Chapter 7 Applications of Trigonometric Functions

7.1 The Law of Sines

7.1 Practice Problems

1. Given:A=70° B=65% anda= 16in. —an
AAS case.

Step 1: Find the third angle.

C =180°—(70°+65°) = 45°

Step 2: Make a chart.
A=70° a=16
B =65° b="?
C=45° c="?

C

16 in.

Step 3: Apply the Law of Sines
a b 16 b

sinA sinB sin 70°  sin 65°
b=1541n.

a c 16 c
sinA sinC sin70°  sin45°
c=12.01n.
Step 4: Show the solution.
A =70° a=16in.
B =65° b=15.4in.

C=45° c=12.0in.

2. D
b h
a
o A 400
35 -
A A B C
42500 it

In triangle ABD, mZDBC =40° =
m/DBA =180° - 40° = 140°.
Then, mZBDA =180°—(35°+140°) = 5°.

2500 a

sin5°  sin35°
0= 2500sin 35°
sin 5°
In triangle BCD,

=16,453 ft

sin40°:£:>h:asin40°:>
a

h =16,4535sin40° = 10,576 ft

. A =35°(an acute angle), b=6.5,a=3.5

Since a < b, no triangles are possible.

. A =105° (an obtuse angle), b=12.5,a=11.2

Since a < b, no triangles are possible.

Given: C=35° b=151ft,and c = 12 ft — an
SSA case.
Step 1: Make a chart.

A="? a="
B=7 b=15
C=35° c=12

0 = C, opposite side = ¢, adjacent side = b
Step 2: Count the solutions. Since
6 = C =35° is an acute angle, use Table 7.1.

Altitude = (adjacent side)sin C
=155in35° = 8.6036
We have altitude < opposite side < adjacent
side, so there will be two solutions.
Step 3: Apply the Law of Sines
sinC sinB  sin35° sinB
= = =
c b 12 15

sin B =%z 0.7170

Step 4: Find the second angles.
B, =sin~' (0.7170) = 45.8°
B, =180°—-45.8°=134.2°
Step 5: Find the third angle of the triangles.
A; =180°—(35°+45.8°) =99.2°
A, =180°—(35°+134.2°) =10.8°
Step 6: Use the Law of Sines to find the
remaining sides.

a c a 12

= = = =

sin4; sinC  sin99.2° sin35°
a; =20.7 ft

a ¢ a, 12

- = - = =
sinA, sinC  sinl0.8° sin35°
a, =39 ft

(continued on next page)
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602 Chapter 7 Applications of Trigonometric Functions

(continued)

Step 7: Show the solutions.

AABC: A ~99.2°, B, ~45.8°, a, =20.7 ft
AA,BC: Ay ~10.8%, By ~134.2°, a, ~3.9 ft

A

Step 4: Find the second angle.
A=sin"'(0.5196) = 31.3°
Step 5: Find the third angle.
B =180°—(31.3°+60°) = 88.7°
Step 6: Use the Law of Sines to find the
remaining side.

c b 50 b

= = = —

sinC sinB  sin60° sin88.7°
b=57.7ft
Step 7: Show the solution.

35°

391t B,

20.7 ft |

Given: A =65° a=16m,and » =30 m — an
SSA case.
Step 1: Make a chart.

A =65° a=16
B=? b=30
c=? c="?

Step 2: Count the solutions.
Since @ = A =65° is an acute angle, use
Table 7.1.
Altitude = (adj acent side) sin A
=30sin 65° = 27.1892
We have opposite side < altitude, so there is
no solution.
Alternatively, using the Law of Sines, we
have
sinA sinB _ sin65° sinB
= = = =

a b 16 30
sin B =1.6993
Since sin B cannot be greater than 1, no
triangle is possible.

Given: C =60° ¢ =50 ft, and a = 30 ft — an
SSA case.
Step 1: Make a chart.

A="? a=30
B=7 b="?
C=60° c=50

Step 2: Count the solutions.

Since @ = C =60° is an acute angle, use
Table 7.1. We have opposite side > adjacent
side, so there is one solution.

Step 3: Apply the Law of Sines.

sinC _sinA _ sin60° sinA

50 30

c a
sin A = 0.5196

A=313° | a=30ft
B=88.7° | b=57.7f1t
C=60° c =50 ft

30 ft

50 ft

8. a. In two hours, the ship travels (2)(25) = 50

mi.
w E
| C |
| I
| S I I
| ° 1 ol
60.4 h 55.4
I %06 oo

B: 50 miles :A

The oil rig (at C), the starting point of the
ship (at A) and the position of the ship after
two hours (at B) are shown in the figure
above. Since the original bearing is

N 55.4°W, mZCAB =90° —55.4° =34.6°.
Since the second bearing is 60.4°,

mZCBA =90° - 60.4° = 29.6°.

mZACB =180° - (29.6° +34.6°) =115.8°

BC _  AB
sin /CAB  sin ZACB

.BC =— >0 = BC =31.5 mi
sin34.6° sin115.8°

The ship is approximately 31.5 mi from the
oil rig when the second bearing is taken.

Then

b. The shortest distance from the ship to the

oil rig is the length of segment A.
sin B =BL=> sin 29.6° :L=>

31.5
h=15.6 mi
The ship passes within 15.6 miles of the oil
rig.
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Section 7.1 The Law of Sines 603

7.1 Basic Concepts and Skills

1.

10.

11.

12.

13.

14.

If you know two angles of a triangle, then you
can determine the third because the sum of all
three angles is 180° degrees.

The Law of Sines states that if a, b, and ¢ are
the sides opposite angles A, B, and C, then
a b c

sinA sinB sinC

If you are given any two angles and one side,
then there is exactly one triangle possible.

For given data a, A, and b, there can be no
triangle, exactly one triangle, or two triangles.

True

False. A triangle is uniquely determined if any
two sides and the included angle are given.

a=40,b=70,A =30°

h=>bsinA =70 sin 30° =35

Since h < a < b, there are two triangles with
the given measurements.

a =24,b=32,A=45°
h=bsinA=32sin45°~22.6

Since h < a < b, there are two triangles with
the given measurements.

b=15,c=19,B=060°

h =c sin B =19 sin 60° = 16.4545

Since h > b, there are no triangles with the
given measures.

b=75,¢c=85 B=135°
Since B is obtuse and b < ¢, there are no
triangles with the given measures.

a=50,b=70,B=120°
Since B is obtuse and b > a, there is one
triangle with the given measures.

c=85,a=45,C=150°
Since C is obtuse and ¢ > a, there is one
triangle with the given measures.

a b 2 3
sinA  sinB %_sinB
B =90°

b _ e Jo 2
sinB sinC  sin60° sinC
Jo 2
B2 sinC

=>sinB=1=

:>sinC=%=>C=45°

15. A+B+C=180°=
A+%(A+C)+C=180°=>

%(A+C):180°:>A+C:120°:>B:60°

b ¢ 32

sinB  sinC sin60°_sinC=>
V2
\/g/z_sinC
A=180°- (60O + 45°) =75°

:sinC:g:C=45°

16. A+B+C=180°=
%(B+C)+B+C=180°:>
%(B+C):180°:>B+C:135°:>A:45°

a b 4 B8

; = = — =—
sinA sinB sin45° sinB

i:_—8:>sin8212>3230°
\/5/2 sin B 2

17. Given: B=45° C=105° and a = 2.
Find the third angle.
A=180°-(45°+105)° =30°
Apply the Law of Sines

a b 2 b

sinA sinB  sin30° sin45°

2__ b
12 2/2

18. Given: A =45° B =60°, and a = 10.
Apply the Law of Sines
a b 10 b

= = =
sin45°  sin 60°

5J6=b

:>2\/§:b

sin A - sin B
10 b

BhBRC

19. Given: B=45°,C=75° and b=+/6.
Find the third angle.
A=180°—-(45°+75)° = 60°
Apply the Law of Sines

a b N a \/E
sinA sinB  sin60° sin45°
a 6

32 22

=a=3
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604 Chapter 7 Applications of Trigonometric Functions

20. Given: A = 105°, C =45° and b =+/12.
Find the third angle.
B =180°—(105°+45)° =30°
Apply the Law of Sines
b c NP c
. -

sin B - sinC sin30°  sin45°

1/—2—\/—2—/2$C—2\/g

21. Given: A=61°B=56°%c=100 ft —an ASA
case. C =180°—(61°+56°) = 63°

a c a 100
= = = —4
sinA sinC sin61° sin 63°
a=98.2ft
b c b 100
= = et
sinB sinC sin56°  sin 63°
b=930 ft

22. Given: A=40°B=35°a=60m —an AAS
case. C =180°—(40°+35°) =105°

a b 60 b
= e = —4
sin A 'sin B sin40° sin35°
b= M ~535m
sin 40°

a c 60 c

sin A _sin C sin40°  sin105°
o= 60.s1n105 ~902 m
sin 40°
23. Given: A=110°C =43°¢=47 m —an AAS
case. B=180°—-(43°+110°) =27°
a c a 47
sinA sinC sin110°  sin43°
0= 47sin110°

- = 64.8 m
sin 43°
b c b 47
= = = —4
sin B .sin C sin27° sin43°
_ATsin27 4am
sin 43°

24. Given: A=46°,C=93°b=22 ft —an ASA
case. B =180°—(46°+93°) =41°

a b - a 22
sinA_sinB  sin46° sin41°
0= 22's1n46 ~24.1m

sin41°

c b c 22
sin C .sinB sin93°  sin41°
c= 22509835

sin41°

25. Given: A=65°a=20ft,b=20ft —an SSA
case. However, the triangle is isosceles, so
mZB =m/A = 65°
C =180°—(65°+ 65°) = 50°

a _c 20 < 169
sinA sinC sin 65°  sin50°

26. Given: B=40°a=18m, b=20m — an SSA

case.
sinB sinA sin40° sin A
= el =
b a 20 18

sinA=0.5785= A; =35.3° or A, = 144.7°
C; =180°—(40°+35.3°) =104.7°

C, =180° - (40°+144.7°) = —4.7°, so there is
one solution, with A =35.3° and C =104.7°.

b ¢ - 20 c
sinB sinC sin40° sin104.7°
c=30.1m

27. Given: A=115°%a=70m,b=31m —an
SSA case.
sinA sinB sin115° sinB
= e =
a b 70 31

sin B =0.4014 = B, = 23.7° or B, =156.3°
C; =180°—-(115°+423.7°) =41.3°

C, =180°—(115°+156.3°) =-91.3°, so there
is one solution, with B = 23.7° and

C=413°.

a c 70 c
sinA sinC sin115°  sin41.3°
c=51.0m

28. Given: C=115°%a =12 ft,c =14 ft —an SSA
case.
sinC sinA sin115° sin A
= e =
c a 14 12

sinA =0.7768 = A; =51.0° or A, =129.0°
B, =180°—(115°+51.0°) =14.0°

B, =180°—(115°+129.0°) = —64°, so there
is one solution, with A =51.0° and

B=14.0°.

c b 14 b
sinC sinB sin115°  sin14.0°
b=37ft
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Section 7.1 The Law of Sines 605

29. Given: A=40°,B=35°a=100 m —an AAS
case. C =180°—(40°+35°) =105°

a b - 100 b
sinA sinB sin40° sin35°
b=89.2m
a c 100 c
sinA sinC sin40° sin105°
c=150.3m
30. Given: A=80°B=20°a=100 m —an AAS
case. C =180°—(80°+20°)=80°
@ _ b 100 by
sinA sinB sin80°  sin20°
mZA =mZC =80° =AABC is isosceles, so
¢ =100 m
31. Given: A=46°,C =55°a=75cm —an AAS
case. B=180°—-(46°+55°)=79°
a b 75 b
sinA sinB sin46°  sin79°
b=102.3 cm
a c 75 c
= e =
sinA sinC sin46° sin55°
¢ =854 cm
32. Given: A=35°C=98°a=75cm —an AAS
case. B=180°—-(35°+98°) =47°
a b 75 b
sinA sinB sin35° sin47°
b=95.6cm
a c 75 c
= = e
sinA sinC sin35° sin98°
c=129.5 cm
33. Given: A=35°C=47°c=60ft —an AAS
case. B=180°—-(35°+47°)=98°
c a 60 a
= = = =
sinC sinA sin47° sin35°
a=47.1ft
c b 60 b
= = = =
sinC sinB sin47° sin98°
c=81.2ft
34. Given: A=44°,C=76°c=40 ft —an AAS
case. B =180°—(44°+76°) = 60°
c a 40 a
= = = =
sinC sinA sin76°  sin44°
a=28.6ft
c b 40 b
= = =
sinC sinB sin76°  sin 60°
b =357 ft

35. Given: B=43°,C=67°b=40in. —an AAS
case. A=180°—-(43°+67°)=70°

b a 40 a
sinB sin A sin43°  sin70°
a=>55.1in.

b c 40 ¢

= = =
sinB sinC sin43° sin67°

¢ =54.01in.
36. Given: B=95°C =35°b=100in. —an
AAS case. A=180°—-(95°+35°) =50°
b a 100 a

= =
sin95°  sin50°

sin B - sin A
a=76.9 in.
b c 100 ¢

= = =
sinB sinC sin95°  sin35°

c=57.61n.
37. Given: B=110°C =46°¢c=2351ft —an
AAS case. A=180°-(110°+46°) =24°

c _a 23.5 _a N
sinC  sinA  sin46° sin24°
a=133ft

c b 23.5 b

= = = =
sinC sinB sin46° sin110°
b =30.7 ft

38. Given: B=67°,C =63°¢=16.8 ft —an AAS
case. A=180°-(67°+63°)=50°
c a 16.8 a
= = = —4
sinC sinA sin63° sin50°

a=14.4 ft
c b 16.8 b
= = =
sinC sinB sin63° sin67°
b=17.4ft

39. Given: A=35.7°,B=45.8°¢c=30m —an
ASA case. C =180°—(35.7°+45.8°) =98.5°
c a 30 a
= = =
sin98.5° sin35.7°

sin C - sin A
a=17.7m

c b 30 b
sinC sinB sin98.5°  sin45.8°
b=21.7m

40. Given: A=64.5°,B=54.3°c=40m - an
ASA case. C =180°—(64.5°+54.3°)=61.2°
c a 40 a
= = = —4
sinC sinA sin61.2° sin64.5°
a=412m
c b 40 b

= = = —4
sinC sinB sin61.2° sin54.3°
b=37.1m
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Use this triangle to help solve exercises 41-60.

41.

42,

43.

44.

45.

46.

47.

C

A c B

Given: A=40°a=23,b=20.
h=20sin40°=12.9; h<b < a, so there is one
triangle.
sinA _sinB

sin40° sin B

=
a b 23 20
B=sin! (—20““ 40 ) ~34.0°
23
C =180°—(40°+34.0°) = 106.0°
@ _ L, B ¢ 344
sinA sinC sin40°  sin106.0°

Given: A=36°a=30,b=24;
h=24sin36°=14.1; h<b<a, so there is
one triangle.

sinA _sinB sin36° sin B

=

a b 30 24
B~sin! (Mj ~28.0°

30

C =180°—-(36°+28.0°) =116.0°

a c 30 c

= = = —1

sinA sinC sin36° sin116.0°

c=45.9

Given: A=30°%a=25,b=50;

h=bsin A=50sin30°=25. a=nh, so there
is one right triangle.

B =90°,C =60°c =253 (using the
Pythagorean theorem).

Given: A=60%a=203,b=40;
h=bsin A=40sin60° = 20v/3. a=h,so
there is one right triangle.

B =90°,C =30°c =20 (using the
Pythagorean theorem).

Given: A=40°a=10,b=20.A is an acute
angle. h=bsin A=20sin40°=129; a<h,
S0 no triangle exists.

Given: A=062°a=30,b=40.A is an acute
angle. h=bsin A=40sin62°=35.3; a<h,
S0 no triangle exists.

Given: A=95°a=18,b=21.A is an obtuse
angle and a < b, so no triangle exists.

48.

49.

50.

51.

52,

53.

Given: A=110°%a=37,b=41.Ais an
obtuse angle and a < b, so no triangle exists.
Given: A=100°a=40,b=34.b<a,so

there is one triangle.
sinA _sinB __ sinl00° sinB -

=
a b 40 34
B=sin~! (—34 sin100 ) ~56.8°
40
C =180°—(100° + 56.8°) = 23.2°
a c 40 c

= = =
sin100°  sin23.2°

sin A - sinC
c=16.0
Given: A=105%a=70,b=30. b<a, so
there is one triangle.

sinA _sinB __ sinl05° sinB

=
a b 70 30
B~sin! (M) — B ~24.45°~24.5°
70
C = 180° — (105° + 24.45°) = 50.55°
a c 70 _ c

= = = =
sinA sinC sin105°  sin50.55°

c=56.0

Given: B=50°b=22,c=40. B is an acute
angle. h=csin B=40sin50°=30.6; b<h,
so no triangle exists.

Given: B=64°b=45,¢c=60. B is an acute
angle. h =csin B=60sin64°=539; b<h,
S0 no triangle exists.

Given: B=46°b=35,c=40.
h=csinB=40sin46°=28.8; h<b<c, so

. . sinB sinC
two triangles exist. 5 =

C

sin46°  sinC . _1[ 40sin46°

—=——=C=sin | —— |=>
35 40 35

C, =55.3°,C, =124.7°

A; =180°—(46°+55.3°) = 78.7°

b ay 35 ay
= = = —3
sinB sinA4;  sin46° sin78.7°
a; =47.7
A, =180° - (46°+124.7°) = 9.3°
b _ a4 . 35 a -
sinB sinA, sin46° sin9.3°

a, =7.9. The two solutions are: C; = 55.3°,
A =78.7°%a; =47.7 and C, =124.7°,
A2 = 9.30, a, = 79.
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54.

55.

56.

57.

Given: B=32°b=50,c=60.
h=csinB=60sin32°=31.8; h<b<c,so

. . sinB sinC
two triangles exist. 5 =

C
sin32° sinC ._1(6Osin32°)
=——=C=sin" | ———— |=

50 60
C, ~39.5°,C, ~140.5°
A =180°— (32°+39.5°) =~ 108.5°

50

b q 0 e
sinB  sinA;  sin32° sin108.5°
a; =89.5
Ay =180° - (32°+140.5°) = 7.5°
b _ a0 _ a4
sinB sinA, sin32° sin7.5°

a, =12.3 . The two solutions are: C; = 39.5°,
A; =108.5°%a; =89.5 and C, =140.5°,
A2 = 7.50, a, = 12.3.

Given: B=97°b=27,c=30. Bis an obtuse
angle and b < ¢, so no triangle exists.

Given: B=110°b=19,c=21. B is an obtuse

angle and b < ¢, so no triangle exists.
Given: A=42°a=55,c=62.

h=csinA=62sin42°=41.5; h<a<c, so
sinA_sinC

two triangles exist.
a c

— C =sin~! (62sm42 )=>
55

sin42° sinC
55 62

C,=49.0°,C, =131.0°

B; =180°~-(42°+49.0°) = 89.0°

a bl 55 bl
sinA sinB; sin42° sin89.0°
by =822
B, =180° - (42°+131.0°) = 7.0°

a b, 55 b,

- N -

sinA  sin B, sin42° sin7.0° -
b, =10.0.

The two solutions are: C; = 49.0°,

B, =89.0°b; =82.2 and C, =131.0°,

B, =~7.0°,b, =10.0.

58.

59.

60.

Given: A=34°a=6,c=8.
h=csin A=8sin34°=4.5

h < a < c,sotwo triangles exist.
sinA_sinC

a c
sin34° sinC . _1(851n 340)
= = C =sin =
6 8
C, =48.2°,C, ~131.8°
B, =180°—(34°+48.2°) = 97.8°

a bl 6 bl
T == == =
sinA sinB;  sin34° sin97.8°
b, =10.6
B, =180°—(34°+131.8°) =14.2°
a bz 6 _ b2

SinA _ sin B, - sin34°  sin14.2° -
by =26.

The two solutions are: C; = 48.2°,

B, =97.8°b, =10.6 and C, =131.8°,

B, ~14.2°,b, =~ 2.6.

