, 1)}
There are 36 possible outcomes, so
6 1
P(E)y=—=—
(E) 36 6
Since the order in which the numbers are
selected is not important, the sample space S
consists of all sets of 6 numbers that can be
selected from 50 numbers. So,
50!
(50-6)!6!
~50-49-48-47-46-45
6-5-4-3-2-1

n(S) =C(0,6) =

=15,890,700

1

P(winning the lottery) = ——
(winning ¥)=15.890.700

P(jack or king) = P(jack) + P(king)
4 4 8 2

=t —=—=—

52 52 52 13

P(Brandy is not selected) = w
Cc(10,3)

_ 9! .3!7!_1

316! 10! 10

P(Brandy is selected)

=1- P(Brandy is not selected) =1- % =—

The probability that a student selected at

45,143

random is a male is 1 = (.55. The

probability that a student selected at random
20,878
82,074

The probability that a student selected at
random is a male attending Sacramento

attends Sacramento College is =(.25.

College is 040, = (.11. So, the probability
82,074
that a student selected at random is a male or
attends Sacramento College is approximately
0.55+0.25-0.11=0.69.

11.7 Basic Concepts and Skills

1.

If no outcome of an experiment results more
often than any other outcome, then the
outcomes are said to be equally likely.

A certain event has probability 1, and an
impossible event has probability 0.

If it is impossible for two events to occur
simultaneously, then the events are said to be
mutually exclusive.
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10.

11.

12.

13.
15.
17.
19.
21.

If the probability that an event occurs is 0.7,
then the probability that the event does not
occuris 1 =0.7=0.3.

True (if “between 0 and 1" includes 0 and 1.)
True

S = {(Wendy’s, McDonald’s, Burger King),
(Wendy’s, Burger King, McDonald’s),
(McDonald’s, Wendy’s, Burger King),
(McDonald’s, Burger King, Wendy’s),
(Burger King, McDonald’s, Wendy’s),
(Burger King, Wendy’s, McDonald’s) }

S = {(hamburger, Wendy’s), (hamburger,
McDonald’s), (hamburger, Burger King),
(cheeseburger, Wendy’s), (cheeseburger,
McDonald’s), (cheeseburger, Burger King)}.

S = {{Thriller, The Wall}}, {Thriller, Eagles:
Their Greatest Hits}, {Thriller, Led Zeppelin
IV}, {The Wall, Eagles: Their Greatest Hits},
{The Wall, Led Zeppelin IV}, { Eagles: Their
Greatest Hits, Led Zeppelin 1V} }

S = {{regular salted, regular unsalted,
barbecue}, {regular salted, regular unsalted,
cheddar cheese}, {regular salted, regular
unsalted, sour cream and onion}, {regular
salted, barbecue, cheddar cheese}, {regular
salted, barbecue, sour cream and onion},
{regular salted, cheddar cheese, sour cream
and onion}, {regular unsalted, barbecue,
cheddar cheese}, {regular unsalted, barbecue,
sour cream and onion}, {regular unsalted,
cheddar cheese, sour cream and onion},
{barbecue, cheddar cheese, sour cream and
onion}}

S = {(white, male), (white, female), (African-
American, male), (African-American, female),
(Native American, male), (Native American,
female), (Asian, male), (Asian, female),
(other, male), (other, female), (multiracial,
male), (multiracial, female)}

S = {(white, 1), (white, 2), (white, 3), (white,
4), (white, 5), (white, 6), (red, 1), (red, 2),
(red, 3), (red, 4), (red, 5), (red, 6), (green, 1),
(green, 2), (green, 3), (green, 4), (green, 5),
(green, 6)}

P=0. 14. P=1

P=1 16. P=0
experimental 18. theoretical
theoretical 20. experimental
experimental 22. experimental

23.
25.
217.

28.

29.

30.

31.

32,

33.

34.

3s.

36.

37.

38.

39.

40.

theoretical 24. experimental

experimental 26. experimental

An event that is very likely to happen has
probability 0.999. An event that will surely
happen has probability 1. An event that is a
rare event has probability 0.001. An event that
is equally likely to happen or not happen has
probability 0.5. An event that will never
happen has probability 0.