Given: C =40°a=3.3,c=2.1.
h=3.3sin40° = 2.1212 > ¢, so no triangle
exists.
Given: C =62°a=50,c=100. Cis acute
and ¢ > a, so one triangle

sinC _sinA

exists. =
C a
sin62° sin A
—_—
100 50
A=sin~! (M) ~26.2°
100
B =180°—-(62°+26.2°) = 91.8°
c b 100 b
= = =
sinC sinB sin62° sin91.8°

b=113.2

7.1 Applying the Concepts

61.

62.

The length of the side from A to C is b.
C =180°—(57°+46°)=77°
c b 540 b
= = =
sin77°  sin46°

sin C - sin B
b =399 ft
The width of the river is the altitude drawn
from C to side AB:

h = bsin 570 = 2308IN46° o s70 - 33411
sin
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608 Chapter 7 Applications of Trigonometric Functions
63. a. 66. a : c
30.9°
: 225°
B
149.1°
| W+E
[ 120074 | 28 miles 8.40 S
The total distance the laser beam travels
=AC+BC =2AC.
C =180°—-12(42°) =96°.
1200 AC A
sin 96° - sin 42° = AC~8074. At 14 miles per hour, the ship travels 28
The total distance the laser beam traveled is miles in two hours. The lighthouse is
approximately 1615 yards. located at C. The interior angles of the
] ) ] triangle are shown in the figure. The
b. The height of the target is the altitude distance from the boat at the second time to
(;lrawn from C to side AB. the lighthouse is BC.
=807.45in 42° = 540 yd
- 28 -= _BC -= BC=10.7 mi
64. A transit is a surveying instrument that sin22.5°  sin8.4
measures horizontal and vertical angles. The closest the boat comes to the
c lighthouse is the length of the altitude from
Cto AB: h=10.75in30.9° = 5.5 mi
67. Tc
A 25° 3058
B D 5 fi i
N
C =180°—-(25°+30°) =125°. ¢ = AB =200; |
w4-l-> E!
&=L$ACz122ft i
sin125°  sin30° § |
CD =1225sin25° = 52 ft . The height of the ) i
flagpole is 52+5 ~57 ft. o
65. a. -
E:\ 89°
B A
20 mi

| 32 miles |

At 16 miles per hour, the ship travels 32
miles in two hours. The interior angles of
the triangle are shown in the figure above.
The distance from the ship at the second
time to the beacon is BC.

- 32 = _BC = BC =25.7 mi
sin92.2° sin53.5°

b. The closest the ship came to the beacon is

the length of the altitude from C to AB:
h=25.7sin34.3°=14.5 mi

mZCBA =180° - 89.05° = 90.95°
C =180°-(90.95°+89°) = 0.05°
AC 20 _ 20sin90.95°

sin90.95° sin0.05° = sin 0.05°
The height of the satellite is the length of the
altitude drawn from C to AB:

20sin90.95° j .
——— [sin89°

sin 0.05°

h= ACsin89°=(
=22,912 mi
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D not drawn to scale

mZBAC =70.9°-69.6°=1.3°

In AABD,mZABD =90° - 69.6° = 20.4°, so
mZABC =180°—20.4° =159.6°. Therefore,
mZBCA =180°—(159.6°+1.3°)=19.1°.

AB 20 . _ 20sin19.1°
sin /BCA sinl.3° sin1.3°
t AB
= =
sin 69.6°  sin 90°
f = sin 69.6°(M) ~ 270 ft
sin1.3°

In exercises 69 and 70, be sure to carry all decimal
places throughout the exercise.

69.

h=93sin31°=47.9
Since h < VS < ES, there are two possible

solutions.
sinE _sinV sin31° sinV

=
Vs ES 67 93
V, =sin”" (Mj ~45.6° and
67

V, =180°—45.6352991° = 134.3647009°

S, =180°—(31°+45.6352991°)
=103.3647009°
S, =180°—(31°+134.3647009°)

=14.6352991°
sinS; sinE _ sin103.3647009° sin31°
EV, VS EV, 67
EV, = 67 51n193.3647009 ~ 126.5645021
sin31°

sin§, sinE

EV, VS

sin14.6352991°° _ sin31° _
EV, 67

EV, = 6751n1.4.6352991 ~ 32 86861586
sin31°

The distance between Earth and Venus is
approximately 127 million miles or 33 million
miles.

70.

h =128 sin 23° = 50.0
Since h < ES < MS, there are two possible

solutions.
sinM _sinE - sin23°  sinE
ES MS 93 128
E, =sin"! (%j ~32.5326738° and

E, =180°—32.5326738° = 147.4673262°.

S, =180°— (23° + 32.53267380)
=124.4673262°
S, =180° - (23° + 147.46732620)
=9.532673801°
EM, ES
sin 124.4673262° _ sin 23° -
EM, 93
_ 93sin116.4673262°
B sin 23°
sinS, sinM
EM, ES
sin 9.532673801° _ sin 23° N
EM, 93
EM, = 935in9..532673801° ~394
sin 23°
The distance between Earth and Venus is
approximately 196 million miles or 39 million
miles.

=196.2

EM,
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71. Ship 12rmi |Dock AC __BC _ AC _ 18
sinB; sinZBAC  sin97.9° sin35°
AC = 18s'1n97.9 <311 mi
sin 35°
15t =31.1= ¢t =2.072 hr = 2 hr 4 min
AC __ BC _ AC__ 18 _
h=24sin45°= 17 . sinB, sinZBAC  sinl2.1°  sin35°
Since h < BC < AC, there are two possible 18sin12.1°
solutions. AC = LO =~ 6.6 mi
sinB sinA sinB sin45° sin 35 ]
= = = 15t =6.6 =t = 0.44 hr = 26 min

=
AC BC 24 20 The two times are 3:26 pm and 5:04 pm.

. —1[ 24sin45° o
B; =sin ! (Z—OJ = 58.1 73, D C
B, =180°- B, =121.9°
C; =180° - (45°+58.1°) = 76.9° thm

(e} [e] o o 180
C, =180°—(45°+121.9°) =13.1 A = 3
AB _ BC _| sin18° _ sin ZADC

sinC; sinA 11 15

20sin 76.9° . in18°
ABI =Wz27548 mi sin ZADC=Mﬁ
Since the ship traveled at 12 mph, it traveled 10189
27 548 mZADC = sin”! (Mj ~24.9°

== =2.296 hr =2 hr 18 min. 11
AB BC mZA =180°—(18°+24.9°)=137.1°

/7 P
sinC, sinA - f3D7 o= '1118°:>

20sin13.1° , SIS/l s
AB1=Wz6.411m1 BD_1151n13710~242
6411 sin18° '
'1—2 =0.53 hr = 32 min. The diagonal is about 24.2 m.
The two times are 1:32 pm and 3:18 pm. 74.

72.

A

15tmi C

Construct EB parallel to DC. Then,
EB=DC =18, and ED = BC = 12. Therefore,
AB=28-12=16.
sinA sin ZBEA sin50° sin ZBEA
EB AB 18 16

The dock is located at A, the lighthouse at B,
and the ship at C.

mZ£BAC =90°—-55°=35°.

sin ZBAC _ sin ZBCA -

BC AB 16sin 50°
sin 35° B sin Z/BCA - sin ZBEA =
18 23

mZBEA =sin”! ( ~42.9°

236in 35 16sin50°J
mZBCA, =sin”! (%} ~47.1° 1
mZEBA =180° - (42.9° + 50°) = 87.1°
mZBCA, =180°— 47.1° =132.9° .
b 1800 (35 4 47 1°) 07 " EA__ 18 _ .. _I8sin87.I°
1 =180°-(35°+47.1°) = 97. Sin87.1°  sin50° 5in 50°
B, =180°— (35°+132.9°) = 12.1° FEA=235
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7.1 Beyond the Basics

75.

76.

77.

In AACD, we have I.L‘D = I_4C =
sinf sina

Q = M In ADCB , we have
AC sina
BD CB BD sin &

$n0  sin(80°—a)  CB _ sin(180°—a)
sin(180° — &) = sin« , so

@: sin @ :sinﬂ:Q:>

CB sin(180°—«a) sina AC

AD _AC

BC CB
A
C ¢ 9_-.____
2 15 feet
p X
75 feet
______B A A

The observer is located at C. Using the result
from exercise 71, we have

AC_AD_15_1

CB BC 175 5

tanéABC=%ﬁ
90

CA =90 tan(sinl %) ~18.4 ft

So, sin ZABC :% and

c

A ; B

C
Given: a cos A = b cos B. Using the Law of
. a b bsin A
Sines, we have — =— =a=— .
sinA sinB sin B
Substituting in the given equation gives

78.

79.

bsin A
sin B
sin Acos A =sin Bcos B =
2sin Acos A =2sin Bcos B =
sin2A =sin2B
Then, 2A=2B= A=B or
If A = B, then the triangle is isosceles.
If A = 90° — B, then the triangle is a right
triangle.

-coSA=bcosB=

D c
E
28° 420

A 60 B
mZAEB =180°—(28° +42°) =110°

.60 = _AE = AE=4277 >
sin110°  sin42°
AC=2(42.7)~854 in.

- 60 = _BE = BE =30.0=>
sin110°  sin 28°

BD =2(30.0) = 60.0 in.
The diagonals are 60.0 in. and 85.4 in.

a b ¢
sinA sinB sinC
B=ksinB, and C =ksinC.

o b-c _ k(sin B—sin C) _ sin B—sinC

a ksin A sin A
Using the sum-to-product formula, this
becomes

. B—C) (B+Cj
2sin cos
( 2 2

sin A

Let =k,soa=ksin A,

The

CATBHO) g0,

2 2
cos(B-l—C): cos(90°—éj:siné.
2 2 2

Substituting and using the double angle
formula in the denominator, we have

. B—C) B+C . B—C) A
2sin cos 2sin sin —
( 2 2 _ 2 2

sin A B 25 A A
sin —cos —

.(B—Cj
Sin
B 2

cOSs —
2
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80. Let

81.

82.

a b c

: == =k,s0a=ksinA,
sinA sinB sinC
b=ksinB, and ¢ = ksinC.
o b+c k(sinB+sinC) sinB+sinC
a ksin A sinA
Using the sum-to-product formula, this becomes

. (B+C B-C
2sin cos
( 2 ) ( 2 ) (A+B+0C)

The

- =90°=
sin A 2
B+C
=90° - é ,SO
2 2
B+C
sin =sin| 90° —é = cosé.

2 2 2
Substituting and using the double angle
formula in the denominator, we have

. (B+C B-C
2sin cos
2 2
sin A
A (B—C) (B—C)
2cos—cos cos
_ 2 2 _ 2
B A AT . '
2sin—cos— sin —
2
Let a b ¢ =k,soa=ksinA,

sin A - sinB: sinC
b=ksinB, and ¢ = ksinC.

b-c ksinB—ksinC _sinB-sinC
b+c ksinB+ksinC sinB+sinC

(B+C).(B—Cj
2cos sin
2 2

B .(B+Cj (B—Cj
2sin cos
2 2
(B+C) (B—Cj
= cot tan
2 2
*5°)
tan
_ 2

B (B+Cj
tan
2
From exercise 81, we can show that

B-C\) b-c A
tan =——cot—.
2 b+c 2

(B—C) b—c A
tan = cot—
2 b+c 2
= (\/§+1)_(\/§_1)cot30°

() (-

= Lcot30° =1

23

Um(B_C)=1:>B_C=Um11=4$:¢
2 2
B—C=90°

7.1 Critical Thinking/Discussion/Writing

83. Anisosceles triangle with mZA = m4B =

a=b= 'a = .b

sinA  sin
asinA=bsinB

= asinB=bsin A=

84. Anisosceles right triangle with right angle C
gives
mZA=msB =45°=
sinA=sin B =cos A=cos B=
a

b
- =— = asinB=bsinA =
sinA sin
acosA=bcosB

Use the triangle to help solve exercises 85 and 86.
c

A B
85. Given isosceles triangle ABC with AB = BC.
sinA_sinB__sinA _sinB
BC AC AC AC
sinA=sinB= A=B8B

86. Given triangle ABC with mZA = m/ZB.

AC BC AC BC
sinZA sin ZB sin ZA sin ZA
AC =BC
7.1 Maintaining Skills
87. cos30°= ﬁ 88. cos120°= —l
2 2
89. cosl35°= —ﬂ 90. cosl50°= —ﬁ
2 2
(1
91. cos |—=|=60°
2

92. cos”! (2) is undefined because
—1<cos@ <1.

93. cos”! (—l) =120°
2
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94. cos”! (—?j =150°

95. J22 +32 - 2(2)(3)(%) =411

9. J42 +52 - 2(4)(5)(%) =37

97. 3% +1>=2(3)(1)cos 60° = 10—6(%)=\ﬁ

98. \/(\/§)2 +42 -2(\/8)(4)cos 45°
- s 2 |- -2

2243242 1

SOOI
47 432 52
100. W=O
-1 12+(\/§)2_12 _ o~ 3
101. cos T(\g) =Cos (m)

=cos ™! (%J =30°

2,2 42
102. cos”! M—7 =cos_1(—£j
2(3)(5) 30

7.2 The Law of Cosines
7.2 Practice Problems

1. Given:c=25in.,a=151n., and B =60° — an
SAS case.
Step 1: Use the appropriate form of the Law
of Cosines.

b= \/152 +25% = 2(15)(25) cos 60° =~ 21.8
Step 2: Use the Law of Sines.
sinA _sinB __ sinA _ sin60°
a b 15 21.8
A=sin™! (—ISSm 60 J = 36.6°

21.8
Step 3: Use the angle sum formula.

C =180°—(60° +36.6°) = 83.4°
Step 4: Write the solution.

A=36.6° | a=15in.
B =60° b=21.8
C=834° | c=251n.

N
.
13751
75°
> E
550<r+ 17) /
1 SP2

The measure of ZFDB is
(90° - 75°) +90°+12°=117°. Then

2
d* =(1375t) {sso[ﬁéﬂ
—2(1375;){550(; + %Hcos 117°

Substitute # = 3 and then solve for d:

d*=(1375-3) {550(3%)}2

—2(1375- 3){550(3 + %Hcosl 17°

= 27,243,342.42
d =5219.5 mi

Given: a=4.5,b=6.7,and c =5.3 — an SSS
case

Step 1: Use the Law of Cosines to find the
angle opposite the longest side.

6.7 =4.5% +5.32 = 2(4.5)(5.3)cos B =

2 2 2
cos B F A3 26T hana

2(4.5)(5.3)
B =85.9°
Step 2: Use either the Law of Sines or the Law
of Cosines again to find another angle.
sinA  sin85.9°
== =
4.5 6.7
A e sin”! (4.5 sin85.9
6.7
Step 3: Use the angle sum formula to find the
third angle.
C =180°—(85.9°+42.1°) = 52.0°

(continued on next page)

):>A242.1°
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(continued) 1. a®=b2+c2=2bccosA=
Step 4: Write the solution. A b2 +c?-a® 62+452-77 1
CosA= = =—
A=42.1° | a=45 2bc 2(6)(5) 5
B=859° | b=6.7 s 2 o
. 12. c"=a"+b"-2abcosC =
Cr520° |c=53 rpr-? 7P162-5 5
Note that answers will vary slightly if the cosC = 2ab =7 (7)(6) =
computations are done in a different order.
4. Given:a=2in,b=31in, and ¢ =6 in. — an SSS 2 ap_? 42 +52 _(\/ﬁ)z
case 13. cosC = =
2 _ 52,22 2ab 2(4)(5)
6°=2"4+3"-2(2)(3)cos A= cos A =-1.9167 1 1
Since 0 <cos® <1, no triangle exists. =5 C=cos™ (Ej =60°
7.2 Basic Concepts and Skills
2,2 32
a“+c°-b
e 14. cosB=—F"——
1. One form of the Law of Cosines is 2ac
¢*=a*+b* - 2abcosC. 72 +52 /—109)2 |
2. If we take the angle in the Law of Cosines to - 2(7)(5) ) =
be 90°, then we get the Pythagorean Theorem. | 1
) ] ) B=cos™ (——)=120°
3. Triangles with SAS given are solve by the 2
Law of Cosines, as are triangles with three . . )
sides given. Note that intermediate results are carried to one extra
decimal place throughout the exercises. This leads to
4. When one angle is found by the Law of more accurate answers.
Cosines, the other can be found with the Law ) .
of Sines. 15. Given: B=106°a =14.6,c =10.5 — an SAS
case.
5. False. Use the Law of Sines when two angles 5 5
and a side are given. b= \/105 +14.6° — 2(105)(146) COSIO6O
6. True =20.2
. Tru . o
A=sin-! (14.6s1n106 j ~ 440
7. a=vb?+c2 —2bccos A 202
1 C =180°—-(106° + 44°) = 30°
= 42 +67-2(4)(6)| — | =49 =7
. \/ () )(16J Va9 16. Given: A=35°%b=7.8,c=5.6 —an SAS
case.
—g2ip?_
8. c=a®+b”-2abcosC a=1/7.8%+5.62 — 2(7.8)(5.6)c0s 35° = 4.5
C=J132+42—2(13)(4)(—ij=V225=15 5.65in 35°
13 C=sin"! :
J7.82 +5.6% - 2(7.8)(5.6) cos 35°
9. ¢=~a®+b*—2abcosC ~ 45°
¢ =/5? +3% = 2(5)(3)cos 60° B =180°—(35°+45°) = 100°
_ 34_30(1) _ 3 15 =10 17. Given: a=30,b=18,c=15 - an SSS case.
2 302 =182 +15% - 2(18)(15) cos A = A = 130.5°
182 =30% +15% - 2(30)(15) cos B= B = 27.1°
10. b:\/a2+cz—2accosB (30)15) cos

b=1/6+8 = 2(6)(8)cos 120°
= 100—96(—lj =148 =237

2

C =180°-(130.5°+27.1°) = 22.4°
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18. Given: a=9,b=12,c=7 — an SSS case.

92 =122 +7% =2(12)(7)cos A = A ~ 48.2°

122 =92 +7% —2(12)(7)cos B = B = 96.4°
C =180°— (48.2° +96.4°) =~ 35.4°

19.

¢ =[15% +9% = 2(15)(9) cos 120° = 21
sin120 _ sin A —y A~380°
21 15

B =180°—(120°+38.2°) = 21.8°

20. Given: a=14,b=10,C =75° — an SAS case.
¢ =142 +10% - 2(14)(10) cos 75°

~14.95=15.0
sin75 _ sin A A=~ 64.8°
14.95 14

B =180° - (64.8°+75°) = 40.2°

21. Given: b=10,c=12,A=62° —an SAS case.

a= \/102 +122 - 2(10)(12) cos 62° = 11.46 = 11.5

sin 62° _sinB
1146 10
C =180°—(62°+50.2°) = 67.6°

= B =50.4°

22. Given: b=11,c=16,A=110° — an SAS case.

a= \/1 12 4162 = 2(11)(16) cos 110°

=2230=22.3
sin110 _sinB B =~276°
22.30 11

C =180°—(110° + 27.6°) = 42.4°

23. Given: ¢=12,a=15,b=11 — an SSS case
152 =112 +122 = 2(11)(12) cos A = A ~ 81.3°
sin81.3 _ sinC S C=503°

15 12
B =180°—(81.3°+52.3°) = 46.4°
24. Given: ¢=16,a=11,b=13 — an SSS case

162 =112 +132 = 2(11)(13) cos C =

C ~83.17° = 83.2°

sin83.17° sinB
16 13

A =180°—(83.2°+53.8°) = 43.0°

= B=53.8°

25. Given: a=9,b=13,c=18 —an SSS case

182 =92 +13% = 2(9)(13) cos C =

C ~108.44° =~ 108.4°

sin108.44 _ sin B B~ 433°
18 13

A =180°-(43.3°+108.4°) = 28.3°

Given: a=15,b=9,C =120° — an SAS case.

Section 7.2 The Law of Cosines 615

26. Given: a=14,b=6,c =10 — an SSS case
142 =10% + 62 = 2(10)(6) cos A => A =120°
sin120 _ sinC (= 38.2°

14 10
B =180°— (120° +38.2°) = 21.8°
27.

Given: a=2.5,b=3.7,c =5.4 — an SSS case

542 =25%+3.72-2(2.5)(3.7)cos C =
C ~119.89°=~119.9°
sin119.89° _ sin B B~ 3640

54 3.7

A=180°-(36.4°+119.9°) = 23.7°

28. Given: a=4.2,b=2.9,c=3.6 —an SSS case

422 =292 +3.6-2(2.9)(3.6)cos A =
A=79.71°=79.7°
sin 79.71 _ sin B B =428°

42 2.9

C =180°—(79.7°+42.8°) = 57.5°

Given: b=3.2,c=4.3,A=97.7° —an SAS
case

a=132%+432 - 2(3.2)(4.3)c0s97.7°

=5.69=57
sin97.7 _sinC = 485°
5.69 4.3

B =180°—(97.7°+48.5°) = 33.8°

30. Given: b=54,c=3.6,A=79.2° —an SAS

case

a= \/5.42 +3.62 = 2(5.4)(3.6) c0s 79.2°

=590=59
sin79.2 _sinB B~ 64.0°
5.90 5.4

B =180°-(79.2°+64.0°) = 36.8°

31. Given: ¢=4.9,a=3.9,B=68.3° —an SAS

case b =1/3.92 +4.97 — 2(3.9)(4.9) cos 68.3°

=5.01=5.0
sin 68.3 =SmA:>Az46,3°
5.01 3.9

C =180° - (68.3° + 46.3°) = 65.4°

32. Given: ¢=7.8,a=9.8,B=95.6° —an SAS
case b=1/7.8% +9.82 —2(7.8)(9.8) c0s 95.6°
~13.11=13.1
sin 95.6 =SmA=>Az48.1°
1311 9.8

C =180°—(95.6° +48.1°) = 36.3°
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33. Given: a=2.3,b=2.8,c=3.7 —an SSS case
3.72=2.3%+2.82 - 2(2.3)(2.8)cos C =

C =92.49°=92.5°

sin92.49° _ sin B B ~491°
3.7 2.8

A =180°-(92.5°+49.1°) = 38.4°

34. Given: a=5.3,b=2.9,c=4.6 —an SSS case
532 =292 +4.62 - 2(2.9)(4.6)cos A =

A =86.82° = 86.8°

sin86.82° _sinB__ » 4310
53 2.9

C =180°-(86.8°+33.1°) = 60.1°

7.2 Applying the Concepts

35. AB= \/82 +82 —2(8)(8)cos 42° = 5.7 ft
\ A
2\
Y =

Exercise 35 Exercise 36

36. 3.5=1/62+6% —2(6)(6)cosC = C =33.9°
37.

¢ ‘ 1763 yd

2352 yd

A

AB = J23522 +1763% = 2(2352)(1763) cos 41°
~1543.1yd

38. BC =1537% +823% — 2(537)(823)cos 130°
~1238.5 yd

39. a.

B

width = AB =112 +23% - 2(11)(23) cos 65°
~20.9 ft

sinA sin65° . 23sin 65°
= = SinA=——
23 20.9 20.9

h=11sinA=ll(szll.0 fit
209

40. a. width=AC= \/182 +25% —2(18)(25) cos 55°
~20.8 ft

sin ZBAC _ sin55°

b. =
25 20.8

= ZBAC =79.9°

41. d= \/12.92 +92 -2(12.9)(9)cos 45° =~ 9.1 mi

42, Ship A traveled 7 hours
at 18 mph, 126 miles.
Ship B traveled 4.5
hours at 20 mph, 90

miles.

mZACB =180°— (37°+28°) =115°

AB = J902 +126% = 2(90)(126) cos 115°
~183.2 mi

43.a. mZABC =180°-63.7°=116.3°
mZACB = 21.4°
2000  BC

- =— = BC =3689 m
sin21.4° sin42.3°

2000 AC

b. — =— = AC=491391lm
sin21.4° sinl116.3°

cos42.3° = 2()()()—+DB

4913.91
The ship must travel about 1634.5 m
farther.

4. AB=12+22=34in.
BC=22+3.1=53Iin.
AC=12+3.1=43in.

AB=3.4=1/532+43% -2(53)(4.3)cos C =
C~398°
BC=53=134%+432-2(43)(3.4)cos A =
A=~862°

B ~180° - (86.2° +39.8%) = 54.0°

= DB =1634.5m
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45.

46.

47.

T
~
AN
/ \
7 \
/ \
’ \
4 \

4 \

4 \

/ \

/ \

4 \
4 \
4 \
/ \
/ \
K O N
- ~ \
S - 60° ~_ 308
K457 S0
7 N\
A B

100 feet
In AAOT,AO =0T = x.In ABOT,

OB = OT+/3 = x\/3. So, in ABOA, we have
2

1002 = x2 +(xJ§) - 2x(xJ§)cos 60° =

1002 = 4x2 —f3x2 = (4—\/§)x2 =

x = 66.4 ft = the height of the tree

D C

A 13¢cm B
In AABD,
82 =132 +112 - 2(13)(11)cos ZABD =
mZABD = 37.79°.
In ABCD,
132 =82 +112 = 2(8)(11) cos LCBD =
m/CBD =~ 84.78°
m/ABC = mZ/ABD + m/CBD =122.57°
In AABC,

AC = \/132 +82 =2(13)(8) cos LABC
= J132 +82 = 2(13)(8)c0s122.57° =~ 18.6 cm

D C
A 15 cm B

InAABD,mZBAD = 40°. So

BD = \/152 +10% = 2(15)(10) cos 40° =~ 9.8 cm
In AABC,mZABC = 180° — 40° = 140°.
So,

AC =152 +10% - 2(15)(10) cos 140°

=23.6 cm
The diagonals are 9.8 cm and 23.6 cm.

48.

117°

11 cm

A B
The diagonals of a parallelogram bisect each
other, so BE=ED =11 and AD=EC=8.1In

ABEC, BC =112 +82 —2(11)(8) cos 63°
=10.3 cm

In ACED, CD =112 +8 = 2(11)(8) cos 117°
=16.3 cm
The diagonals are 10.3 cm and 16.3 cm.

7.2 Beyond the Basics

49.

50.

Using the Law of Cosines and solving for
cos A, we have

a’>=b%+c* = 2bccos A=

2 32 2
u:cosA:
—2bc
2 .2 2
1-cosA=1- _a b =c
2bc

Expanding the right side, we have
(a—b+c)a+b—c) a*—b*—c?+2be
2bc 2bc

a2 —p?—c2
=1+ —F .
2bc

(a-b+c)a+b-c)
2bc '

Thus, 1—-cos A =

2(s—b)(s—c)
bc

1 1
_ 2(2(a+b+c)—bJ(2(a+b+c)—c)
bc

a b c\fa b c)
2l———+— || =+=—-=
_ 2 2 2)\2 2 2
bc
_(a-b+c)a+b-c)
2bc '
From exercise 49, we have
(a—b+c)(a+b—c):>
2bc
_2(s=b)s—c)
bc '

1-cosA=

1-cosA
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618 Chapter 7 Applications of Trigonometric Functions
51. Using the Law of Cosines and solving for 56. . b
cos A, we have a®> =b%+c* - 2bccos A=
a2 —p?_c?
———=CosA= N
—2bc The Law of Cosines gives
a’-b?-¢? 2 _ 32, 2
l+cosA=1-———. c"=b"+a” —2abcosC =
2bc 2,32 2
. . e a“+b”-c
Expanding the right side of the identity gives cosC = ow Then
(btc+a)b+c—a) _—a®+b>+c* +2be l<cosC <1
2bc 2bc 2,2 2
2l o 1< +b”—c <1
=1— _ . 2ab
2be ~2ab < a® +b* —c? < 2ab
) 2 2 _ 32
- —-a“—-b" -2ab< - —a”—b” +2ab
Thus, 1+COSA=(b+C+a)(b+C a)- a2 a2< 2c <2a +2a
2bc a“+2ab+b”>c”>a”-2ab+b
| | (a+b)> >c?>(a-b)
25(s - a) 2(2(a+b+c)J(2(a+b+c)—a) Since a, b, ¢ >0 and a <b,
52. =
be be Ja+b)? >3e? > J(b-a)
(a+b+c)(b+c—aj atb>c>b-a=
— 2 2 2 b-—a<c<a+b
(b+c+ a)(bc+ c—a) 7.2 Critical Thinking/Discussion/Writing
. 2bc 57. v
From exercise 51, we have Un
_ _ 6
1+cosA=(b+c a)b+c a)z> sk
2bc 4
1+cosA=2S(S_a). ﬁ
be A(-2,1) T
[
2(s=b)(s—c¢) —4-3-2 1 0]
53, sind- /1‘“’“‘: be -2
2 2 2 -3
—b)(s—
_ /W a=BC=y(3-57%+(6-3)2 =13
b=AC=1G-(-2)%+(6-1% =52
2s(s—a
1 [ T fE=m = AB= (5= (D) +0-D? =53
54. —_= = = 2 2
0% 2 2 be 13=(5v2)" +(v33)" ~2(5v2) (/33 )cos A =
A =29.05°=29.1°
55. sin A =sin Z(é) =2sin écosé

2 2 2

_2\/(s—b)(s—c)\/s(s—a)
B bc bc

= i\/s(s —a)(s—b)(s—c)
bc

sin 29.05° sin B

Ji3 52

C =180°-(29.1°+72.2°) = 78.7°

= B=722°
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Section 7.2 The Law of Cosines 619

y 61. Given: A=60°%a=12,c=15
10~ B(6, 10)
o a’=b*+c* = 2bccos A=
o 122 = b2 +15% 305 cos 60° =
o b> -15p+81=0=
sl
4 b=—15i1/225—4(81) =—15i\/—99
3 2 2
T_ Both solutions are complex, so no triangle is
[ L1111 possible.
—4-3-2 19 1 2 3[4 5 6%
—2—// 62. a’=b>+c?—2bccos A=
e b2 +¢2—1=b2+c% —2bccos A=
A-3-5 | 1= 2bccosA:>l:bccosA
a=BC=(6-3)%+10-(-2))% =317 Thus, if b= c = 1 and A = 60°, the above
tion is true.
b=AC=\/(3—(—3))2 T (2-(5)? ~3%5 equation is true
2_32,.2
CZABZ\/(6—(—3))2 +(10_(_5))2 :3\/3—4 63. a“=b“+c”—2bccosA so that
2 2 2 _ 12 2 1 _
153:(3\/3) +(3\/3—4) —2(3\/5)(3\/374)005A:> a” =b"+c¢” —1 is true for all values of b =c.
A=3247°~325° 64. a’<b’+c?if angle A is an acute angle.
sin32.47° sinB B~169°
W17 35 = £=106. 7.2 Maintaining Skills

C =180°-(32.5°+16.9°) = 130.6° )
For exercises 65-70,a=6,b=4,c =3, a =30°,

Given: B=150°b=10,c=6 B =45° and 6 = 60°.

b =a®+c* -2accos B= 1

100 = a* +36 - 12acos 150° = 65. bsina=4sin30°=4(5j=2
100=a? +6+3a+36 =

a>+6\3a-64=0= 32

2 66. csinﬂ=3sin45°=T
NNCE: \/(6\6 )" - 4a)-64)
= ~434=43

2 67. Labsino=1.6.4sin60° =63
(Note: the second solution is negative, so reject 2 2
it. Only one triangle is possible.)

4.34% =102 + 6% = 2(10)(6) cos A =
A=1248°=12.5°

C =180°—(150°-12.5°) =17.5°

a

68. lbcsino& 21-4-3Sin30° =3
2 2

W2

69. lcasin,b’=l-3-6sin45°=—
. 2 2 2
Given: A=30%a=6,b=10

a?=b%+c*—2bccos A= 70. %absina=l-6-4sin30°=6
36 =100 + ¢ — 20c cos 30° =

2 =103c+64=0= _atbtc _3+445

71.a. s 6
t. - 2 2
c= 10\/5_ 3200 464) =11.98 or c =5.34
So two triangles are possible. b. K= \/s (s—a)(s—b)(s—¢)
If ¢ ~11.98,11.98% = 36 +100 - 120cos C = =\/6(6-3)(6-4)(6-5)
C =93.6°B=180°-(30°+93.6°) = 56.4° =4/6-3-2-1=+/36=6

If ¢ = 5.34,5.34% =36 +100— 120 cos C =
C =26.4%B =180°—(30°+26.4°) = 123.6°
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620 Chapter 7 Applications of Trigonometric Functions

_a+b+c S5+12+13
2 2

b. K=\/s(s—a)(s—b)(s—c)
= J15(15-5)(15-12)(15-13)
=4/15-10-3-2 =/900 =30

72. a. 15

S_a+b+c_6+6+6_

73. a. 9
2 2
b Kz\/s(s—a)(s—b)(s—c)
=9(9-6)(9-6)(9-6)
=J9.3.3.3=93
74. a. S=a+b+c=15+11+6=16

2 2
b. Kz\/s(s—a)(s—b)(s—c)
= J16(16-15)(16 - 11)(16 - 6)
=\16-1-5-10 = 202

S_a+b+c_18+10+14_
2 2

b. K=\/s(s—a)(s—b)(s—c)
= 21(21-18)(21-10)(21- 14)
=\21-3-11-7 = 2111

S_a+b+c_12+17+25_
2 2

b. Kz\/s(s—a)(s—b)(s—c)
:\/27 (27—12)(27—17)(27—25)
=4/27-15-10-2 =90

g = atb+c 10+13+13
= > = 5 =

75. a. 21

76. a. 27

77. a. 18

b. Kz\/s(s—a)(s—b)(s—c)
= /18(18-10)(18-13)(18 - 13)

=+/18-8:5-5=60

S_a+b+c_26+28+30_
2 2

b. K=\/s(s—a)(s—b)(s—c)

78. a. 42

= \J42(42-26)(42 - 28)(42 - 30)
=/42-16-14-12 =336

7.3

Areas of Polygons Using
Trigonometry

7.3 Practice Problems

1.

48 ft

482 +x2 =50° = x2 =502 - 48’ =

x = /502 — 482 = /2500 - 2304 = /196 = 14

The width of the rectangle is 14 ft.

a. The perimeter is 2(48 + 14) =2(62) = 124 ft
b. The area is (48)(14) = 672 ft*.

K= %bc sinf = %(27)(38)sin 47°
=375.2 sq ft

K =labsin€
2

62%'4-3sin9:>6:6sin0:>lzsin6’:>
0 =90°
First, find the third angle of the triangle.
C =180°—-63°—"74°=43°
We are given side C, so use the formula
2 . .
= M to find the area.
2sinC
_ 18 5in 63°sin 74°
2sin 43°

K

= 203.4 sq in.

Given:a=11m,b=17m,and c =20 m

_11+17+20

Then s =24.

K= \/24(24— 11)(24 -17)(24 - 20)
=93.5sqm

First find the surface area of the pool.
_ 25+30+33
R
K= \/44 (44 -25)(44-30)(44-33)
=358.8091 sq ft
The volume of the pool is
358.8091-5.5=1973.45 cu ft.

One cubic foot contains approximately 7.5
gallons of water, so 1973.45x 7.5 = 14,801

gal of water will fill the pool.

=44
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7.3 Basic Concepts and Skills 1 ) )
12. K= 5(20)(27)51111100 ~253.7 cm

1. The area K of a triangle with base b and height
1
his K = Ebh. 13. K= %(15)(22) sin 46° = 118.7 km>

2. An SAS triangle is one in which two sides and
the included angle are known.

3. The area of an SAS triangle ABC with sides a

14. A= %(16.7)(18) sin146.7° = 82.5 ft>

| 15. A=L(12)(167)sin38.6° = 62.5 mm>
and ¢ is K=EacsinB. 2

1

: o _ 2
4. Heron’s formula states that the area of an SSS 16. A= 5(151'6)(221'8) sin112.5° = 15,532.7 ft

triangle is K = \/s (s - a)(s - b) (s - c), where

1 17. A= l(271)(194.3) sin107.3° = 25,136.6 ft*
s :E(G +b+c). 2

| | 18. A:%(15.7)(18.2)Sin131.8° ~106.5 mm>
5. K=—bcsinA=—-6-5sin30°

2 2 In exercises 19-26, first find the measure of the third
=75 angle, then use one of the formulas listed on page 666
in the text.

19. A=180°-57°-49°="74°
We are given side a, so use the formula

_Llgst
2 2

6. K:lacsinB:l-l2-7Sin60°
2 2

1 \/g 2 . .
=E-12-7'7=21\/§ K:M to find the area.
2sin A
167 sin 57°sin 49°
7. K=-LabsinC =18 5sin120° K=" 20T S 843sqft
2 2 2sin 74°
=%-8-5-?=10\/§ 20. B =180°-73° - 64° = 43°

We are given side a, so use the formula

_ a’sin Bsin C

8. K:%bcsinA:%-4-6sin135° to find the area.

2sin A
1 \/E 2 .: 0} o
L6262 K=12 s1nf13 sin 64 ~ 46.2 sq ft
2 2 2sin73°

21. C=180°-64°-38°="78°

1 . 1 . o
9. K= Eac sin B = 2 12-9sin150 We are given side b, so use the formula

1 1 2 . .
=5'12'9'_=27 g=bsinCsind s1n.Cs1nA to find the area.
2sin B
1 1 37 5in 78°sin 64°
10. K =—absinC =—-/8-5sin45° g = 1237sInT8ISInGd oo vd
2 2 2sin38°
=%-2\/§-5-g=5 22. A=180°-53.4°-65.6°=61°

We are given side b, so use the formula
co b? sin C'sin A
2sin B

where @ is the angle included between the sides of 02 sin 65.6°sin 61°

1
K = = 496 sSq m
lengths b and c. 2sin53.4° q

For exercises 11-18, use the formula K = %bc sind, to find the area.

1. K= %(30)(52) sin57° = 654.2 in.>
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622 Chapter 7 Applications of Trigonometric Functions
23. A=180°-55°-37.5°=87.5° 33. s=(3.7+51+42)/2=65
We are given side c, so use the formula K= \/6.5(6.5 —3.7)(6.5-5.1)(6.5-4.2)=17.7
c?sin Asin B
= anc  ‘efind the area. 34. 5=(98+57+65)/2=11
16.32 sin 87.5°sin 55° K= \/1 101-9.8)(11-5.7)11-6.5) =17.7
K= - =178.6 sq cm
2sin37.5° 1
For exercises 35-38, use the formula K = —absin@ ,
24, C=180°-64°—-84.2°=31.8° 2
We are given side c, so use the formula where @ is the angle included between the sides of
2 . lengths a and b.
= M to find the area.
2sin 1 . .
20,52 sin 64° sin 84.2° 35. 1225-6~851n6:>12:24sm9:>
K=— - S — =356.6 sq ft 1 a!
2sin31.8 sinH:§:>9:sin7 (5)2300 or
25. C= 1800.— 62°.15’ —44°30" =73°15’ since sin @ = sin (180° _ 9),
We arezglven side a, so use the formula 0 =180° — 30° = 150°.
= M to find the area. 1
2sin 36. 6:5-4-2\651119:6:4\651110:
2 . o ’ e o ’
i =554 s1;44 6320015;1/173 13 16219 sq ft g 6 _ 63 =£:>
sin —4\/5 BT
26. A=180°-56°18"-37°36" = 86°6

We are given side b, so use the formula
oo b? sin.C sin A
2sin B
B 24.3% sin 37°36’ sin 86°6’
2sin56°18’

to find the area.

K

=216.0 sqm

In exercises 27-34, use Heron’s formula.

27.

28.

29.

30.

31.

32,

s=(2+3+4)/2=45
K =\45(45-2)(4.5-3)(45-4) =29

5 =(50+100+130)/2 =140
K= \/140(140 —50)(140-100)(140—-130)
=2245.0
s =(50+50+75)/2=87.5
K= \/87.5(87.5 -50)(87.5-50)(87.5-175)
=1240.2
s=(100+100+125)/2=162.5

K= 162.5(162.5-100)(162.5 -100)
a -(162.5-125)

=4878.9

s=(1.5+45+6.0)/2=9
K =,909-75)9-45)9-6) =135

s=(8.5+5.1+4.5)/2=9.05

K= \/9.05(9.05 —8.5)(9.05-5.1)(9.05-4.5)
=9.5

0 =sin”! (%] =60° or

since sin @ = sin (1 80° — 9),
6 =180° - 60° =120°.