{the sure event},{at least one head},{at least
two heads}, {exactly two heads}

E:{1,6},P(E):%

1
E={5},P(E) =

E ={5,6},P(E) :%

E={3,6},P(E)=%

E={2,4,6},P(E) :%

E=0,P(E)=0
E = {club queen, spade queen, heart queen,

1
diamond queen}, P(E)= E
E = {club ace, spade ace, heart ace, diamond
1

ace}, P(E)=—

1, P(E) T
E = {heart ace, heart 2, heart 3, heart 4, heart
5, heart 6, heart 7, heart 8, heart 9, heart 10,
heart jack, heart queen, heart king},

1

P(E)=

1
E = {heart ace, heart king}, P(E) = 2%
E = {heart jack, heart queen, heart king,
diamond jack, diamond queen, diamond king,
club jack, club queen, club king, spade jack,

spade queen, spade king}, P(E) = %

E = {heart ace, heart 2, heart 3, heart 4, heart

5, heart 6, heart 7, heart 8, heart 9, heart 10},
5

P(E)=—2

Copyright © 2015 Pearson Education Inc.
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41. E={8+3),P(E)= 1 55.a. Thereare 2° =4 possible cpmbinatioqs
10 (bb, bg, gb, gg). The probability of having
2. E=@.P(E)=0 two boys is 1/4.
| b. The probability of having two girls is 1/4 .
43. E={0+3},P(E)=—
3 (043}, P(E) 10 c. The probability of having one boy and one
5 girlis 1/2.
4. E={6+3,7+3,8+3,9+3},P(E)=—
5 56. a. There are 2° =8 possible combinations
1 (bbb, bbg, bgb, bgg, gbb, gbg, ggb, ggg).
45. E={1+33+35+37+3,9+3},P(E) = > The probability of having all girls is 1/8.
1 b. There are four combinations of at least two
46. E={0+3,2+3,4+3,6+3,84+3},P(E)= 5 girls, so the probability of having at least
o401
11.7 Applying the Concepts two girls is = =—.
47. The probability the Tony will not like his ¢. There are seven combinations of at most
blind dateis 1 — 0.3 =0.7 two girls, so the probability of having at
. . ) most two girls is 7/8.
48. The probability of drawing a card that is not a
spade is 1 —0.25=0.75 d. There are three combinations of exactly
two girls, so the probability of having
2 1 17
49. P= 201 50. P= 8 _17 exactly two girls is 3/8.
100 5 100 20
51. 6% of the Marines were women, so 94% were 57.a. Out of the 4440 falrlmhes],flzzo fanfnh;s 1
men. The probability that a Marine chosen at own two cars, so the probability of a family
94 47 owning two cars is 2370 _ 79
random is a man is —=—. T 148"
100 50 4440 148
52. The probability that a person over 65 will go b. Out of the 4440 families, 37 own no cars,
to a movie is 1/5, so the probability that a 1256 own one car, and 2370 own two cars.
’ y So the probability of a family owning at
person over 65 will not go to a movie is 4/5. 3663 33
most two cars is ——=—.
53. If you have 10 tickets and there is only one 4440 40
prize, then the probability of winning is ¢. Out of the 4440 families, none own six
10 _ 2 . If there are two prizes, then there cars, so Fhe probability of a family owning
125 25 six cars is 0.
are C(125,2)=7750 possible winning d. All of the families own fewer than six cars,

54.

combinations, and you have C(10,2) =45

possible winning tickets. So the probability of
9
7750 1550

winning is

There are C(8,2) = 28 possible combinations.
There are C (4, 2) = 6 possible combinations
of two men, and the same number of
combinations of two women. So there are 28
— 12 = 16 possible combinations of one man
and one woman. Therefore, the probability of

selecting a man and a woman for the
. .16 4
committee 1S — = —.
28 7

so the probability of a family owning at
most six cars is 1.

Of the 4440 families, all but 37 own at least
one car, so the probability of a family

4403 _ 119
4340 120°

owning at least one car is

58. The probability of a mammogram not being

199 1

normalis 1-——=

200 200
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59. The probability that a non-Hispanic white

60. a.

61. a.

62.

63.