37. 30=%'12'551n0=>30=3051n6=>
sin@d =1= 6 =90°

38. 15=%-10\/§-3sin¢9=>15=15x/§sim9:>
15 V2t [2) s
152 2 2

or since sin & =sin (180° - 6),
6 =180°—-45°=135°.

sinf =

39.

Recall that opposite sides of a parallelogram
have equal length. So the area of each triangle

1
formed by the diagonal shown is Eab sinc,
and the area of the parallelogram is

2%absin0{=absin0{.

(continued on next page)
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(continued)

40.

41.

42,

From the diagram, we know that

90° < ¢ < 180° = « lies in quadrant II, so
sin & = sin (180° - 0() =sin @. Therefore, the
area of the parallelogram can also be given by
absin 6.

3

K :absinH:8-13sin60°=104(7]

=523 =90.1 cm?

Since we are given the lengths of the sides and
the diagonal, use Heron’s formula to find the
area of each of the triangles formed. The area
of the parallelogram is twice the area of a
triangle.

12416422

> =25
K paraliclogram = 2\/25 (25-12)(25-16)(25-22)
~187.35 cm?
K =absin@

10=a-4sin5?”=>10=a-4-%=>10=2a=>

a=5cm

7.3 Applying the Concepts

43.

44.

45.

San Juan

1046 mi

67°

Ft. Lauderdale 1026 mi ~ Bermuda

A= %(1026)(1046) sin 67° = 493,941 mi>

1
A= 5(20)(35) sin30° =175 ft* . At $30 per
square foot, the landscaping costs $5250.

s = (400 + 250 + 274)/2 = 462
K = [462(462 — 400)(462 — 250)(462 — 274)
~33,788.1 ft> = 0.775668 acres

At $1 million per acre, the lot is worth
$775,668.

46. V =height X area of the base . Use Heron’s

formula to find the area of the base:
s=(11+16+19)/2=23

K= \/23(23 —-11)(23-16)(23-19) =87.91 ft>
V =87.91x5=439.55 ft> .

There are 439.55x 7.5 = 3297 gal .

7.3 Beyond the Basics

Use this figure for exercises 47-50.

Y

47. a. The coordinates of A = (r, O). Each central

2
angle = ?ﬂ = % Thus, the coordinates of
( T . 7[) ~N2 2
B=|rcos—, rsin— |= .
4 4 2 2
Continuing in a counterclockwise direction,
the coordinates of the vertices are (0, r),

2 2 272

s

(0, —r), (rf, - rfj

b. Using the distance formula, we have

AB=J(rﬁ_rf+(rﬁ_0f
2 2
=\/[§—r2\/§+r2J+§

= \/2r2 -2 = r\/2—\/§
c. The perimeter is 8AB = 8r+/2 — V2.
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624 Chapter 7 Applications of Trigonometric Functions

48. a. YA
C
D
E o
F H
G

Drop a perpendicular, BS, from vertex B to side OA. Then we have

.27 _ . zm _BS 2 BS r2
sin—=sin—=—=-—=—"=BS=——.
8 4 r 2 r

2
The area of triangle AOB = %bh = %(OA) (BS) = %r(%j =1 ;/E

b. The area of the octagon is 8 times the area of triangle AOB or 2r22.

2 2
49. a. In aregular n-gon, the coordinates of B can be given as (r cos—”, rsin —ﬁj Then
n n

2 2
AB = \/(rcosz—”— rj +(rsin2—”—0j = \/(rz 00822_72_ 2r? cosz—”+ r2)+ r? sinzz—”
n n n n n

27 . 227 27 2 . 27 27
:\/r2cosz—+r251n2——2rzcos—+r2 = [r?| cos®> == +sin> == |- 212 cos == + 1>
n n n n

n n
= \/Zrz 272 cosz—” = r\/Z— 20052—”
n n
. 27
Thus, the perimeter P =rn,|2 —2cos—.
n
b. C=27zr=107 =31.4159 50. a. Inaregular n-gon, BS =sin 27 Then the

n
27
c. P=4-5/2- ZCOST =~ 28.2843 area of triangle AOB = %bh = %(OA) (BS)
2
P=10-5,/2—-2cos =30.9017 = %(r sin 2—”} Therefore, the area of the
n
P=50-5,/2—2cos = ~31.3953 _w?  2m
50 n-gon A =——sin—.
2 n
27
P:100-5,/2—2cos— =~31.4108 )
100 b. A=7zr° =257 =78.5398

The perimeters approach the circumference

NE]

of the circle. c. A= 25-4 31112—7Z =50.0
4

A=P10G0 27 3
2 10

A= 000 27 183333
2 50

A= 2100 0 27 g8 4881
2 100

The areas approach the area of the disc.
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Use the figure to solve exercises 51-54.

YA
C

51. a. From the figure, it is clear that the
x-coordinate of B is r. Find the y-coordinate
of B as follows:

tanz= £=> AB = rtan%. From
r

geometry, we know that A is the midpoint
of the side. Therefore, the length of each

side of the hexagon is 2r tan%.
b. P= 6(2rtan£) =12rtan =
6 6

= 12{?] =4r\3

52. a. A=lbh=l rtanZ r=lr2tanZ
2 2 6 2 6

b. The area of triangle GOB = r? tan%, SO

the area of the hexagon =

6r> tan% =6r2 [?J = 2x/§r2.

53. a.

54, a.

Using the same reasoning as in exercise 51,
we know that the length of each side of the

circumscribed n-gon is 2r tan—. Thus, the
n

. . V4
perimeter of the n-gon is P = 2nrtan —.
n

C=2rr=20r = 62.8319

P=2(4)(10) tan% ~80.0
P =2(10)(10) tan% ~ 64.9839
P= 2(50)(10)tan% ~ 62.9147

P =2(100)(10) tan —— = 62.8525
100

The perimeters approach the perimeter of
the circle.

Using the same reasoning as in exercise 48,
we know that the area of the n-gon is

/4
nr2 tan —.
n

A=7r? =1007 = 314.1593

=
Il

(4)(10) tan% = 400.0

A

(10)(10) tan% ~324.9197
A=(50)(10) tan% ~314.5733

A=(100)(10)? tan—— = 314.2627
100

The areas approach the area of the disc.
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55. Intriangle ABC,

K :labsinC
2

Formula for area of a triangle

4K? = a’b? (1 —cos? C)

Multiply each side by 2 to obtain 2K = absinC.
Square each side to obtain

(2K)* = (absin C)* = 4K* = a®?sin” C.
Replace sin? C with its equivalent 1- cos2 0 to
obtain 4K? = a’b* (1 —cos”? C)

2
4K? = a?p?1- M
2ab

Start with the Law of Cosines and solve for cos C.
c¢?=a*>+b*-2abcosC =
2abcosC=a’ +b*>—c> =

2,2 2
2ab
2
2,2 2
cos2go| L HbT—c”
2ab

16K2=4a%2—@ﬂ+b2—cﬂ2

On the right side, we have

2
2,432 2
22| etz
2ab

(a2 +b? —02)2

2,2
=a’b"|1-
4a’b?
2
2 2 2
a“+b”—c
zazbz——( )
4

Now multiply both sides of the equation by 4.

4K? = 422 _wz N

16K2=4a%2—Qﬂ+b2—cﬂ2

16K =[ 2ab+(a? + b2 =2 | 2ab - (a? + 57 =2

Note that the right side of the equation is the
difference of squares. Factoring gives

16K2=4a%2—@ﬂ+b2—cﬂ2
=[2ab+(a2 +b? —cz)]'
[2ab—(a2 +b° —czﬂ

(continued on next page)
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(continued)

16K2 = [(a + b)2 _ Cz][cz ~(a- b)z} lz.e;lerrange terms inside the brackets on the right
i

16K* =[a® +2ab+b? ~c? |-
|-a® +2ab = +¢? |
=[(a+b) = | ~(a=b) +¢? |
= (a+b)’ = |[? ~(a=b)* ]

» (a+b+c\(a+tb—c\(c+a-b\c+b—-a Again, we have the difference of squares on the right
K== B B B ) side.

16K2 =[(a+b)2 —cz][cz —(a—b)z]
=[(a+b)+c][(a+b)—c]-
[c+(a—b)][c—(a—b)]

=(a+b+c)(a+b—c)(c+a—b)(c+b—a)

Now use the fact that 16 =2* to obtain
k2= (a+b+c)(a+b-c)(c+a-b)(c+b-a)

L S S

_ Note that
K—\/s(s—a)(s—b)(s—c) Oea+ab+c
= 2 N
a+b+c a+b+c—2a b+c—-a
s—a= —a= = s
2 2 2
at+b+c at+tb+c—-2b a+c-b
S_b: —b: = s
2 2 2
a+b+c a+b+c—2c a+b-c
s—c= > —c= >

Thus, we have

Kzzs(a+b c)(c+a b)(c+b aj

s(s—c)(s—b)(
Kz\/s(s—a)(s—b)(s—c)

56. We know that K = %bc sin A. Substitute Heron’s formula for K and then solve for sin A.

K=\/s(s—a)(s—b)(s—c) =%bcsinA=>%\/s(s—a)(s—b)(s—c) =sin A

57. From geometry, we know that the measure of each angle in an equilateral triangle is 60°. Thus, the area of an

123 B,

1
equilateral triangle whose sides have lengthais K = Eaz sin 60° = 5 a 5 7
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58. a. 4 We are seeking the area of segment AOB. The area of sector AOB is given by
1 1
zr? 2i = Erzﬁ. The area of triangle AOB is given by K = Erz sin 8. Thus, the
‘ V4

area of the segment is K=%r2€—%r2 sin¢9=%r2 (6 -sind).
b. 0=60°= radians
1, ._1272'.7Z_7Z'\/§_ )
K=r (6—51n6)—5-6 [g—sm—)—IS(——Tj—(6ﬂ—9\/§) in.

3 3
59. C

We have 2A = ZBOC, 2B = ZAOC, and 2C = ZAOB. We also have a = BC, b =AC, and c = AB. In
ABOC, we have

2 _ p2_ p2 2 2 2 2 2 2

4’ =R>+R?—2R-Rcos ZBOC = cos LBOC = &~ R ~R° _RTHAR7—a” 2R"-a” | o
—2R-R 2R-R 2R? 2R?
2
cos2A=1-4_ S1-2sin2a=1-4 =sin24A="2% —sina=L - g=—"
2R? 2R? 4R? 2R 2sin A
.. c a b c
Similarly, we can show that R = — and R =———. Therefore, R =— =— =—.
sin B 2sinC 2sinA 2sinB  2sinC

a b c

60. Since the diameter is 1, the radius R = l From exercise 59, we have R =— =— =— =
2sinA  2sinB  2sinC

a_b_ c=>_a_b_c
2sinA  2sinB  2sinC  sinA sinB sinC

% = a=sinA, b=sinB, and ¢ =sinC.

61. From exercise 56, we have sin A = bi\/s(s —a)(s—b)(s—c).
c

a a abc

Using exercise 59, we have R = oA = 5 E
st 2(b \/s(s —a)(s —b)(s—c)j
C

62. s :%(18+24+30):36

K =[s(s—a)(s-b)(s - c) = [36(36— 18)(36 — 24) (36 — 30) = 216

Using exercise 61, we have R = a_bc = m =15
4K 4-216
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63.

64.

65.

66.

The area of AAIB is %rc. The area of ABIC is %ra. NAIC is %rb.

Thus,
K —lra+lrb+lrc—lr(a+b+c)—rs=>
ANABC — 2 2 ) - ) -
\/s(s—a)(s—b)(s—c)zrs:r—\/s i S C)
s
Using the results from exercises 61 and 63, we have
R = \/S(S_a)(s_b)(s_c) abc a_bC_ abc _ abc
S 4K 4s 4[%(a+b+c)] 2(a+b+c)

1 1 1 a 1 b 1 c
— b = — _K —_—=—, — =, d—:—
QTR T R T 0k 2k M T 2k
Adding the three expressions, we have
1 1 1 a b c a+b+c 2s
—+—t—=—+—+—=
P p» Py 2K 2K 2K 2\/s s— (s— s—c 2\/s s—a s c)
B K .ﬁ: s\/_ :\/ S
\/s(s—a)(s—b)(s—c) \/; s\/(s—a)(s—b)(s—c) (s—a)(s—b)(s—c)

From exercises 61 and 64, we have
- —b)(s -
_G=a)(s-b)is=¢) _
S
s\s

N

\/S S— S C)

1 1 1 1
Thus, —+—+—=—.
pPr P2 P3 T

s 1 1 1

— =+ —

:s\/(s—a)(s—b)(s—c)_\/(S_a)(s_b)(s_c) b P2 P3

ﬂ&
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7.3 Critical Thinking/Discussion/Writing

67.

68.

7.3

69.

70.

71. a.

. 1 .
Begin with K = Eab sin C.
Since C = 180° — (A + B), replace C with its equivalent.
1 1 bsin A cos B + absin Bcos A
K =absin[180~(A+ B)]=~absin(4+ B) = S 2,008 ;" S Zcos
B (bsin A)acosB +b(asinB)cosA
- 2
2(asinB)acosB+2b(bsinA)cosA .
= 1 (from the Law of Sines)
_a*sin2B +b%sin2A
4
b?sin2C + ¢*sin 2B 2sin2A+b*sin2
Similarly, we can prove K = = CZC S and K =<0 Z S C.
From exercise 53 in section 7.2, we have

(s—a)(s—b)

, and sin£=

(s=D)(s-c) Sinéz (s—a)s—c)
)

Multiply these three equations to obtain
— — — _ _ _ 5— —b)(s—
4Rsingsingsin%:4R\/(s b)(s —c) _\/(s a)(s—c) .\/(s a)s=b) _ o0 a)(s—=b)(s—c)
ac

abc

abc (s—a)(v— )(s—c)

=4.— (from exercise 61)
4K abc
_(s—a)(s—b)(s—c)_ (s—a)(s—b)(s—c)
K \/s(s—a)(s—b)(s—c)
2
a (\/(s—a)(s—b)(s—c)) B \/(s—a)(s—b)(s—c) B \/s(s—a)(s—b)(s—c) a
- \/s(s—a)(s—b)(s—c) - Js - s a
(from exercise 63.)
Maintaini .
aintaining Skills 7. a. sinl(—lj:—z
2 6
2(—x+3y)+3(x—y)=—2x+6y+3x—3y
=x+3y=a=1,b=3 b. cosl(—%)z%
Va2 +5% =12 +3% =10
3(2x=3y)-2(x-2y)=6x-9y—2x+4y c. tanfl(_\/g):_l
=4x-5y= 3
a=4,b=—-

73. @ =tan"' (\/5) =0 ==

mﬁr

In quadrant 111, 6 = 0’+7z——+7z-4—7[
7 1 3
sin—=—
6 2 X
74. 6'=tan1(——) ‘__‘
z 2
COS_:T
In quadrant I, =7 -6’ = —ZZ—”
s 6 6
tan;:\/g
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75. a.

76. a.

717. a.

78. a.

d(S, T)=+/(6-1)" +(15-3)> =25+ 144
=13
d(0, P)=(5-0)* +(12-0)* =25+144
=13
15-3 12
ml =
6-1 5
12-0 12
m2 = —=
5-0 5
Since the slopes are equal, the lines are

parallel.

d(8, T)=(-1-2)> + (-7~ (-3))?
= (-3)? +(-4)? =5

d(0, P)=[(-3-0)? +(4-0)* =5

-7-(-3) -4 4
mlz—:—:—
-1-2 -3 3
4-0 _ 4
mzz—:——
-3-0 3

Since the slopes are not equal, the lines are
not parallel. Since the product of the slopes is
not —1, the lines are not perpendicular.

d (8, T)= (2= (1) +(1-2)°
=)+ (-1 =2

d(0, P)=(1-0) +(-1-0)> =42

R et

(=) -1
-1-0

m2=_—0=—1

Since the product of the slopes is —1, the
lines are perpendicular.

S S
T3 (-1) 4
-3-0 3
m2:—:——
4-0 4

Since the slopes are equal, the lines are
parallel.

7.4 \Vectors

7.4 Practice Problems

2. w=(1-(-2),-3-7)=(3,-10)
3. v=(-12),w=(2,-3)
a. viw=(-1+2,2+(-3))=(L-1)
b. 3w =3(2,-3)=(3(2),3(-3)) = (6,-9)

c. 3w-2v=3(2,-3)-2(-12)
=(6.-9)-(-2.4)
=(6—(-2),-9-4)=(8,-13)

d. [3w-2v|=|(8,-13)| = y8> +(-13)?

=233
4. V] =|(-12.5)| = y(-12)* +5% =169 =13

1 1 12 5
u —MV —E<—12,5>— <—E,E>

5. u=-3i+2j, v=i+4j

a. 3u+2v=3(-3i+2j)+2(i+4j)
=-9i+6j+2i+8j=-7i+14j

b. [Bu+2v|=y(7*+14% =245=75
iz ) (V3.1 J

6. v=2(cosll—”i+sin—3j=2 —i——=j
6 6

2 2
=3i—j
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) . -3 3 r=v+w
7. v=2i-3j=(23)=@nl=—=—2 = 800(cos 150°% + sin 150°)
The reference angle 6’ is given by + 40(cos 240°1 +sin 240°j)
) o 3 . . = (800 cos150° + 40 cos 240°)i
6’ =|tan (_E) = 56.31°. Since the point +(800sin 150° + 40sin 240°) j
(2, —3) lies in Quadrant IV, (800 cos150° + 40cos 2400)2
6 = 360° - 56.31° = 303.69°. | = )
N +(800sin150° + 40sin 240°)
8. p =4/641,600 = 801.0
F A Now find the direction angle of r.
R , —1( 800sin150°+ 40sin 240°)
6’ = |tan
800co0s150° +40cos 240°
=27.1°
0 The angle between r and the y-axis is
A 6 =90°—27.1° = 62.9°. Therefore, the actual
W < < 1y speed of the plane is approximately 801.0
F, o|i miles per hour, and its bearing is
approximately N 62.9° W.
Fy =40j and F, ==30i. Then 10. u =200 1b is the direction N 40° E, v = 300 Ib
R =F; +F, = -30i + 40j. in the direction N 70° W, and w = 400 Ib in
2 2 the direction S 20° E.
IR|| = y/(=30)* +40% =50 N
A
@ =2 _, ¢’ =|tan"! (—@j ~53.13°
30 30
The angle between R and the y-axis is v "
60 =90°—-53.1°=36.9°. Therefore, Ris a a0
force of 50 pounds in the direction N 36.9° W. P
>E
9. Let v be the velocity of the plane in still air. )

Let w be the wind speed, and let r be the
resultant ground velocity of the plane. Since
the bearing of the plane is N 60° W, the
direction angle is 120°, and since the wind
direction is S 30° W, its direction angle is
240°.

N
A

60°

Not drawn to scale
v =800 (cos150° +sin150°})
w = 40(cos 240°i + sin 240°j)

w

The horizontal component R; of R is given by
Ri=u +v,+w,
= 200¢0s 50° + 300 cos 160° + 400 cos (—70°)
=—16.5422
The vertical component R; of R is given by
Ri=u +v,+w,
= 2005in 50° + 3005sin 160° + 400sin (-70°)
=—120.06212
R=R;i+R,j=-16.54i —120.06]

IR = /(-16.54)* + (~120.06)* = 121.2

0 = tan" 12096 _ g5 50
-16.54

(continued on next page)
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(continued)

From the diagram, we see that the resultant will
lie in quadrant III. Thus, the magnitude of the
resultant is about 121.2 1b at a bearing of about
S 7.8°W.

7.4 Basic Concepts and Skills

1.

A vector is a quantity that is characterized by
a magnitude and a direction.

The resultant of v and w is the vector sum
v + w and is represented by the diagonal of
the parallelogram with adjacent sides v and w.

If v={a,b) anda >0, then |v]=va® +b?,

and its direction angle 6 = tan ! (éj
a

If v is a nonzero vector, then the unit vector u

in the direction of v is given by u = ﬁ V.
v

True
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L. . . ........ 14,

15.
16.
17.
18.

19.

Note that the vectors 2u and 2u—w + v both 20
start at the intersection of the vectors —w and

. N 21.

22,

23. AB=(3-1,4-0)=(2,4)
CD = (1-(-1),6-2)=(2,4)
The vectors are equivalent.

24. AB=(3—(-1),-2-2)=(4,~4)
CD =(6-2,1-5)=(4,~4)
The vectors are equivalent.

25. AB=(3-2,5-(-1))=(1,6)
CD = (-2~ (~1),-3-3) = (~1,-6)
The vectors are not equivalent.

26. AB=(6-53-7)=(1-4)
CD=(-3-(-2).5-1)=(-1,4)
The vectors are not equivalent.

In exercises 27-34, v = (—1, 2) and w = (3, —2).
27. |v|=y=D*+2% =45
28. |w|=+32+(=2)2 =13
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29.

30.

31.

32,

33.

34.

35.

36.

37.

38.

39.

40.

41.
42,
43.

v-w=(-1-32-(-2))=(-4,4)
v+w=(-1+3,2+(-2))=(2,0)

2v-3w=2(-1,2)-3(3,-2)
=(-2,4)-(9,-6) = (-11,10)
2w-3v=2(3,-2)-3(-1,2)
=(6,-4)—(-3,6) = (9,-10)
2v-3w=2(-1,2)-3(3,-2)
=(-2,4)-(9,-6) = (-11,10)
J2v -3w| = J=11)% +10> = V221

2w-3v=2(3,-2)-3(-1,2)
=(6,-4)—(-3,6) = (9,-10)

2w —3v] = /9% + (-10)% = V181
[v]=1* + 1) =2
Lo <«/_ J_>
u_ﬁ< )= 27 2

vl =1*+3% =10
Ly _<\/E 3«/5>

"= =00 0
V= Jiay? 3% =
o=3e-{-5)
[v=5% +-12)? =13
u=%<5,—12>:<%,—%>
M= (V)" +(+2)" =2
o38.)-(2.)

V= (+5) +(-2)? =3

u=§<@,_2>=<£,_z>

u+v=(2-5j)+(-3i-2j)=—i-7j

u- v = (2i - 5j) - (=3i - 2j) = 5i - 3

2u-3v = 2(2i - 5j) — 3(=3i - 2j) = 13i — 4j

44.

45.

46.

47.

48.

49.

50.

51.

52,

53.

54.

5S.

56.

2v +3u = 2(-3i - 2j) + 3(2i - 5j) = - 19j
[2u=3v| = |2(2i - 5j) - 3(-3i - 2j)|
=131 - 4j] = {13% + (4> =185
[2v + 3u]| = [|]2(=3i - 2j) + 32i - 5))| = |- 19]]
={(-19?% =19

N
EJ

v = 2(cos 30° + sin 30°j) = 2[71 +

=3i+]

v =5(cos 45°% +5in 45°)) = 5(%i +%J’]
V2. 52,
=—"1 +_.]
2 2
V= 4(0051200i + Sinl20°j) = 4(—%i +§j]
= —2i+24/3j

v = 3(cos 150 + sin 150°j) = 3(—?1 +ljJ

2
W3, 3.
:——l —J
2 2
v=3(cos5—”i+sin5—ﬂj)=3 li—ﬁj
3 3 2 2
3. 3f
2 2

V= 4(00511—”1+s “—”Jj=4 ﬁi—lj
6 6 2 2
=23i - 2j

el ()

7(1._@):1-_&.

S

3 RV \/5 \/5 .
v=8|cos—i+sin—j |[=8| ——i+—]
4 4
= —42i + 42j
||V|| =10; direction angle = 60°

||V|| = 4; direction angle = 210°

Since the vector has a negative direction, the
direction angle = 180° + 30° = 210°.
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57. v =-3(cos30° —sin30°j) = -3 (%1 — %J]
33, 3.
= ——-11 —J
2 2
Thus, the vector lies in quadrant II.
tan @ = 3/2 :—L:—£:>0=150°
332 3 3
||V|| = 3; direction angle = 150°
58. v =2(cos300° —sin 300°j) = 2[%i + %J]
=i+/3j
Thus, the vector lies in quadrant 1.
V3

tanH:T:>0=60°

||V|| = 2; direction angle = 60°

59. |v|=v5%+12% =13

0 =tan"' % ~67.38°

60. |v|=+122+(=5>2 =13

0’ =|tan”! (—ij ~22.62°
12

Since (12, =5) lies in Quadrant IV,
6 =360°—-22.62° = 337.38°.

61. |[v|=y(H*+(-3)* =5

&
tan~ | —
—4
Since (-4, —3) lies in Quadrant III,
0 =180°+36.87°=216.87°.

62. |v|=y(=5*+12* =13
tan”! (—Ej‘ ~ 67.38°
5

Since (-5, 12) lies in Quadrant II,
0 =180°-67.38°=112.62°.

0 = =36.87°

6’ =

7.4 Applying the Concepts

63. N

E
o

64.

65.

66.

67.

68.

w = 25c0s 23° + 25sin 23°j = 23i + 9.8

N

5i— 12j

v=>5i-12j= |v| =13 mph
5i—12j=13(cos @i + sin £j)
=13cosfi+13sinfj=

5i=13cos i = 6 = cos ™" (%J ~ 67.4°

90° — 67.4° = 22.6°, so the wind direction is
S22.6°E.

F, = 0i - 25j
F, = -32i+0j
R =F, +F, = —32i - 25j

IR]| = y/(=32)% +(-25)* = 40.6

4 (—25)
tan —
-32

Since R lies in quadrant III,

60 =180°+38.0°=218.0°.

Thus, the resultant is a force of approximately
40.6 1b in the direction 218.0°.

F, = 0i - 50j
F, = —32i +0j

IR| = y(-32)% + (-50)* = 59.4

i (—50)
tan_ | —
-32
Since R lies in quadrant III,
0 =180°+57.38° =237.38°.

Thus, the resultant is a force of approximately
59.4 1b in the direction 237.38°.

o = = 38.0°

0 = =57.38°

The direction angle of the force is
90° — 65° = 25°. Thus, the force

v =80(cos 25° +sin 25°j)
=~ 72.50i +33.81j = (72.50, 33.81).

The direction angle of the force is
270° — 32° = 238°. Thus, the force
v = 60(cos 238°1i + sin 283° j)
=~ -31.80i - 50.88j = (~31.80,-50.88).
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y 72. o
r
plane v
550 mph
0
Not drawn

to scale

wind w

30 mph
v =550co0s(8 +90°)i + 550sin(6 + 90°) j
=—-550sin i + 550 cos
w = 30cos0° + 30sin 0°j = 30i
r=v+w= (O, 1)

F; =300co0s30° +300sin 30°j

F, = 400cos 60°i +400sin 60°j

R =F, +F, = 459.81i +496.41j —550sin 6 +30i = 0 = sin & = £=>
550

IR| = /(459.81)% + (496.41)? = 676.64

= (=550sin 6 +30)i + 550cos 0j =

0 =sin~! (ﬂ) ~3.1°>
550

¢’ =|tan”" (Mj =~ 47.19°
459.81 The plane's bearing is N 3.1°W.

The resultant is a force of approximately N
676.64 1b in the direction 47.19°. 73. .

F, =300cos 60°i +300sin 60°j 40° -

F, = 400c0s120°i +400sin120°j 0

R =F; +F, =-50i + 606.22
_ 2 2 _ E

[R] = {/(=50)% + (606.22)* ~ 608.28 W[ o

¢’ =|tan”" (606'§2j ~ 85.285°

Since R lies in quadrant II, V‘V’ z 1_2 ;OS 50°i +15sin 50°j

0 =180°~85.285° =94.715° = 94.72° . r=v+w=15c0s50° + (15sin 50° — 4)j

Thus, the resultant is a force of approximately

[ = /(1508 50°) + (155in 50° - 4)2

608.28 1b in the direction 94.72°.
~12.21=12.2 mph

0’ = ltan! WJ ~37.8°
15co0s50°

Since R lies in quadrant I,
0 =90°-37.8°=52.2°.

wind w| i E The boat’s speed and direction are 12.2 mph
30 mph Not drawn to scale and N 52.20 E .
v =500c0s55° + 500sin 55°j 74 N
w =30cos180° + 30sin180°j = —30i )
r=v+w=(500cos55°—-30)i+500sin55°)
= 256.79i + 409.58j
I
[ = v/256.792 + 409.587 = 483.42 0 y
~ 483.4 mph 6, &
w
0, _ tan71 (40958) ~ 57-90 Z,US[;Z(:M
256.79
Since R lies in quadrant I, ) 4 [ 4 .
6 =~90°—-57.9°=32.1°. SIHQIZE:>01=SII1 E =155°=>
The plane’s ground speed is 483.4 mph, and its 0=N74.5°E

bearing is N32.1°E .
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75. First find the resultant R of the system. Since the system is in equilibrium, the
u =30(cos 26° + sin 26°j) resultant R is
v =40(cos 115° +sin 115%) 200(cos 270° + sin 270°)) = 0i —200j.
w = 50(cos 270 + sin 270°j) u =||F | (cos 50°% + sin 50°j)
R, =30c0s 26° +40cos 115°+ 50 cos 270° = |[Fy[|cos 50°% + |[Fy || sin 50°
=10.06 _ _ v = |F, | (cos 120° + sin 120°j)
R, =30sin26° +40sin115° + 50sin 270°

= [F,[| cos 120° + |, sin 120°j

=00 Now solve the syst
OW Solve the system
[R] = +10.06% +(-0.60)* ~10.08 [y cos 50° + By | cos 120° = 0
[Fy || sin 50° + |, sin 120° = ~200

We will solve by elimination.

0’ =|tan ' B2~ 3300

1
Since R lies in Quadrant IV,

6 =360°-3.39°=356.61°. The force that
must be added to the system to obtain
equilibrium is —R, a force of 10.08 pounds at

1
[Fyeoss0° - L] =0

I sin50°+ Y2, =200

an angle of 180° — 3.39° = 176.61° with the NG
positive x-axis. "Fl " V3 cos50° — 7||1?2|| =0
76. First find the resultant R of the system. ' NE)
u =15 (cos 210 + sin 210%) [yl sin 50° + == [ | = ~200

v = 40(cos 90°i +sin 90°j)
w= 25(cos310°i + sin310°j)
R, =15c0s210° +40c0s 90° + 25 cos 310°

€y |+/3 cos 50° + xsin 50° = 200
[y} (+/3 cos 50° +sin 50°) = 200 =

~3.08 | 200 |
R, =15sin210° +40sin 90° + 25sin 310° "Fl"=|\/§COS500Jrsinsoo|z106'42 b
~1335

106.42 cos 50° +||F, | cos 120° = 0 =

|R| =+3.08% +13.35* =13.70 [F,]| = 136.811b

0’ =|tan”! (ﬁ)‘ =77.01° 78. To help visualize the system, overlay a
3.08 coordinate system with the origin at the
Since R lies in Quadrant I, 8 = 77.01°. endpoint of the three vectors.

The force that must be added to the system to
obtain equilibrium is =R, a force of 13.70
pounds at an angle of 180° + 77.07° = 257.01°
with the positive x-axis.

7.4 Beyond the Basics

77. To help visualize the system, overlay a
coordinate system with the origin at the
endpoint of the three vectors.

Fy

Since the system is in equilibrium, the
A resultant R is

[Fy || (cos 270% + sin 270°j) = Oi —|[Fy | j.
u =||F, | (cos 65°i + sin 65°j)

60°\| A 500 = [[F, || cos 65° + |[F,|sin 65°

>x v = 60(cos 140°i + sin 140°j)

= 60cos 140°i + 60sin 120°

F, R/60°| 500V F,

(continued on next page)
Y 2001b
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(continued)

79.

80.

81.

82,

83.

Now solve the system

[F | cos 65° + 60 cos 140° = 0

[, ||sin 65° + 60sin 140° = — [ Fy|
Solve the first equation for ||F2 ||
[F; | cos 65° + 60 cos 140° = 0

~60cos 140°
L

cos 65°
=108.76 Ib

Now substitute the value of ||F2|| into the
second equation and solve for ||F1 ||

108.76sin 65°+ 60sin 140° = — [F |
|[Fy||=137.14 1b

v=(4,-3);P= (-2,
0,-(-2)=4=0,=2
Q,-1=-3=0,=-2

The terminal point is (2,-2).
v=(-3,5);0=(4,0)

4-P =3=P =7
0-P,=5= P, =-5

The initial point is (7,-5).
u=(-12),v=35)

2u-x=2x+3v=3x=2u-3v=
3x=2(-1,2)-3(3,5)=(-11,-11)=

11 11
X=(-——,——
55)

Let R(x,y) be the coordinates of the point.

Then ﬁé=%?Q ﬁé=<x—3,y—5> and
PO =(7-3,-4-5)=(4,-9).

(x—3,y—5>=%(4,—9>=<3,—%T7>=>
x—3=3=x=6
27 7

B S L
Y 4 7777,

The coordinates of R are (6, —%) .

AB=(1-2,4-3)=(-1,1)=~i+]j
CD=(1-0,-3—(-2))=(L, —1)=i—j
Thus, AB =—CD, so AB||-CD.

84.

85.

86.

87.

88.

[4Bl = (-1)* +1% =2
lenl =12 + (-1)* =2

From geometry, we know that if a
quadrilateral has two opposite sides that are
parallel and equal in length, the quadrilateral
is a parallelogram. Alternatively, we could

show that BC = AD, or BC || AD.

AB=(3—(-2), 0-(-1)) = (5, 1) =5i +
CD=(-4-1,-3-(-2))=(-5, -1)=-5i—
Thus, AB = —Fﬁ, ) XEH —CD.

[4Bl = V52 +12 = V26

leDl = {(=5)% + (-1)* =26

From geometry, we know that if a
quadrilateral has two opposite sides that are
parallel and equal in length, the quadrilateral
is a parallelogram. Alternatively, we could

show that BC = AD, or BC || AD.

PO=(2-0,1-(-3))=(2, 4)=2i+4j
PR=(3-0,3-(-3))=(3, 6)=3i+6j

—_—

PO = %ﬁé, so P, O, and R are collinear.

PO =(2-(-2),0-(-6)) = (4, 6)=4i +6j
PR=(4—(-2), 3—(~6)) = (6, 9) = 6i +9j

R

2
PQ = g PR, so P, Q, and R are collinear.

v=1i+2j,w=1i-j. The lengths of the
diagonals are ||v + w|| = ||2i + J" =+/5 and
v —wll=[31] =3

Let (x, y) be the fourth vertex. There are three
possibilities:

1. (0, 0) and (x, y) form a diagonal
=(2,3)=(x-6,y-4)=>x=8,y=7;
2.(0, 0) and (2, 3) form a diagonal

= (xy)=(2-63-4)=x=-4,y=-1;
3.(0, 0) and (6, 4) form a diagonal

= (x,y)=(6-2,4-3)=x=4,y=1.

The possibilities for the fourth vertex are
(4, 1), (_47 _1)5 and (85 7)
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7.4 Critical Thinking/Discussion/Writing

89. AB=(4-13-2)=(31)
=(31)=(P,-6,P,-1)
P.-6=3=P =9
P, —1=1=P =2
The coordinates of P are (9, 2).

90. CB=(4-6,3-1)=(-2,)
Pi=(-2,2)=(1-P,2-P,)
I-P.=-2=P =3
2-P,=2=P, =0
The coordinates of P are (3, 0).

91. CB=(4-6,3-1)=(-2,2)
AP=(-2.2)=(P,-1, P,-2)
P.-1=-2= P =-1
P, -2=2=P =4
The coordinates of P are (-1, 4).

92. BC=(6-4,1-3)=(2,-2)
PA=(2,-2)=(1-P.2-P)
1-P.=2=P.=-1
2-P,=-2=P =4
The coordinates of P are (-1, 4).

93. Equivalent vectors have the same length and
the same direction. Therefore, two equivalent
vectors with the same initial point, by
definition, must have the same terminal point.

94. Answers will vary. Sample answer: Think of
two equal weights hanging from either end of
a horizontal hanging rod.

7.4 Maintaining Skills

95. False. If cos@ >0, then & lies in quadrant I
or in quadrant I'V.

96. False. If cos@ =0, then

0=%+27m or €=3—”+27m, where n is an

integer.

97. cos”! (—1) =7, cos™! (O) = %, cos™! (1) =0

98. 2x+3y=6:>3y:—2x+6:>y:_§x+2

3x—2y=12:>—2y:—3x+12:>y:%x—6
.2

The slope of the first line is —5 and the slope

of the second line is % Since the product of
the slopes is —1, the lines are perpendicular.

For exercises 99-102, v = (1, - 2) and w = (3, 2).

99. |v|=y12+(-2)" =5
100. |w|=+3*+2% =413

o, 0O+ _0E)+(2)E)__1
VW] NN RN

102 Jv+w* =1 -2)+(3, 2)" = (4 o)
- (e vo) =16

+

IV + W[ +2[ (1) (3)+(-2) (2)]
=1, =2)" +[3. 2)° +2[ )(3)+(-2)(2)]
:(12+(—2)2)+(32+2 )+2(—1)
=5+13+2=16

Thus,

v+l = IV + Wl + 2L ()¢

3)+(-2)(2)]
7.5 The Dot Product
7.5 Practice Problems
La vew=1(-2)+(2)(5)=8
b. vew =4(-3)+(-3)(-4) =
2. vew=|v||w|cos® =4(7)cos60° =14

3. There is no scalar ¢ such that v = cw, so the
vectors are not parallel. Note that

cosgo YW _(CDQ+EW | 4

IVIwl - V545 5

0#0and 8 #1
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cosg=YW ____ DO+ EIO) Thus
Ivlwl 22 + (—3)2\/32 +52 V=Vi+V,
9 \/ 9 (5.1)=(3,3)+(2,-2)
== =- =
V13434 ; J442 0. W-F-P5-|F] HFQH Y
0= 00371 (__ 44_2 j =115.3° _ 40(150)005 60° = 3000 fOOt-pOllIldS

7.5 The Dot Product
[v+2w|* = (v+2w)s (v +2w) e Dot Froduc

=(vV+2w)ev+(v+2w)e(2w) 1. The dot product of V:<a1,a2> and
=VeV+2Wev+Ve2w+(2w)e(2w)

|2 +4(V'W)+4"W"2 W= <b1,b2> is defined as vew = a;b; + a,b,.

=|v
_ ”VHZ + 4"V| |w|| cosf + 4||w||2 2. If @ is the angle between the vectors v and w,
5 2 then vew = ||V|| ||W||cos 0.
=20 +4(20)(12)c0554°+4(12) —
=~1540.2738 3. If v and w are orthogonal, then vew = 0.
[v+2w||=39
4. If v and w are nonzero vectors with vew =0,
vew=412)+@®)(-D=0 then v and w are orthogonal.

The vectors are orthogonal. 5. True. If vew <0, then cos@ is negative, and

. The vectors are orthogonal if the dot product 0 is obtuse.

equals zero.
vew =4k +(-2)(6)=0
4k -12=0=£k =3

True
uev=13)+(-2)(5)=-7

. First compute ||v||,||w||, and vew.