American has no lactose intolerance is
4
1-02=08= 5 The probability that an

African-American, Asian, or Native American
has no lactose intolerance is

1-0.75=025=1/4.

There are 2'° =1024 possible
combinations of answers on the test. There
is only one way to answer all the questions
correctly, so the probability of scoring

100% is ! .
1024

b. There are C(10,9) =10 possible ways to

answer nine questions correctly, so the
_ 3
1024 512

probability of scoring 90% is

c¢. From parts (a) and (b), there are 11 possible

ways to score at least 90%, so the

probability of scoring at least 90% is I .
1024

There are C(10,2) =10 different

combinations of people for the committee.
There is only one combination of the two
oldest members, so the probability of the
committee consisting of the two oldest
members is 1/10 .

b. There is only one combination of the oldest

and youngest members, so the probability is
1/10.

Of the 73.7 million children, there are

24.5 + 25.1 = 49.6 million who are at least 6
years old. The probability that a randomly
chosen child is at least 6 years old is

49.6

——=10.6730.

73.7

Number of | Depressed Normal
people who | according to | according to
are the test the test
Actually

depressed 20 10
Actually 135 765
normal

If 10% of the population suffers from
depression, then we expect that 10% of the
1000 people tested = 100 people will suffer
from depression and 900 will not.

64.

65.

66.

67.

a.

Of the 100 people, the test will work for 90%
of them, or 90 people, and the remaining 10
people are normal according to the test. Of the
900 people who don’t suffer from depression,
the test works for 85% of them, or 765 people.
The remaining 135 are depressed according to
the test.

Sample points: {MIMZN, M\NM,,M,M N,
M,NM,,NM M ,,NM,M,} . There are four

ways for Deshawn to win out of the six
possibilities, so the probability that he will
winis —=—.
6 3
The possible combinations are {bbbb, bbbg,
bbgg, bggg, gggg}. (Birth order is not
important.) So, there are two ways to have
three children of one gender and one of the
other gender, while there is only one way to
have two children of each gender. Therefore,
it is more likely to have three children of one
gender and one of the other.

Eleven out of 100 patients are admitted for
surgery and fifteen out of 100 are admitted for
obstetrics, while 3 out of 100 are admitted for
both. So the probability that a patient is
admitted for either obstetrics or surgery is
0.11+0.15-0.03=0.23=23% .

Out of 180 people, 50 people received the
placebo, a total of 56 people had no pain
relief, while 34 people received the placebo
and had no pain relief. So the probability
that a person either received the placebo or

had no pain relief is 0 + 26 34 = 2 .
180 180 180 5
Out of 180 people, 70 people received the
new medicine, a total of 69 people had
complete pain relief, while 40 people who
received the new medicine also had
complete pain relief. So, the probability
that a person either received the new
medicine or had complete pain relief is

70 69 40 99

180 180 180 180"

11.7 Beyond the Basics

68. a. In a group of two people, the probability

that they both have the same birthday is
1/365, since there are 365 days in the year

and they have one day in common.
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69.

70.

b. For a group of three people, first find the
probability that no two will have the same
birthday: The first person’s birthday can
occur on any of the 365 days in the year.
Then the second person’s birthday can
occur on 364 days, and the third person’s
birthday can occur on 363 days. So the
probability that no two people in a group of
three will have the same birthday is

P(365,3) 365+364363 132,132
365° 365° 133,225
Then, the probability that any two people in
a group of three will have the same
132,132 1093

133,225 133,225 °

birthday is 1—

c. For a group of 50 people, the probability of
no birthday match is

364!
P(365,50)  P(364,49) (364 —49)!
3650 365% 3654
364!
_ 315!
3654
Then the probability of a birthday match is
i
-2 = = 0.97
3654 3654

To find the probability that a number between
1 and 1,000,000 does not contain the digit 3,
note that each place value through the
hundred-thousand’s place can contain one of
nine digits. So the probability that a number
between 1 and 1,000,000 will not contain the
9% 531,441
1,000,000 1,000,000 °
probability that a number between 1 and
1,000,000 will contain the digit 3 is
531,441 468,559

71,000,000 1,000,000 °

digit 3 is So the

The first letter can be placed in any of the four
envelopes, the second letter can be placed in
any of the remaining three envelopes, the third
letter can be placed in either of the remaining
two envelopes, and the fourth letter will be
placed in the last envelope. So there are
4.3.2.1=24 ways to place the letters in the

envelopes. The probability of placing letters in
the correct envelopes is 1/24 .