M=V + 27 =45
Iw| =v2%+5% =29

vew =1(2) +(-2)(5)=-8
The vector projection of v onto w is 11. uev=18)+(-3)(-2)=14

uev=1-=-3)+3)(1)=0

e »® 2

uev=203)+(=6)1)=0

10. uev=(-D(3)+(2)(-4) =11

PrOjy, V=" w = ~2s)- <—E’-ﬂ>- 12. uev=6(2)+(-1)(7)=5
v 29 20" 29 ~

13. uev=40)+(-2)3)=-6
The scalar projection of v onto w is
vew 8 _ 8J29 4. uev=(2)0)+(0)5)=0

W[~ V29 29

15. uev= 2(5)005% -5J3~87
. First compute vew and ||w||2

Vew =5(4)+1(4) = 24 16. uev=3@4)cos =6

[w|? =4% +4% =32 3

y 17. uwev=>5(4)cos65°=8.5
Vew

Vi =projy, v=| —5 |w=——-(4,4)=(3,3 °

1= POy ("WHZ} 32< > < > 18. uev=5B)cos78°=3.1
vy=v-vy =(51)-(3,3)=(2,-2) 19. wev=3(7)cos120°=-10.5
Check that v, is orthogonal to w by showing 20. wev=6(4)cos150° ~—-208

that v, ew =0:2(4)+(-2)(4)=0.
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51 p Vow \/g 1 31. Using the Law of Cosines, we have
. sl =rr—=———=—=
VW] 23 2 v+ wl* = V1P + W] = 2|V [l cos 6
€=cosl( 1 )= 60° =4%+5 —2(4)(5)005(1800—6100)
2 =41—40cos120°=41—4o(—5)
22. cosf=—n =_\/§=—2\/§=—£:> =61:>||V+W||:\/a
[vl|[w] —1-4 4 2 s .
0 =cos™! —QJ =135°
2 v
vV+w
23, cosf = (—22)(1) + (2—3)(;) _-- \/57 - E _ .
\/(_2) +(=3) \/1 +1 26 32. Using the Law of Cosines, we have
0= cos™! (_%j 1687 [v =Wl = ¥ +[-w|f = 2|¥[[-w]cos 6
26 =42 +(=5)% = 2(4)(5) cos 60°
24, cosg=—DOFTCEVEH T =41-40cos 60° = 41— 40(1)
J2rn2B a2 52 2
7 =215 |v-w|=+21
0 =cos”! [—j ~8.1°
5\/5 N R
25. cosf@= A9 +5Q2) 0= y A
V22 +52(=5) + 22
6 =cos™" (0)=90° P w )
3D+ (T)3) 33. Using the Law of Cosines, we have
26. cosO= NE 22 07 [2v +wl* =[2v]” +[w]” - 2[[2v] ] cos 8
32+ (<1277 +3 >
0= cos™ (0) = 90° = (@) +5
=cos™ (0)= —2(2)(4)(5) cos(180° — 60°)
27, cosh =S =89-80c0s120°=89 - 80(—%)
V12 412432 432
- =129 = |2v + w||= /129
O=cos™ (1)=0° s .
28. cosf@= (2DEH+36) =1=
J22 432 (4)? +62
0=cos™! (=0° >
2v + w
29, cos = (2)(=4) +(=3)(6)
J@2 + =322 +(6)°
=2 1S g=cos (1) =180° g " ¢
26 34. Using the Law of Cosines, we have
2 _ 2 _ 2 _ _
0. cosfo_ DOFAES) J2v—w|" =|2v] +H w||2 2|)2v][-w]cos &
J=3)2 +42J6% +(-8)2 =(2)4)* +5
6= cos™ (<1)=180° —2(2)(4)(5) cos(60°)
=89 —80cos60° =89 — 80(%) =49
v -w]=7
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(continued)

T N R

2v—w 2v V- w

P w 0

For exercises 35—-38, we have
v =4¢0s60°i + 45sin 60°j

- 4(1)”4(@}‘: 21+ 2413
2 2
w =5c0s0°% +5sin 0°j = 5i

35. Using the figure and the result from exercise
31, the angle we want is ZRPQ .

(V+w)ew <7, 2\/§>'<5’ 0)

cosf =

[vewlliwl ~ sver
_7(5)+(2B)0) 7 .
o sfel Vel

)

36. Using the figure and the result from exercise
32, the angle we wantis ZSQOR . So

(v—w)ev  (-3.243)(2,243)

cosf =

M~
_ —3(2)+(2\/§)(2\/§) _—6+12
- 421 NG

= i=> 0 =cos™! (Lj
221 221

37. Using the figure and the result from exercise
33, the angle we want is ZSPR . So

2v+w=2(2, 23)+(5.0)=(9, 443)
(2v+w)ev (9 43)+(2, 243)

cosd =

vawlbl = i
B 9(2)+(4\/§)(2\/§) 18424
- 44129 421

. =60 =cos! (—21 j
24129 24129

38. Using the figure and the result from exercise
34, the angle we want is ZTPQ . So

2v-w=2(2, 23)+(5,0)=(-1, 4/3)
(2v-w)ew <—1, 4\/§>‘<5’ 0)

cosd =

[v—wilw| 57
=_—5=——=> 0 =cos™! (——j
35 7

In exercises 39-44, use the fact that the dot product
of vectors that are orthogonal equals zero.

39. vew=2(-3)+3(2)=0
The vectors are orthogonal.
40. vew=-405)+(-5(-4=0
The vectors are orthogonal.
41. vew=2(-7)+7(-2)=-28
The vectors are not orthogonal.
42, vew=-34)+4(-3)=-24
The vectors are not orthogonal.
43. vew=12(2)+6(-4)=0
The vectors are orthogonal.
4. vew=-9(4)+6(6)=0
The vectors are orthogonal.

In exercises 45-50, use the fact that the angle
between two parallel vectors is either 0 or 7z. Also,
two vectors v and w are parallel if there is a nonzero
scalar ¢ such that v = cw.

. m@ e
45. cosf = = 5
M e o] o
13
= 3 =1=6=0

The vectors are parallel.
Alternatively, notice that v =3w.

46. cosf=—V __ (5)(=10) + (=2)(4)
VI 52+ 22 J-10)% + @)
__ 58 __ 58 =_§=>
294116 3364 58
O=rx

The vectors are parallel.
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47, cosg=YW _ (3)(=6) + (5)(10) 53.a. vew=—-4c+3(-6)=0
IMIWE 32 + 52 =6)2 + 102 4e-18=0>c=—2
—Lzﬁiooorgiﬁ ?
V344136 b. v=nw
The vectors are not parallel. 3= —6n= 1 -n
1 1 1
vow =D + (—2)(2) (-4,3)=——(c,~6)=>-4=——c=c=38
48. cosf= = 2 2
[¥liwl 1’ 54.0. vew=-1(-2)+(-3)c=0
4%+ (=22 =% +| = LA, Vew (=2)+(3)c
2 2
3 3 2-3c=0=>c=—
=== =0# 00z 3
e b venw
The vectors are not parallel. “l=-2n= 5 =n
0. s YW __62+OD (-1-3)=2(-2.c)= 3= Tcm e =6
IVIIw 62 +32422 +12
15 15 15 .
—150=0° 5. projy, v=L = 3 gy

Tas5 Vs 15

The vectors are parallel.

ETRAPEE

17
. _ 1 :ﬁ<4’l> =(4,1)
Alternatively, notice that v = gw.

. Vew 3(—-4)+5(2)
. _ _ 56. proj,, v= W= (—4 2)
50. cosf= Vew _ 2Q)(-4) + (5)(-10) w ||W||2 (_4)2 + 22
MWD 22 + 52 f=4)% + (-10)? ’ s
__ 8 8 8. :‘%<—4,2>= 3%
J2ouite 3364 S8
6 =0° 57. proj, v = V'V:W= 0(32)+2(24) <3 4>
The vectors are parallel. [w] 3°+4
In exercises 51-54, use the facts that two vectors are - 8 <3’ 4> - <E’ 32 >
orthogonal if the dot product equals zero, and two 25 2525

vectors v and w are parallel if there is a nonzero
scalar n such that v = nw. 58. vew  2(4)+0(=3) < 4, _3>

Projy V=-05W=—o 5
5l.a. vew=2(3)+3¢=0 wl 47+ (-3)
6+3c=0=>c=-2 =i<4_3>=<2 _%>
257 257 25
b. v=nw
2 . _
2=3n=>—=n 59, pI'ijVZV V;WZS(I);'( 32)(0)<1 0>
- 5 9 Iw] 1240
(2,3>=§<3,c>=>3=§c=>c=5 =5(1,0)=(5,0)
52.a. vew=1(c)+(-2)4) =0 o vew 200 +7()
c—8=0=¢=8 60.  proj, v "WHZW 02 +12 <01>
b. v=nw =7(0,1)=(0,7)
—2—4n:>—l—n D+b(d
- 2 61. projwv=v.W IOk, ()<1 1)

ETRANEETE
=a+b<1 1>=<a+b a+b>

2 2 2
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Vew _ a(1)+b(_1) <1 _1>

W =
WE T )
_a—b<1 _1>_<a—b —a+b>
o2 VN 2 2

62. proj,, v=

63. First compute vew and ||W||2
vew=2(1)+3(0)=2
w* =12 +02 =1

Vi =PIOjy V= [v'—‘ZJW = g(1,0) = (2, 0)
[w !

vy =v-v;=(2,3)-(2,0)=(0,3)

Check that v, is orthogonal to w by showing
that v,ew =0:0(1)+3(0)=0.
v=vy+v,=(2,3)=(2,0)+(0,3)

64. First compute vew and ||w||2
vew =4(0) + (- 3)(1) =-3
Iw|? =02 +1% =

Vi = PIOjy VZEV"Z]WZ—%«), >=<0 —3)
[wl

V= vy =(4-3)-(03) = (4.0)
Check that v, is orthogonal to w by showing
that vy ew =0:4(0)+0(1) =0.
-3)=(0,-3)+(4,0)

In exercises 65—-70, we do not include the check step
for brevity.

V:V1+V2:><4,

65. First compute vew and ||w||2
vew =11)+0(1) =1
[wl? =12 +12 =2

Vew 1 11

vy v 2% = L= (1)
' (IIWII } 2 22

11
V2=V—V1=<1,0> <2,5>
11 1 1

V=V +V, = (10) <2 E>+<E’_E>

66. First compute vew and ||W||2 .
vew=04)+1(-3)=-3
[w|? = 4% +(-3)> =25

1l
/\
N | =

|
N | =
'

68.

69.

Vew 3
V{=PpIojy V=| —> w=——<4,—3>
[IIWIIZJ 2
_<_£ 2>
“\ 25725
12 9 12 16
v2=v—v1=<0,1>—<—2—5,2—5>=<2—5,2—5>

12 12 1
V=V{+V, = (0,1>:<—E,%>+<E,2—2>

. First compute vew and ||w||2

Vew =4(=2)+2(4)=0
W] = (=2)% +4% =20
Vew 0

V1 = Pprojy, v = ~~(-2.4)=(0,0)
(Ilwllz} 20

vy =v—vy =(4,2)-(0,0)=(4,2)

= (4,2)=(0,0) +(4,2)

First compute vew and ||W||2
vew =53)+2(5)=25
[w|? =32 +5% =34

Vew 25
Vi =Projy V= —— |w="-(3,5)
[Ilwllz] 34
(22
T \34” 34
75 125 95 57
V2=V_V1=<5,2>—<3—4,3—4>=<3—4,—3_4>

75 12 7
V=V{+V, = (5,2>:<£,3—:>+<§,—§—4>

First compute vew and ||W||2
vew =43)+ (-4 =
[w|? =32 +42 =25

Vew 8
Vi =Drojy, V=| —— |w=—--(3,4)
[IIWIIZJ 25
(2.2)
“\25725
24 32\ /76 57

24 32 76 57
V=V1+V2:><4,—1>= E,g + E,—E

V=V1+V2
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70. First compute vew and ||w||2 .
vew = (-3)(3) +5(-4) =-29
[w|* =32 + (4% =25

vew 29 87 116

[||w||2] 25 25’ 25
87 116\ /12 9
V2=V‘V1=<—355>_<_2_5’E>=<2_5’2_5>

7 11 12
V=V1+V2:><—3,5>= —8—,—6 + —,i
25 25 25°25

7.5 Applying the Concepts

71. 6,6 .

2302/ 9\1 8
v =8c0s0° +8sin 0°j = 8i
W= 6cos30°i+6sin30°j=3\/§i+3j
r=v+w=(8+33)i+3j

| = (8+3J§)2 +3% =13.53 = 13.5 pounds
8+3v/3)i+3j)e8i
(( ) ) =8+3\/§:>¢91=cos_1[—8+3\/§]:12.8°

(13.53)(8) 13.53 13.53
0, =30°-12.8°=17.2°

cosf =

72.

60/
v =8co0s0° +8sin 0°j = 8i
W= 6cos60°i+6sin60°j=3i+3\/§j
r=v+w=11i + 33

i = 112 + (3@)2 ~12.17 = 12.2 pounds

(11+3435)+8i 3
(1217)@8) 1217

cosb, = =6, =cos”! (LJ =25.3% 6, = 60°-253°=34.7°

12.17

73.  F=(64,-20)
0P = (10,4)
W =F+OP = (64)(10) + (—20)(4) = 560 foot-pounds
74.  F =60(cos18° +sin18°j)
0P = (150,0)
W =F+OP = 60cos18°(150) + 60sin 18°(0) = 8559.5 foot-pounds

75. 5220=F,cos18°=5520.2 Ib
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76. OP =(10,0)
Using the result from exercise 75, we have W =F -57’ =5520.2 (10) +F, (0) = 55,202 foot-pounds

77. F= <10cos%”,10sin2?”>; 0P =(-6,3)

W=F.OP = (10005 2%) (—6) + (1OSin 27”) (3) = 56 foot-pounds

78. F, =3i-2j, F,=-4i+3); F=F +F,=—i+j=(-L1)
PO=(3-8,5-4)=(-5,1)
W =F -Fé = (=D(=5)+ (1)) = 6 foot-pounds

7.5 Beyond the Basics

79. a = <a—x,—y>, Fé = <—a—x,—y>
CA+CB= (a - x)(—a - x)+ (—y)(—y) =—a’+x’+ y2 =—a’+a’=0 (using the hint)
Since the dot product equals 0, the vectors are orthogonal (perpendicular).

80. Since Vew

= ||V||||w|| when cos@=1 or 8 =0.

vew|=[V]weos .

81. Given u=(uj,u,), v=(v|,v,), and w=(w;,w,). Then (v+w)={v; +W v, +W,).
ue(VHwW)=u (Vi +wy)Huy (Vo Wy ) S up v+ mw v, Huawy = (v +u, v, )+ (ugw Fuyw,)
=uev+uew
82. Given v=(v,,v,) and w=(w,,w,). Then (v+w)={v, + W, v, +W,).
(VAwW)e (VW)= (vi+ W ) (v + W)+ (Vo + W0 ) (Vo + Wo) = vi2 +2v W + W 7+ v, 2 +2v,w, + Wy

= (v12 + sz) +(2vyw, +2v,w, )+ (w12 + w22) = ||v||2 +2(vew)+ ||w||2
83. Using the result from exercise 82, we have ||V + W||2 = ||V||2 + 2(V . w) + ||W||2 . From exercise 80 (the Cauchy-
Schwarz inequality), this becomes ||V + w||2 < ||v||2 + 2||V||||w|| + ||w||2 . Then
2
v wi < (vl [wl)” = v+ wl < V] + [w-

84. Given V=<V1,V2> and w:<w1,w2>. First compute vew and ||W||2

V'W=V1W1+V2W2; "VV"2 =W12+W22

2 2
Vew _ V1W1+V2W2 < >_ Viw, +V2W1W2 V1W1W2+V2W2
W= Wi, Wy )=

V1 =Pprojy, V.= 2 2 2 2 2 2 2
|w|| WS+ W, WS+ W, w,T+wW,

(continued on next page)
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(continued)

2 2
_ _ VW, +V2W1W2 V1W1W2+V2W2
V2—V—V1—<V1,V2>_< 5

2 2 2 2
Wim+w, Wi+ w,

s

le + W22

A4 (W12 + sz)— (V1W12 + V2W1W2) \D) (W12 + WZZ)_(VIWIWZ + V2W22)
le +W22

)

_ <V1W12 + V1W22 - V1W12 — VoW W, V2W12 + V2W22 — VW W, — V2W22>
2 2 2 2
WiTtw, Wimtw,

- V1W22 —VaWiW2 V2W12 “Vimiwa
- 2 2 ’ 2 2
W+ w, W +w,
To show that v, is orthogonal to w, show that the dot product equals 0.

2 2 2 2
_ [ ViV — VoW Wy VoW —ViWiW5 _ | V1iW2 — VoW Wy VoW —Viwiwy
VaeW= 2 2 2 2 '<W1’W2>_ 2 2 Wit 2 2 Wa
Wl +W2 Wl +W2 Wl +W2 Wl +W2

2 2 2 2
_ViWiWy VoW, Wy | VoW Wr T ViWiWy

w2l +w,’ w2+ w,’ =0
85. cos@= <22’_55> : <55’22> = 7 s 0 =2 =0= 89. The vectors that make up the sides of the
||< ( >| |< ’ >|| ||< T >|| ||< ? >|| triangles are A_B' — <5,0>, A_C' — <L _2>’ and
cos 10 =90°, so the vectors are perpendicular. —
BC =(-4,-2).
(3,7) « (x,y) 3x+7y y
86. 0=0= = =
IR TR aap s
3x+7y=0=>3x=-Ty.Ifx=7, theny =-3. LT ..
So, 7i —3j is a vector perpendicular to 3i + 7. ' IC(I—ll _'1)\;/__/ """ x

87. A vector orthogonal to v =3i —4jis L
w = 4i + 3j. (Check by showing that the dot Use the dot product to identify if two vectors

product equals zero.) The unit vectors are ar_e' ortEgonal.
4 §> AC «BC=(D(-4)+(-2)(-2)=0

1 1 1
W= (43)=+—(4,3 =J_r< , oy
Wl ™ a2 432 (43) 5< ) 55 Since AC +BC=0,AC L BC. Thus AABC

is a right triangle.
88.a. veu; =(xu;+yuy)eu; = xugeu; +yu,euy £ £

Since u; and u, are orthogonal, 90. ||u+v||2 +|u—v||2

=(u+v)e(u+v)+(u—-v)e(u—v)

=UeutUeV+VeUu+vVev
+Ueu—UeV—VeUu+vev

uyeu; =0, SO xujeu; + yu,euy = xuyeuy
Since uy is a unit vector, uyeuy; =1. Thus

xuyeuy = x, and therefore veu; = x.
=l + 200 v+ + ol - 20 v+ v

b. veu,= (xul + yuz)-uz =XUyeUy + YU, ell, _ 2||u||2 +2 v||2
Since u; and u, are orthogonal, u, eu; =0,

SO XUjpeUy + YUy elUy = ylUyell, 91. ||u+v||2 —|u— V||2
=(u+v)e(u+v)—(@—v)e(u—v)
=Uel+UeV+VeUu+Vev

—(Weu—UevV—Veu+vVeyv)
=ul* + 2 (e v) +[v]* =l +2(aev) -]
=4(uev)

Since u, is a unit vector, u,eu, =1. Thus
yu,eu, =y, and therefore veu, = y.
2
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92,

93.

If ||u + V|| = ||u - V|| , then
o+l = Ju-v|* =

ol + 200 v+ [V[[* = u]* - 200 v+ ]¥[[* =
2uev =-2uev, which is true if and only if
uev =0. Thus u and v must be orthogonal.

O(xy, y1)

R(xy, yp)

OR={x,—x1, y2— )

ax+by+c=0:>y=—%x—%
a_XYa—Nn
m=—-—="—"-=qa(x, —x)==-b(y, -
b x,-x (2 1) (Y2 )’1)

n-ﬁ=<x2—xl, yz—y1>-<a, b)
=a(x2—x1)+b(y2—y1)
:—b()’z_)’1)+b()’2—)’1):0

Thus, nl@é.

n=<a, b>=<x0—x, yo—y>

@'nza(xo—x1)+b(YO_Y1)

||n \/a2+b2

_ax +by0—(ax1+by1)
\/a2+b2
Since Q(x;, y) ison ¢, ax, +by, =—c.

|proi, OF| =

axy +byg — (axl + byl)

\/a2+b2
B ax0+by0+c_d

\/a2 +b2

Thus, “projn @“ =

7.5 Critical Thinking/Discussion/Writing

9.

95.

False. Let u= (1,0), V= (0, 2), and
w=<0,3>. Then uev=0 and uew=0.

However,

V#W.