71.

Because one of the digits is repeated, there are
41

——— =12 different ways to arrange the

211!

digits. The probability that Maggie will dial

the correct number is 1/12 .

11.7 Critical Thinking/Discussion/Writing

72.

73.

74.

The probability that a person chosen at

random in the survey would report his or her

highest level of education as high school
59,840,000 8

graduation is =—.
187,000,000 25

If there are x dark caramels in the box, then
there are 2x light caramels, and a total of 3x
caramels in the box. So the probability of

choosing a dark caramel is * - 1 .

3x 3
If a single die is rolled two times, then there
are 6-6 =36 possible outcomes. If the first
number rolled is 7, then there are 6 — n
possible rolls in which the second roll will be
greater than the first roll. So there are

5
2 6 —n =15 possible rolls. The probability
n=1
that the second roll will result in a number

larger than the first roll is 15 = S .
36 12

Chapter 11 Review Exercises

1.

ay=2(1)-3=-la, =2(2)-3=1,
a3 =2(3)-3=3,a, =2(4)-3=5,
as=2(5)-3=17

a1_1(1_2)=—l a2=2(2—2)_0
2 2’ 2 ’
_36-2) 3 _4¢4-2)_,
3 2 2 2 ’
55-2) 15
GTT Ty
a 1 —la = 2 _g
"om+1 3772 2)+1 57
R S R S
373 +1 7 2 +1 9
B S
ST+ 11
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10.

11.

12.

13.

14.

15.

17.

18.

19.
20.

21.

a=(2)""=La,=(-2"" =2,
a;= (2" =4,a, = ("' =8,
as=(-2)"'=16

This is an arithmetic sequence with a common
difference of 2. a, =32-2n for n=1.

This is a geometric sequence with a common

ratio of 2. a,, = —(2)" ' for n>1.

9!

Z-9
8!

| .0.8.7!
101_10-9-8-71__
7! 7!

|

.Qltll:=’1+1

n!

n! _n(n—l)(n—Z)!_nz_
n-2)! (-2

4
NP =1+27+37+4° =100

21 1 1 1 1 1 137
Y — + +—t + —

2/ 2() 22) 23) 2(4) 2(5) 120

1 2+1 341 441 5+1
—+ + + +
1 2 3 4 5
6+1 7+1 1343
+ + =
6 7 140

5
k=1
+H=D)*3* 4 (-1)737H = 549

50 4 5
Y- 16. - (-2)F
ik k=1
The sequence is arithmetic. a; =11,d =-5
. . 2 1
The sequence is arithmetic. a; = E’d = g

The sequence is not arithmetic.

The sequence is arithmetic. a; =—2,d =3

a, =3n 22, a,=4n+1

n

23.

25.

26.

217.

28.

29.

30.

31.

32,

33.

34.

35.

a,=x+n-1 24, a,=2n+Dx

az=a;+d@3-1)=T=a;+2d
ag=a;+d@-1)=17=a; +7d

a1+2d=7
ap+7d =17
a,=3+2(n-1)=2n+1

as=ay+d(5-1)= —-16=a, +4d
ay = a; +d(20-1) = —46 = a, +19d

a+4d=-16
{a1+19d=—46:> 15d =30=
d=—2,al=—8

a,=-8-2(n-1)=-2n-

d=2,a,=T,a,=37T=
37=7+2(n-1)=n=16

S = 16(7+237J =352

1 1
d=—,aq =Z,an =15=

4
1 1

6

15==+—(n-1)= n=60
4 4

SZ6O(1/4+15):£
2 2
d=5a=3n=40=

a,=3+540-1)=aq, =
S = 40[3”98}:4020

d=05a=—6,n=60=

198

a,=—6+0.560—1)=a, =235

=525

§= 60(_6 +223.5j

=-5d=-10=d=2,a,=3

The sequence is geometric. a; =4,r =-2

The sequence is geometric. a; =

| —

The sequence is not geometric.

The sequence is geometric. a; =

a =16,r=—i,an =16-(
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1

4

N | =

-

5r=

5r=

1
2

1
2

(_l)nfl
4n73




1014 Chapter 11 Further Topics in Algebra
5 2 L 1A+ 1)(1+2)
36. ay=——,r=—, = =2=—"" "7
1576 5 46. For n 1,];1«(1« +1)=2 is true.
n—1 n-2 =
a. = )2 = _1f2 Assume that it is true for
n=m: Y k(k+1)= 2 Dt 2) 3)(’” .

37.

38.

39.

40.

41.

42,

43.

44.

45.

ayo = a7 =23 = 39,366

11
ay —art = o 3] 2177147
2 1024

15 (110)(1-2") 819
r=—=2;512=— =
1/10 1-2 2
10
I 21-(-12)°) 34
y=—=- ;S12 = —
2 1-(-12) 256
12377 T 1-(1/3) 4
N
=5 57 1-(2/5) 3
; zr_zg(zj"_w_s_é
s 5 2ls) =35 2
7 1
al -, r=—-——
4 4

i=1

1
For n=1, 2" =2=2"1-2 is true.
k=1
Assume that it is true for

m
n=m:y2k=2m_2,
k=1
Then for n=m+1,

m+1

m
2 2k :(szJ+2m+l :2m+1_2+2m+1
k=1 k=1

— 2(2m+1) 2= 2m+2 )

which is exactly the statement for n=m+1.

Therefore the formula is true for all natural
numbers.

k=1
Then for n=m+1,

m+l1 m
N k(k+1) = (2 k(k+1)J+(m+l)(m+2)
k=1 k=1

_ mm+D)(m +2) 13)(’” 2 L m+D(m+2)

_m(m+1D)(m+2)+3(m+1)(m+2)

3
_(m+1)(m+2)(m+3)
3
which is exactly the statement for n=m+1.
Therefore the formula is true for all natural

numbers.
47 12 3 12! _12-11-10-9-8-7!
) 7 7112-7)! 7!5!
=12~11-10-9~8 — 790
5-4.3-2-1
11 ! |
s, | =L 1B,
0 0!ar-0y! 11!
49. (x-3)*

=x* +4(=3) 3 +6(=3)2x% + 4(=3)°x + (-3)*
=x* —12x% +54x% - 108x + 81

50. (§+2)6

- [g)ﬁ +6(2) (5)5 +315(22)(§)4 2
(%) +15(24)(§)
6 +§(25)(§)6+26

=X 2 +20x° +60x% +96x + 64
64 8 4

=

+ 20(23

~—

51. The term containing X is the eighth term.

12 |
27 = 1—z‘x5(27) =101,376x°
5 51(12-5)!
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52.

53.

54.

55.

56.

57.

58.

59.

60.

The term containing x” is the sixth term.

123 5 12! 7 5
2 =—=__
(7jx @ =t @
=25,344x"y°

If no repetitions are allowed, using the
Fundamental Counting Principle, there are
4-.3.2.1=24 different numbers that can be

written.

Since order is important, find the number of
permutations of 10 taken 3 at a time:

10!
7 -7
10-3)!
So, ten horses can finish in first, second, and
third place in 720 different ways.

P(10,3) =

Since order is important, find the number of
permutations of 7 taken 7 at a time:

P(7,7)=

=5040.

-

There are 5040 different ways that seven
people can line up.

There are 7 ways to enter the building and 6
ways to leave, so there are 7-6 =42 ways to

enter and leave by a different entrance.

The five movies can be listed in 5!=120
different ways.

There are C(4, 1) amounts consisting of one
coin, C(4, 2) amounts consisting of two coins,
C(4, 3) amounts consisting of three coins, and
C(4, 4) amounts consisting of four coins. So
there are

C4,DH+C4,2)+C4,3)+C4,4)

41 41 41 41

@G-n! @-2)12! 4-313! 4-4'4!
=15 different amounts.

Order is not important, so find the number of
combinations of three candies from a group of
__1or =120 ways
31(10-3)!

to choose three candies from a box of ten
candies.

ten. There C(10,3) =

There are 12 face cards in a standard 52-card

12!
—— =606
2112 -2)!
different ways that two face cards can be
drawn.

deck, so there are C(12,2) =

61.