Since cosf = ﬂ, the quotient must be a
I

number between —1 and 1. (See page 686 in
the text for the proof.)

96.

Yes. If we graph v and w along with —v and
—w on the same coordinate plane, we see that
the angles formed are vertical angles. Thus,
the angles are equal.

N

7.5 Maintaining Skills

97.

98.

99.

100.

101.

x = —1 is the graph of a vertical line with
x-intercept —1 and no y-intercept.

y =2 is the graph of a horizontal line with
no x-intercept and y-intercept 2.

y= x>-x-6
Ozxz—x—6:>O=(x+2)(x—3):>
x=-2,3

y=02-0-6=-6

y= x> —x—6 isthe graph of a parabola with
x-intercepts —2 and 3 and y-intercept —6

x= y2+4y+3

0=y +4y+3=0=(y+3)(y+1)=
y=-3,-1

x=02+4(0)+3=3

x= y2 +4y+3 is the graph of a parabola
with x-intercept 3 and y-intercepts —3 and —1.

x2+(y—1)2=4
24(0-1 =412 =35x=%3
02 +(y-1Y=4=(y-1)°=4=

y-1=2=y=1x2=-1,3

X+ (y - 1)2 =4 is the graph of a circle with
center (0, 1) and radius 2. The x-intercepts are
++/3 and the y-intercepts are —1 and 3.
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102 (x + 1)2 +v2=9 See section 2.2 in the text to review the tests for
) 5 y2 5 symmetry.
(x+1)" 40" =9= (x+1)"=9=
x+l=13= x=-1£3=-4,2 105. x*+y*=5
(0+ 1)2 +y2=9=y2=8= y=122 Test for all three symmetries:

e 3 (N2 3, .2 _ .
(x+1)2 +y% =9 is the graph of a circle with ?c—ax1s. x4 (=) B 5.:> o y =3, which
center (-1, 0) and radius 3. The x-intercepts 18 the.san.le as the or%gma.ll equation, so the

] equation is symmetric with respect to the
are —4 and 2 and the y-intercepts are +242. x-axis.
. 3, .2 3,2
103. x2+y -2x+4y+2=0= y-axis: (=x)"+y7 =5=-x"+y" =5,

X =2x+y2+dy=2= which is not the same as the original equation.
2 ox4le y2 tAy+d=2+1+4> So the graph is not symmetric with respect to

2 o\ =3 the y-axis.

- +(y+2) =
(xz )2 (y+2) origin: (—x)3 + (—y)2 =5=-x"+ y2 =35,
X407 -2x+4(0)+2=0= which is not the same as the original equation.
X2 -2x+2=0=x7 - 2x+1=2+1= So the graph is not symmetric with respect to
(x- l)2 = —1, which has no real solution. the origin.
3,3 2

02 +y2-2(0)+4y+2=0= 106. x”+y’ -3xy" =0
y2 t4y+d4=214> (y n 2)2 -0 Test for all three symmetries:

. 3 3 2
y+2=i\/§=>y=—2i\/§ X-axis: x +(—y) —3x(—y) =0=
x2+y?—2x+4y+2=0 is the graph of a x> = y> =3xy? =0, which is not the same as
circle with center (1, —2) and radius \/5 . the Orlgtn.lal e%liatlon, st()tthtcahequatlpn 18 not
There are no x-intercepts and the y-intercepts Symmetric “;1 re;spec 0 e;x-a)us.
are —2++/2. y-axis: (—x)‘ +y —3(—x)y 0=

104, 12+ y2 Fex—4y-12=0= -3+ y3 +3xy2 =0, which is not the same as
2 2 _ the original equation. So the graph is not
x2 +ox+y” - ;ly =12= symmetric with respect to the y-axis.
X°+6x+9+y" -4y+4=12+9+4= . 3 3 2
A origin: (~x)* +(-y)* =3(-x)(~y)’ =0=
(x+3) +(y—2) =25 3 3 )
s 2 X" =y +3xy =0=
x“+0 +6X—4(0)—12:O:> 3 3 2
5 5 (—l)(x +y” —3xy )=0=>
X"+6x-12=0=>x"+6x+9=124+9=
(x+3)2 =21= x+3=4/21 = x=-3++/21 x° +y3 —3xy2 =0, which is the same as the
02+ yz + 6(0) —4y-12=0= original equation. So the graph is symmetric
) with respect to the origin.
y —4y—12=0:>(y+2)(y—6)=0:>
y=-2,6 107. 2x>-3y3=7

x% +y2 +6x—4y—12=0 is the graph of a
circle with center (-3, 2) and radius 5. The

x-intercepts are -3+ V21 and the y-intercepts
are —2 and 6.

Test for all three symmetries:
x-axis: 2x> —3(—y)3 =7=2x>+3y =7,
which is not the same as the original equation,

so the equation is not symmetric with respect
to the x-axis.

y-axis: 2(—x)2 -3y =727 -3y =7,
which is the same as the original equation. So

the graph is symmetric with respect to the
y-axis.

(continued on next page)
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(continued)

108.

7.6

origin:
2(=x)* =3(-y) =7 262 +3y3 =7,

which is not the same as the original equation.

So the graph is not symmetric with respect to
the origin.

2x2 +3y% =6

Test for all three symmetries:

x-axis: 2x° +3»(—y)2 =6=2x> +3»y2 =6,
which is the same as the original equation, so
the equation is symmetric with respect to the
X-axis.

y-axis: 2(—x)2 +3y2 =6=2x> +3»y2 =6,
which is the same as the original equation. So
the graph is symmetric with respect to the
y-axis.

origin:

2(-x)" +3(-y) =6 = 2x2 +3y? =6,
which is the same as the original equation. So

the graph is symmetric with respect to the
origin.

Polar Coordinates

7.6 Practice Problems

1.

e
P(2,-150°)

b. (=2,30° c. (2,210°
d. (=2, -330°

2.a. (-3,60°) = x=-3cos60° = _%

y=-3sin60° = -

N3
2

The rectangular coordinates of (—3,60°)

T T
b. [2,—— |=x=2cos| —— :\/E
( 4 ) ( 4 )
y= 2sin(—£j =2
4
. T
The rectangular coordinates of (7[, _Zj

are (ﬁ,—ﬁ)

c. r=secld=

The point (-1, —1) lies in quadrant IIT with
x=-landy=-1.

(-L-1)= r=yD*+ (1% =2
V4 Sz

tan6=l=1=>€=— orf=—

X 4 4
.. RY/4
(—1,-1) is in Quadrant III, so choose 8 = R

The polar coordinates of (—1,—1) are
57
V2,72
(25

OE =15 in., EH =10 in.
OE = (15¢0s30°,155in 30°)
EH = (10cos 45°,10sin 45°)
OH = OF + EH

= (15c0s30° +10cos 45°,15sin 30° +10sin 45°)

(15c0s 30° + 10cos 45°)°
r =
+(155in30° +10sin 45°)
~24.8 in.
_1(15c0s30°+10cos 45°
0 = tan - -
15sin 30° +10sin 45°
The hand is at (24.8, 36.0°) relative to the
shoulder.

)z 36.0°

x2+y2—2y+3=0

(rcos6)” +(rsin6)* —2rsin@+3=0
r2(00526+sin2 0)-2rsinf+3=0
r?—2rsinf+3=0

6.a. r=-5=r>=25=x>+y>=25.

A circle with center (0, 0) and radius 5.

b. H=—§:>tan0:—\/§:l:>y:—x/§x.
X

A line through the origin with slope -3.

=rcosf=1=x=1

cosf
A vertical line through x = 1.

d. r=2sinf0=r’>=2rsinf=

x2+y2=2y=>x2+y2—2y=0=>
4y 2y+l=1= 2+ (y-12 =1
A circle with center (0, 1) and radius 1.
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|
=}
Il
[SIE}

7.6 Basic Concepts and Skills

1. The polar coordinates (r, 19) of a point are the
directed distance r to the origin and the
directed angle @ from the polar axis.

2. The positive value of r corresponds to a
distance r on the terminal sides of &, and a
negative value corresponds to a distance |r| in
the opposite direction.

3. The substitutions x=rcosd and y=rsinf

transform a rectangular equation into a polar
equation for the same curve.

4. Polar coordinates are found from the
rectangular coordinates by the formulas

r=qlx’+ y2 and

6=tan"! (lj in the correct quadrant.
X

5. True

6. True

i (4, 45°)

a. (—4,225°) b. (-4,-135°)
c. (4,-315°

: \‘%—\
a. (=5,330° (=5,-30°)
c. (5-210°

9. {(3, 90°)
a. (=3,270° b. (-3,-90°)
c. (3,-270°)

10.

(2, 240°)

a. (=2,60°) b. (=2,-300°)
c. (2,-120°

11.

(3, 60°)

a. (=3,240°) b. (=3, —120°)
c. (3,-300°)

12. ﬁ

4,210°)

a. (—4,30°) (—-4,-330°)
c. (4,-150°)
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13. 20. (—2, )
a. (-2,7) b. (2,0)
6, 300°
( ) 21.
a. (-6,120° b. (—6,-240°)
o i
c. (6,-60°) (+25)
14. a (4,—5—”j b. (—4,Zj
6 6
(2, 270°)
22. 2.3)
%
a. (-2,90° b. (-2,-270°
( ) ( . a. (2,-3.28) b. (-2,-0.14)
c. (2,-90°
15. 23. (3,60°)=>x=3cos60°=%,y=3sin60° =ﬁ

18.
a(25)
a (—2,—5—”j b. (2,—”J
4
19
e -%)
L

24,

25.

26.

217.

The rectangular coordinates of (3,60°) are

333

272 |
(=2,-30°) = x = —2cos(-30°) = -3,
y =-2sin(-30°) =1

The rectangular coordinates of (-2,-30°) are

()

5
(5,-60°) = x =5cos(—60°) = >
v = 5sin(-60°) = —%

The rectangular coordinates of (5,—60°) are

]

2 2

9

(=3,90°) = x = —3c0s90° = 0,
y=-3sin90° = -3

The rectangular coordinates of (-3, 90°) are

(0.-3).

(B,m)=>x=3cosz=-3,y=3sinz=0
The rectangular coordinates of (3,7) are
(-3.0).
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28. (\/—,—%j = x=+2 cos( 4 ) =1, (3 3) is in Quadrant I, so choose & —%

= \/Esin (—%) =-1 The polar coordinates of (3,3) are [3\/5, %) .

The rectangular coordinates of f z are 2 2

& v 3. (-4,0)=r=(-4>+0% =4
( tanf=2=0=0=00r=7
x
57 (—4,0) is on the negative x-axis, so choose 8 = 7.

29. | -2,—— =-2 — |=+3, .

( j e COS( j V3 The polar coordinates of (—4,0) are (4,7).

. S
y——2sm(—?J—1 35. (3,-3)=r=432+(-32 =32

kY4 17
The rectangular coordinates of | —2, oz anf=2=—1=6="2org=--
6 X 4 4
r
3,-3) is in Quadrant IV, so choose 8 = —.
are (\/5,1). ( ) in Qu 1

The polar coordinates of (3, —3) are
30. (—1 7—”j:>x=—cos(7—7[)=— ¥4
"6 6) 2° (3\/5 ,—) :
v=min[ )1 *
6 2

2
1 36. (243.2)= =~/2\/§) +2% =
The rectangular coordinates of (—1,?J are \/g 7
tan€=l=—=>6=£ or 6=—”
\/’ 1 x 3 6 6
[7’ EJ (2\/5, 2) is in Quadrant I, so choose & :%
31. 1 _1 =J1? 12+ (- 1) \/_ The polar coordinates of (2\/5, 2) are (4,%}.
tan@z—:—1:>9:— or 627—7[
X 4 4

37. (-1.3)=r= (—1)2+(J§)2=2

7
(1, —1) is in Quadrant IV, so choose 8 = Tﬁ

tanH:X:—\/gzﬁzz—” or 9:5—”
The polar coordinates of (1,—1) are x 3 3 5
(\/5’7_”) (—1,\/5) is in Quadrant II, so choose 6 = Tﬂ
The polar coordinates of (—1,\/5 ) are
32. (—\/5,1):>r= (—\6)2+12 =2 (2 2_72)
) 3 .
tan9:l=—§:>9=56 0_1167[
X 2 2
(—\/5,1) is in Quadrant II, so choose 6 = 57/6. 38. (_2’ _2\/5) =r=y(2)"+ (_2\/5) =4
4 4r
O===\3=>0=—orf=—
The polar coordinates of (—\/5,1) are (2,%) . tan . \/— = 3 or 3

4
(—2, —2\/§ ) is in Quadrant III, so choose @ = Tﬂ

2
. V3 =3v2
33 ( ) =r=V3+3? =32 The polar coordinates of (—2, 2.3 ) are
y V4 57
anf=—=1=0=—orf=—
x 4 4 (4 4_”)
b 3 .
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39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

50.

X2+ y2 =16 =
(rcost9)2 +(rsint9)2 =16=
rl(cos? @+sin’0)=16= r’ =16= r=4

x+y=1=rcosf+rsinf=1=
1

r(cos@+sinf)=1r=———
cos @ +sin @
y2 =4x= (rsint9)2 =4(rcosf) =
4cos bl

sin” @

r?sin’ @ =4rcos@ = r=

=4cotfcscld

X’ :3y2 = (rcos@)3 :3(rsint9)2 =
_ 3sin? @

3 =3tan’ Osecd
cos” @

r

y2 =6y—)c2 =>)c2+y2 =6y=>
(rcos «9)2 +(rsin 49)2 =6rsind =

r2 =6rsin@= r=06sin6

x? - y2 =1=
(rcosé’)2 —(rsiné?)2 =1=

. 1
rz(coszﬁ—s1n2¢9)=1:> r2 =
cos“ @ —sin“ 0

xy=1= (rcosf)(rsinf)=1=
2 1
Pl -

sin @ cos @

x2+y2—4x+6y=12=>

(rcosé’)2 +(rsin6?)2 —4rcos@+6rsin@=12=
r2(00529+sin20)—4rcost9+6rsin9: 2=
r? —4rcosO+6rsin@ =12

r=2:>r2=4:>x2+y2=4.
A circle with center (0, 0) and radius 2.

r=-3=r? =9:>)c2+y2 =9.
A circle with center (0, 0) and radius 3.

st—ﬁznanﬁztans—”:—lzzz—lz
4 4 X
y =—x. A line with slope —1 and y-intercept
0.
6=—£:>tan¢9=—£=l=> y=—£x.
6 3 x 3

A line with slope —? and y-intercept O.

51.

52.

53.

54.

5S.

56.

r=4cosf = r? :4rcost9:>x2+y2 =4x=
)cz—4x-i-y2 =0=>)62—4)c+4+y2 =4=
(x-2)2+y?=4.

A circle with center (2, 0) and radius 2.
r=4sin@ = r’ :4rsint9:>x2+y2 =4y=
x2+y2—4y=0=>x2+y2—4y+4=4=>
2 +(y-2)7%=4.

A circle with center (0, 2) and radius 2.
r=-2sinf= r>=-2rsinf =
x2+y2=—2y:>x2+y2+2y=0:>
x2+y2+2y+1=1=>

2+ (y+D2=1.

A circle with center (0, —1) and radius 1.

r=-3cosf = r>=-3rcos =
)cz+y2 =—3)c=>)cz+3x+y2 =0=

2
x2+3x+2+y2=2:> x+é +y2=2
4 4 2 4

A circle with center (—%,Oj and radius %

r=—2=>r2=4=>x2+y2=4
Y
3F r=-2
x2+y2:4
| K\ |
73_
rcosd=—-1=x=-1
Y
4_
rcosf = —1 =
x=—1 -
| | | I I |
—4 0 4 x
74_
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57. rsinf=2=y=2 1 .
6l. r=———=rcosf+rsinf=1=
Y. cos@+sinf
rsin® =2 4 x+y=1
y=2 B ¥
3r 1
— _r_cos(9+sin6
L1 |O L1 y=1-x
—4 4
B | | \1 |
B -3 0 3 x
_4_ —
58. r=sinf@=r’=rsind0=x’+y’=y= -
) 2 1 1 2 1 2_1 62. r=+=>2rcos«9+3rsin6=6=>
xt+y _y+Z_Z:>x + y_E = 2cos @ +3sin @
2x+3y=6
Y,
y
r=sin \_r_20056+3sin9
2 _1\_ 1 2+ 3y =6
=g
| | 1
) 0 7 x B
| | | | |
- -2 0 \x
-2 -2
63. o sin @ 0 sin @
59. r=2secl= =rcosf=2=x=2 0 0 T 0
cos
y z 1 R 1
3+ 6 2 6 2
r=2sech
- =2
i T Q: 3z Q:
r n 2 e 2
L1 [ 4 0.7071 4 0.7071
-2 0 4 x
i V4 ﬁz 2 _3:
i 3 2 3 2
N 0.8660 0.8660
T
60. r+3cosd=0=r=-3cosl = B 1
r2=—3rcos€:>x2+y2=—3x=> .
1 Circle

2
x2+3x+2+y2=2:> x+é 22
4 4 2 4

r+3cos6 =0

3\2 2_ 9 Y
(’”5)”’1 2
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64.

65.

Section 7.6 Polar Coordinates
o cosd o cos @ 66. o 1+sin@ o 1+sin@
0 1 V.4 -1 0 1 V4 1
4 ﬁ ~ Sx _ﬁ ~ r E T l
6 2 6 2 6 2 6 2
0.8660 -0.8660
1 + ﬁ ~ 1 — ﬁ ~
T ﬁ ~ kY4 _ﬁ ~ 7/3 2 -7/3 2
Z 2 T 2 1.8660 0.1340
0.7071 -0.7071
z/2 2 -7/2 0
z/3 1/2 27/3 -1/2 A A
3 3
7/2 0 2z 1 > _2z |- - =
Circle 3| 1.8660 3| 01340
1 —
R 3 _sz 1
6 2 6 2
/_\ Limagon
/"
1 (—
1-cos@ 2] 1-cos@
0 0 2 1
/a 1-— ﬁ =~ V4 1-— ﬁ =~
6 2 3 2
0.1340 0.1340 67. [ cos 360 o cos 360
/3 1/2 -7/3 1/2 0 1 7 1
/2 1 -7/2 1 z 0 _r 0
/ / 6 6
2z 3 _2z 3 /3 -1 ~7z/3 -1
3 2 3 2
z/2 0 -7/2 0
5” 1+ ﬁ =~ Sﬂ' 1+ ﬁ =~
RN N m || |
1.8660 1.8660 3 3
Limacon
1 il 0 oz 0
6 6
Rose curve

Copyright © 2015 Pearson Education Inc.