62.

63.

64.

65.

66.

67.

68.

69.

There are C(12, 2) = 66 ways to choose two
shirts from 12, and C(8, 3) = 56 ways to
choose three pairs of pants from eight. So,
there are 66-56 =3696 ways to choose two

shirts and three pairs of pants.

C(8, 2) = 28 doubles teams can be formed
from eight tennis players.

There are nine letters, so n = 9. There are two
R’s, three E’s, and two T’s. So there are

!
_r =15,120 distinguishable ways to
213221t

arrange the letters.

There are 6-5-4-3 =360 different
arrangements.

Pair the two coins that appear together as one
so that there are three positions to fill. Then,
(with the paired coins counted as one) there
are 3! = 6 ways to fill these positions. Since
the paired coins can be inserted into any
position in 2! = 2 ways, there are

3121=6x2 =12 allowable ways to arrange
the coins. The total number of ways to arrange
the coins is 4! = 24, so the probability of
arranging the coins so that the two most recent

dates will be next to each other is 2 = % .
There are ten stones in all, including three
black stones, so the probability of selecting a

black stone is 3/10.

There are six letters, so there are C(6, 2) = 15
combinations of two letters. There are four
consonants, so there are C(4,2) =6
combinations of two consonants. So the
probability of choosing two consonants is
6/15=2/5.

There are 30 people and two ways to win, so
2 1

the probability of winning is —=—.

P Y 530715
There are C(8, 2) = 28 ways to choose two
people from the group of either. There are five
ways to choose one man and three ways to
choose one woman, so there are 5-3 =15
ways to choose one man and one woman. So
the probability of choosing one man and one
woman is 15/28.
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70. If 32% of the email received is junk mail, then 7. ay=lay =58
1 —0.32 = 68% of the email received is not 20 1458
junk mail. The probability of receiving email 2 Bk-2)= 20( j 590
. . .. 68 17 k=1
that is not junk mail is —=—.
100 25 g 3 3
71. There are 13 clubs, so there are C(13, 2) =78 ©h 8 45 128
ways to choose two clubs. There are 3 1y
C(52, 2) = 1326 ways to choose two cards 3 8 1- (2) 93
from the entire deck, so the probability of 2 (_)(2 k ) = Z2
. .78 1 o4 1— 1 128
choosing two clubs is ——=—. 2
1326 17
72. If 30 out of 500 batteries are defective, then 9 _9. i ( jk . 9/50 2
470 are not defective, and the probability that ’ T 5074~ T 1-1/100 11
a randomly selected battery is not defective is -
470 47 13 13!
500 50 ° 10. (0}‘0!(13—0)!_
73.a. 1/9 b. 4/9 c. 5/9 1L (-2
74. a. There are 13 items in the dryer, including =1* +401%)(=2x) + 6(1%)(-2x)?
eight socks. The probability of pulling a +4(1)(=2x) + (<22)*
sock is 8/13. 4 5 )
=16x" —32x" +24x" -8x+1
b. The probability of pulling a nightgown is
3/13 12. The term containing x! is the fourth term.

Chapter 11 Practice Test A

1.

a; =3(5-4(1)=3,a, =3(5-4(2)) =~

a3y =3(5-403))=-21a, =3(5-4(4)) =-33,
as =3(5-405) =~

The sequence is arithmetic.

a,=-3(2") = 6,0, =-3(2*) =-

ay =-3(2%) = 24,a, = -3(2*) = —48
as = —3(2%) = -96 . The sequence is
geometric.

a3y =3a,+5=3(-)+5=2,

ay =3a;+5=32)+5=11,

as =3a, +5=3(11)+5=38

(n=D!_ (m-D! 1
n! nam-1)! n
a; =-3+6(4)=

7
o) -2
2 128

13.

14.

15.

16.

17.

18.

20.

4 1,413 4!
(J(h) €)) “Ta-n! 1),(2 0'(1)? =8x

There are 2! =1024 different ways to
answer every question on a ten-question true-
false test.

9

P9,2) = (9 2)‘
71

Cc(1,5) = —(7 5151

There are 6-10 =60 ways to fill the positions.

There are 26-26-10%
license plate numbers.

=6,760,000 possible

S 19. 3
12

There are 18 coins and C(18, 2) = 153 ways to
choose two coins. There are C(7, 2) = 21 ways
to choose two quarters. So the probability of

choosing two quarters is — -7
153 51
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Chapter 11 Practice Test B 11.

1.

10.

a;=4Q20)-3)=-4,a, =4(2(2)-3) =4,
a3 =4(23)-3)=12,a, = 4(2(4) - 3) = 20,
as =4(2(5) —3) = 28 . The sequence is
arithmetic. The answer is C.

ay=2(4")=8,a, =2(4

2y =32,

ay =2(4%)=128,a, = 2(4*) =512,
as = 2(4°) = 2048 . The sequence is

geometric. The answer is D. 13

a; =5,a, =2a,+4=2(5)+4=14,
az =2a,+4=2(14)+4 =32,

as =2a, +4=2(68)+4=140. 14.

The answer is A.

n+2)! (n+2)(n+1)

!

= =(n+1)!.
ni2) . m+y  otD 15.
The answer is C.
ag=a;+7d =-6+73)=15 16.
The answer is A.
9
ayo =247 (lj = 247
3 19,683

The answer is B.

a; =-3,a,5 =4(45)-7=173 17.

k=1
The answer is D.

8 2, (4
==,r=2 —1(2
a 3 r %(3)(

The answer is A.

ay =8y 8-0.3)""=
k=1
The answer is B.

12 !
S
11) 11!12-11)!

The answer is B.

45 _
Y 4k -7)= 45[ 3;173j = 3825

8 5
T I
1-2 3 19.
LZ6.15.
1-(=03)

12.

20.

Gx-D*
=30 +4G0) =D +6(3x)%(-1)2
+43x)(=1) +(=D*
=81x* —108x° +54x% —12x +1
The answer is A.

The term containing x is the third term.

3 1,2 3! Loy
(IJ(ZX) 3) = 1!(3_1)!(2)6) (9)=54x

The answer is D.

There are 4-10-3=120 ways to choose a

necklace, a pair of earrings, and a bracelet.
The answer is C.

P(7,3)=———=210
(7-3)!
The answer is A.
!
C(10,7) = L =120
7110-7)!

The answer is D.

The first digit can be chosen in nine ways
(note that the first digit cannot be zero), and
the second digit can be chosen in nine ways.
So there are 9-9 =81 two-digit numbers that
can be formed without using a digit more than
once. The answer is B.

Since one CD is a “must buy”, four CDs must
be chosen from the remaining seven. There

are C(7,4) = =35 ways to choose

!
41(7-4)!
the CDs. The answer is D.

The answer is C.

There are 6-6 =36 possible outcomes. The

outcomes in which the sum is greater than 9
are {(4, 6), (6,4), (5,5), (5, 6), (6,5) (6, 6)},
so the probability of getting a sum greater than

9 when two die are rolled is i = l .
36 6

The answer is A.

There are 52 — 13 = 39 non-spades in the
deck, so the probability of choosing a card

that is not a spade is 39 = 3 .
52

4

The answer is D.
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Chapter 11 Further Topics in Algebra

Cumulative Review Exercises
(Chapters P-11)

1.

|3x—8|=|x|=>3x—8=x0r3x—8=—x=>
x =4 orx=2.The solution is {2, 4}.

P -5=—4=xt -5 +4=0=
(-4 -)=0=
(x=)(x+2)(x-Dx+D)=0=
x=2orx=—2orx=lorx=-1
The solution is {-2, -1, 1, 2}.
log,(3x—=5) +log, x=1=
log, x(3x—5)=1=>3x>-5x=2=
3x2-5x-2=0= Gx+)(x-2)=0=

1
x=——orx=2

3
Reject the negative answer. The solution is {2}.
Let u=e¢*. Then ¢>* —¢* —2=0=
u-u-2=0=>w-2)u+)=0=
u=2oru=-1.Ifu=-1, then
—1=¢* = In(-1) = x, which is impossible,

soreject —1. If u=2,then 2=¢* = x=1n2.
The solution is {In 2}.
6 4

=—=6x=4x+8=>x=4
x+2 x

- - 2 1
2 —8 1: —2 1:}—: —3
(=87 = (-2 > o=

2x—4=x-8=>x=-4

m:ﬁ—lz(m)zz(\/}—l)zz

x—3=x—2x/;+1=>2=\/;=>x=4

2 H+4x>0= x(x+4)=0

Solving the associated equation, we have x =0
or x = —4. The intervals to be tested are
(—oo, _4]5 [_45 O]s [09 oo)

Interval ;;{)eiiltt Z(a )lcuf :)f Result
(-e0,-4] | -5 5 +
[-4.0] -1 -3 -
[0,0) 1 5 +

The solution is (—oe,—4]U[O0, o).

18<x? +6x= x* +6x—1820
Solving the associated equation, we have

L 6£436-4(-18)

-6+ /108
2

The intervals to be tested are (—oo, -3- 3x/§ ] s

[—3—3\/5,—3+3J§],[—3+3J§,oo).

Value of
Interval Test ’ Result
point| x“ + 6x—18
(~e,-3-3V3] 10 22 +
[-3-3V3,-3+3V3] | 0 18 -
[-3+343,2) 3 9 +
The solution is
(o0, =3-3V3]U[3+3V3,e0).
Sx+4y=6 15x+12y =18
10. {4x—3y=11:> 16x—12y =44
3lx=62=>x=2
52)+4y=6=y=-1
x-3y+6z=-8 [l 3 6]-8]
Sx-6y-2z=7 =|5 -6 2| 7
3x-2y—-10z=11 3 -2 —10] 11
(1 -3 6]-8]
R,—5R,—R
R oror |0 9 32|47
K -28 | 35|
1 1 3 6]-8
——(OR;-7R,)—R;
28 0 9 -32/47
o o 1|1
L 2]
1 -3 6]-8
—(R,+32R;)—R,
2 10| 7|=
0o o 1|1
2]

1 1
=7,2=—x=-3()+6|=|=-8=x=10
y="1z=73x (7 (2) X

The solution is {(

Copyright © 2015 Pearson Education Inc.
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2. i 10 =2/100
! YR 18. [AlI]=]4 1 0]0 1 0
\| | |/| 1 1 7|10 0 1
v o 10 2] 100
. —4R,+R, >R
_
—RSE|0 1 8|4 10
01 9|/-10 1
13 Sin(—7—”j——Sin(7—ﬂ.)——sin(£+zj 1 0 =2 1 0 0
' 12 12 4 3 BBk o1 8|4 10
—(sinzcos£+cos£sinzj 00 1] 3 -1 1
3 4 3 100 7 2 2
2 1 2 3 R +2R,—R a 3
(2 25 2} FEoR |0 1 028 9 8=
00 1| 3 -1 1
( 2+ \/EJ —2-6 7 2 2
4 Al=|-28 9 -8
5 3 -1 1
14. r=22+(23) =4
( ) 19.

tan6=x/§=>€=§ 0r¢9=4T”

2+ 2+/3i lies in Quadrant I, so € = 3
The polar coordinates for (2 +243 l) 20
4| cos—+isin— |.

[ 503

15. Shift the graph of y = Jx three units to the
right.
y
6 f—
5 —
4
3 - gx) =
2 —
1E Jx)=Nx-3
1| | I I N

0] 123456 78910x

16. The domain is (—eo,—1) U (—=1,0) U (0,0).

7
17. 71nx—1n(x—5)=ln(x J
x—5

Since order is important, find the number of
permutations of four people taken two at a

41
@-2)
There are 12 arrangements.

time: P(4,2) =

There are 18 people in total. Three people
who are 25 years or older have received
speeding tickets, and six people whose ages
are between 17 and 24 have received a
speeding ticket. The probability that a person
chosen at random will be 25 years old or older

is % . The probability that a person chosen at
random will have received a speeding ticket is
% . The probability that a person 25 years old
or older will have received a speeding ticket is
% . So, the probability that a person chosen at

random from the room will be a person who is
25 years or older or has gotten a speeding

. .69 3 12 2
ticketis —+-——-—=—=—.
18 18 18 18 3
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