658 Chapter 7 Applications of Trigonometric Functions

68. 0 sin 360 0 sin 36 | Rose curve
0 0 V4 0
z 1 T _1
6 6
z/3 0 -7z/3 0
72'/2 -1 —7z'/2 _
EEERE
3 3
Sx S 70. 0 cos 46 2] cos 46
o e | 0 I I
L Rose curve z 1 T 1
6 2 6 2
1 1
/3 —— —7/3 _=
/ 2 / 2
] z/2 1 -7/2 1
L 1 2 1
K 3 2 3 2
S 1 T 1
6 2 6 2
69. 0 sin 46 0 sin 46 1 Rose curve
0 0 0
= | B | V3
" 2 = 2
6 0.8660 6 | 038660
1
REN V3
z/3 > -7/3 > -
—0.8660 0.8660
z/2 0 -7/2 0
27 N3 oz _ﬁz 71. ] 1-2sin @ 0 1-2sin @
3 2 3 2 0 1 m 1
0.8660 —0.8660
V4 V4
z 0 z 2
st | B3| sp | M3 6 6
ra 2 T 2
6 | 03660 6 | 038660 73 | 1-V3 | —7/3 | 1443
z/2 -1 -7/2 3
27 2
E20 T - O
3 3
st |, ||,
6 6

(continued on next page)
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(continued) L Limacon
; Limacon
|
> 2
2
74. 0 2—4cosf 7] 2—4cosf
2.1 g 2—4sin@ 0 2—4sin@ 0 D 7 6
0 2 V4 2
Z |l 2-25 | -2 | 2-243
T T 6 6
— 0 -— 4
6 6 z/3 0 -7/3 0
73 | 2-23 | -7/3 | 2423 /2 2 -7/2 2
/2 -2 -7/2 6
: : SR A
2 2
el 2-23 | == | 24243
3 3 57 57
= 2423 | -=— | 2+23
hY/4 Sz 6 6
2 0 il 4 -
6 6 A Limacon
N Limacon
|
4 |
0 2
75. 0 3-2sinf 0 3—-2sinf
73. 6 2+4cosf 0 2+4cosf 0 3 44 3
0 6 r -2 r ) _r 4
- - 6 6
g 2+2\/§ _g 2+2\/§ 72'/3 3_\/§ _72'/3 3+\/§
/3 4 -7/3 4 /2 1 -7/2 5
- 27 2z
”/2 2 ”/2 2 ? 3— \/5 _? 3+ \/5
2z 0 2z 0
3 3 7 2 7 4
6 6
hY/4 hY/4
- 2-243 < | 2- pNE)
(continued on next page)
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(continued) g Limagon
S Limacon
i NI
4
|
8
76. 0 5+3sinf 6 5+3sind
78. 2 5+2cos@ 0 5+2cosf
0 5 5
0 7 /4 3
T 13 T 7
_ 5 s 5 ya T
6 2 6 2 = 5+3 | - | 543
N N - -
343 343
”/3 5 T _”/3 5—7 72'/3 6 —7[/3 6
/2 8 —1/2 2 7/2 5 - /2 5
2_” 5 ﬂ _2_7[ 5_& ZT” 4 _27” 4
3 2 3 2
s | o1 | |7 Z s -2 s
6 6 2 _
3 Limagon 8 Limagon
\
NUZ |
8
717. o 443cosd 0 4+3cosf
0 7 /4 1
L2 PN Y A TP
6 2 6 2 7.6 Applying the Concepts
11 11
7/3 > -7/3 ) 79. @ =45°,4=30°=
2 ., a2 ) f=<14cos45 14sin45°) = (742,742)
EH = (8005 30°,8sin30°) = (4/3,4)
| s | 2| s oF — OF B (13 14315
3 5 3 5 OH = OF + EH = (72 + 443,72 + 4)
2 2
S|, 3 ) sm |, 33 r=\/(7\/§+4\/§) +(V2+4) =2181n.
6 2 6 2
-1 7\/§+4
f=tan” | ————= |=39.6°
72 +443
The hand is at (21.8,39.6°) relative to the

shoulder.
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80.

81.

82.

@ ==30°, 8 = 60° = OF = (14cos(=30°), 14sin(~30°)) = <7J§, —7>
EH = (805 60°,85in 60°) = (4,43 )
O-ﬁ=5ﬁ+fﬁ=<7«/§+4,—7+4\/§>

r= (1344 +(7+43) ~t6.11n

6 =tan"! 7443 ~—0.3°
73 +4

The hand is at (16.1,-0.3°) relative to the shoulder.

a =-70° f3 = 0° = OF = (14cos(~70°),14sin(~70°))
EH = (8¢0s0°,8sin 0°) = (8,0)
OH = OE + EH = (14cos(~70°) +8, 14sin(~70°))

r= \/(14 cos(=70°) +8) + (14sin(~70))* ~18.3 in.
0=tan" | —ANCTD) |45 g0
14 cos(—70°)+8
The hand is at (18.3,—45.8°) relative to the shoulder.

@ =47° f =17° = OE = (14cos 47°,145in 47°)
ﬁi = (8cosl7°,8sin17°>
OH = OE + EH = (14cos 47° + 8 cos 17°, 14 sin 47° + 8sin 17°)

r = (14008 47° + 8cos 17°)% + (145in 47° + 85in 17°)° = 213 in.
_1( 14sin47°+8sinl7°

6 = tan
14 cos47°+8cos17°
The hand is at (21.3,36.2°) relative to the shoulder.

jz 36.2°

7.6 Beyond the Basics

83.

84.

85.

86.

87.

in @
y:xtan(\1x2+y2):>lztanr:> Smg:tanr:rz@
X

cos
y=xtan(1n\/x2 +y2)=>1= tan(In r) ﬁ%= tan(lnr)=Inr=60 = r=e?
x cos

r(l-sin@)=3=r—rsinf@=3= x> +y> —y=3=Jx’+y2 = y+3=
2
3
x2+y2=(y+3)2=y2+6y+9:>x2—9=6y:>yz%—E
r(l+cos@)=2=r+rcosf=2= x2+y2+x:2:> x2+y2:2—x:>
x2+y2=(2—x)2=4—4x+x2=>y2=4—4x

rcosé@

1
r(1+500s9)=1:>r+ =l= x2+y2 +§=1=> x2+y2=1—§=>

2 2 X 2 X2 2 3x2
x“+y =|l-=| =l-x+—=y ' =l-x——r
2 4 4
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88.

89.

90.

91.

92,

93.

9.

r(l+%sin6}=3:>r+3rsm023:> x2+y2+%=32 x2+y2=3—%z
2 2 2
x2+y2= 3—3—y :9—9—y+9L:>x2+7L+9—y:9
4 2 16 16 2
. . 16
Multiply both sides by = and then complete the square on y.
5 Ty 9y 16x2 5, 72y 1296 144 1296 16x> 36\ 2304
X ——+—==9= Yy b=t +Hy+=| ==
16 2 7 7 49 7 49 7 7 49
r(1-3cos@)=5=>r—3rcos@=5= x> +y?> =3x=5= x>+ y? =3x+5=
x2+y2=0Bx+5)2=9x> +30x+25= y? —8x> —30x-25=0
r(1-2sin@) =4=r—2rsin@=4= x> +y> —2y=4= x> +y> =2y+4=
2yl =Q2y+4)2 =4y? +16y+16 = x> —3y? 16y -16=0
D=\/()C2 —xl)2 +(y2_y1)2 =\/(r2 COSHZ _rlcosel)z +(r2 Singz -n Sin@l)z
= \/rzz cos? 0, —2nr, cos 6, cos 9, + r12 cos? o + r22 sin’ 0, —2rrysin 0, sin @, + r12 sin’ 6
= \/rz2 (0052 0, +sin? 02)— 211, (cos 6 cos 6, +sin G, sin 0, ) + r12 (0052 o +sin? 61)
= \/rlz + 152 = 21175 (cos B cos B, +sin 6, sin 6,)
=\/r12+r22—2r1r2005(01—92)
r=asin«9+bcos«9:>r=a—y+b—x=>r2=ay+bx=>x2+y2=ay+bx=>x2—bx+y2—ay=0=>
roor
b2 2 42 2 2 252 2
2 2 a _ a a _ a
X =bxt—+y —ayt—=—+—=x—=| +|y-—=| =—+—
4 4 4 4 ( 2) ( 2) 4 4
. . . . b a . 24
This is the equation of a circle with center >3 and radius —+T.
y
Q(Vzvez)
A
k P(ry, 6)
A0, 0) x
h=d(A,Q)sin A,d(A,Q)=ry,d(A,P) =1, and mZA =6, - 6,. So, k =%r1r2 sin(6, - 6,).
r:2acos(0—00):>r:2a(cost9c0s90+sin¢95in¢90):2acosﬁocos6+2asinﬁosin0.

From exercise 74, we know that r = Asin & + Bcos 8 is a circle. A = 2acos 6, and B = 2asin 6,
so the equation is a circle with center (a cos @, asin 60) or (a, HO) in polar coordinates.
When 6, =0, the circle is centered at (a,0). When g, = 0, the circle is centered at (0, a).
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9s.

96.

97.

98.

99.

100.

101.

15
b C w
L
~140
4
i \j‘l_/—/ )
3
23
QO
23
36
438 Q/D 48
35
41
62 C:p@ 62
vy}
2
31 D'C> 31
;)
6
~05

_.<_

102.

103.

104.

7.6 Critical Thinking/Discussion/Writing

105. False.

106. True 107. True

7

-10

A\

-20.5

(B
-~/

N
N

20.5

1
-1

=15

1

\
[

35

W
IR

Y.

(2, 60°)

(=2, 60°)

7.6 Maintaining Skills

109.

110.

111.

112.

113.

114.

115.

(2-3i)+(-5+i)=-3-2i

(5+3i)—(4-2i)=1+5i

108. True

i(2+5i)=2i+5i* =2i—5=-5+2i

-i(5-3i)=-5i+3i*=-5i-3=-3-5i

2+i)3-i)=6+i-i*=6+i—(-1)

=7+

(4-3i)(2—5i) =8—26i +15i> =8 —26i 15

=-T7-26i

(2-3i)° =4-12i+9i> =4-12i-9

=-5-12i
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116, (1+2i)° =1+6i+12i% +8° 123, v=—3i+]
=1+6i—-12-8i=—-11-2i ||V||= ,(_\/5)2_'_12 )
1 1 344 3+4i 3+4i
117. = : = = , a1 4 B
3-4i 3-4i 3+4i 9-16i> 9+16 0’ = tan 1(—3J=tan 1(—7]
_3+4i —i+ii -
25 25 25 =‘_g‘=£
6| 6
. . Y .2 .
118. 2 - = 2 ,-2 31. = 46 = 4it6 Since (—«/5, 1) lies in quadrant II, we have
243i 2+43i 2-3i 4-92 4+9
:6+4l:£+ii H:ﬂ—zzs—”. Thus,
13 13 13 6 6
A Sz, . 5w,
o, 273 _2-3i 3-4i _6-17i+12 VZ—\/§1+J=2(COS?I+SIII?_]).
" 344 3+4i 3-4i  9-16°
_ 6—91711;12 _ —62—517l _ _2_65_;_21, 124. v= —i—\/gj
+ 2
: M= (-1 +(-35)" =2
120 I+i 140 2+40 2+43i+i"  2+3i-1 NG |z
T 2-i 20 2+ 4-i2  4-(-1) «9’=tan_l(—1J=‘tan_l(\/§)‘=‘?‘=g
_1+3 1.3, B
5 55 Since (—1, —\/g) lies in quadrant III, we have
121. v=i+j T 4r
0=rm+—=—. Thus,
Iv[="12 412 =42 303
0 = ltan™! ND_jzl_~ v=—i—\/§j=2(cos4§i+sin4?”jj.
1 4] 4
Since (1, 1) lies in quadrant I, we have
7 7.7 Polar Form of Complex
0= Thus, Numbers; DeMoivre’s Theorem
v=itj= ﬁ(cos%i+sin%j) 7.7 Practice Problems
. . 1. Imaginary axis
122. v=2i-2j w
V=27 +(-2)° =\ =2V2 Sy L

0 =

tan ! _—2) :‘tanfl(—l)‘: Az
2 4| 4
Since (2, -2) lies in quadrant IV, we have

9=27Z—£:7—”. Thus,
4 4

v=2i-2j= Zﬁ(cos%i—sin%[j)

L 1 | ¢>Real axis
4

D3 : ®3-2
o L
2.a. |-5+12i|=(-5%+12* =13
b. |-7|=7
c. |ij=1

d. |a-bi|=\a®+(b)? =\a® +b
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=—l-i=a=-1,b=-1

Section 7.7 Polar Form of Complex Numbers; DeMoivre’s Theorem
Z,Zy _ 24(cos45°+isin45°)
Z,+Z, 9.27(cos17.8°+isin17.8°)

=J=D2+ (=2 =2
57

H:tan_l(_—l):tan_llz>9:Z orf=—
4 4

Since (-1, —1) lies in quadrant III, 8 = STH

Thus, z = —l—i:ﬁ(cos%+isin%).

z=4 coss—ﬂ+isin5—ﬂ :4c055—ﬂ+4isin5—”
3 3 3 3
=4(%)+4i(—?): 2-2i\3

z3 =5(cos 75° +isin 75°)

259 = 2(cos 60° +isin 60°)

212, =52 (cos(75° +60°) + isin(75° + 60°))
=10(cos135°+isin135°)

- %(008(75" —60°) +isin(75° - 60°))

%)

= %(coslSO +isin15°)

Z, = 4(cos45° +isin45°)

Z, =6(cos0°+isin0°)
To find Z, +Z, , first convert each to
rectangular form. Then convert the sum back

to polar form:
2 2 J

Z, :4(00545°+isin45°):4{7+17
=22 +22i

Z, =6(cos0°+isin0°) =6

Z,+Z,=6+22+2\2i=

a=6+2v2,b=22

r= \/(6+2ﬁ)2 +(2ﬁ)2 ~9.27

tan@ = i
6+2\/§
0 =tan" 22 ~17.8°
6+2x/§

The polar form of Z, + Z, is approximately

9.27(cos17.8°+isin17.8°).

Now find Z,Z,.

Z,Z, =4-6(cos (45°+0°) +isin (45°+0°))
= 24(cos 45° +isin 45°)

cos (45°-17.8°)
=2.6 .
+isin (45°—-17.8°)
= 2.6(c0s27.2° +isin 27.2°)

7. First convert —1+i to polar form:

=J=D2+12 =V2;0 = tan 7' (- 1) =

(Note that —1+1 lies in Quadrant II.)

37 3z 8
a. (—1+i)8={\/§(cosT+isinTﬂ

= (\5)8 (cos(&%} +isin (&%”D

=24 (cos 677 +1isin 67[)
=16-1+16-0i =16

b. (—1+i)7"?

<[ [cos 2 s |
a2

+isin(—12-3—”J
4

= %(cos (-97)+isin (-97))
:L(_1)+Li.0: 1
64 64 64

8. First convert —1+i to polar form:

r= [(_1)2 +12 = \/5;9 = tan_l(—l) =135°

(Note that —1+1 lies in Quadrant II.)
135°+360°-k
13 cosf
Il = (\/E)
+isin
3
fork=0,1,2.

13 o o
ZO_(\E / ( 135 +ls.n1335 j

= 21/6 cos45°+zsm45 )

)
(
1 =(2)"[eos 2 4 1sin 2
(
)
(

= 2" (cos165° +isin165°)
8550)

1 o}
Zz—(\/i ( 855 +isin

=2l6 c05285°+zs1n285 )
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9. The polar form for 1 is
1+0i =cos0°+isin0°

0°+360°-k .. 0°+360°-k
+isin for

Zj =cCos

k=0,1,2,3.
° .0 0 s o
Zg =cos—+isin— =cos0°+isin 0
4 4

o o

7y =C08 +isin = c0s90° +isin 90°
720° . . 720°
2y =COS +i smT
=cos180° +isin180°
1080° . . 1080°
73 =COS 1 +isin
=¢0s270°+isin270°

7.7 Basic Concepts and Skills

1. Ifz=a+bi, then |z|=va®+b* and

argz=0= tan ! (2)

a

2. If |z| =r and arg z =@, then the polar form
of zis z=r(cos@ +isin8).
3. To multiply two complex numbers in polar

form, multiply their moduli and add their
arguments.

4. DeMoivre’s Theorem states that
[r(cos@+isin®)]" =r" (cosnd +isinnd).

5. True.
=71 (cos (—9) +isin (—0))
= l(cosH —isin®)
r

6. True

7-14. Imaginary axis
NS ell.z=3+4i

12.z=—-1+2ie &10.z=2i

Real axi.
> Real axis

- 0ld.z=2—5i

7. [2]=2 8. |-3=3

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

|-4i|=/(-4)* =4
|2i|=\/2_2=2
3+4i|=+3%+4% =5
|—1+2i|:m:\/§
231 =(-2)% + (-3 =13
25| =22+ (=5)2 =29

2
r= 12+(\/§) :2;H:tanl($J:60° or

0 = 240°. 1+/3i is in Quadrant L, so 8 = 60°
1++/3i = 2(cos 60° + i sin 60°)

r=y-)? +(+2) =3
0 =tan"" [—?J ~125.3° or 8 = 305.3°

—1++/2i is in Quadrant II, so @ = 125.3°
—1++/2i =/3(cos 125.3° + i sin 125.3°)

r=y(=D?+1% =4/2;0 = tan"' (-1) =135° or
6 =315° Note that —1+i lies in Quadrant II,
so 8 =135°

—1+i=~/2(cos135° + isin135°)

r=y12+(-)% =+2;0=tan"'(-1)=135° or
6 =315°. Note that 1 —i lies in Quadrant III,
so 6§ =315°.

1—-i=+/2(cos315°+isin315°)

r:\/02+12 :1;tan9:%:>tant9is

undefined = @ =90° or 8 = 270°
i =c0s90°+isin90°

r=40%+ (—1)2 =1;tanf = —%:> tan @ is
undefined = @ =90° or 8 = 270°
—i =c0s270°+isin 270°

r=v1>+0% =1;0=tan ' 0=0° or 6 =180°
i =cos0°+isin0°

r=+y(=D?*+0%>=1;6=tan"' 0=0° or 6=180°

i =cos180°+isin180°
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Section 7.7 Polar Form of Complex Numbers; DeMoivre’s Theorem 667

23.

24,

25.

26.

217.

28.

29.

30.

31.

32.

33.
34.

35.

r=y3+(=3)> =32
0 =tan"" (—%j = tanfl(—l) =135° or 8 =315°

3—3i is in Quadrant IV, so 8 =315°
3-3i =32(cos315°+isin315°)

r= (4\6)2+42 =3

3

! :tan_lT:30° or@d =210°

4
f=tan ——

43
43 +4i is in Quadrant I, so 6 = 30°
43 + 4i = 8(cos 30° + i sin 30°)

2
r=y2"+(-243)" =4
0=tan"! (—%] =120° or & =300°.

2 —24/3i is in Quadrant IV, so @ = 300°.
2 — 24/3i = 4(cos 300° + i sin 300°)

r= \/22 +3% = x/E;Q =tan "' (%j = 56.3° or

0 =1236.3°.
2+ 3i is in Quadrant I, so € = 56.3°
2 +3i =/13(c0s 56.3° + i 5in 56.3°)

2(cos 60° + i sin 60°) = 2 cos 60° + 2i sin 60°

=1+/3i

4(c0s120°+isin120°) = 4 cos120° + 4isin 120°
=2+2.3i

3(cos +isinz) =3cosx +3isinz =-3
5 cosz+isinZ =5005£+5isinz=5i
2 2 2

5(cos 240° + i sin 240°) = 5 cos 240° + 5i sin 240°

5 53

ALY

22

2(c0s300° + i sin 300°) = 2 cos 300° + 2i sin 300°

=1-/3i
8(c0s0°+isin0°) =8cos0°+8isin0° =8
2(cos(—90°) +isin(—90°))
=2c0s(—90°) + 2i sin(—90°) = -2i
6(coss—ﬂ+ isins—”) = 6cos5—”+ 6i sin5—7z
6 6 6 6

=-3J3+3i

36.

37.

38.

39.

40.

41.

42,

4 0053—”+isin3—7[ = 40053—7[+4isin3—7[
4 4 4 4

=22 +2/2i

AT 4
3| cos| —— |+isin| ——
(ool -5 ssin(-5)
=3cos(—£}+3isin(—£}=§_ﬂi
3 3 2 2

7y = 4(cos 75° +isin 75°)

Z9 = 2(cos15° +isin15°)

2129 =4-2(cos(75° +15°) +isin(75° +15°))
= 8(c0s90° +isin 90°)

322 (cos(75°— 15°) + isin(75° ~ 15%)

V) 2

= 2(cos 60° + i sin 60°)

71 = 6(cos 90° +isin 90°)

29 = 2(cos45° +isin 45°)

2127 = 6-2(c0s(90° +45°) +isin(90° + 45°))
=12(cos135° +isin135°)

- 6 (cos(90° —45°) 4+ isin(90° — 45°))

V) 2

=3(cos45° +isin45°)

Z; = 5(cos 240° + i sin 240°)

29 = 2(cos 60° +isin 60°)

2129 = 5-2(cos(240° 4 60°) + i sin(240° + 60°))
=10(cos 300° + i sin 300°)

& %(cos(240O —60°) + isin(240° — 60°))
%)

= %(cos 180° +isin180°)
Z; =10(cos135° +isin135°)

29 = 4(cos 225° +isin 225°)
2129 =10-4(cos(135° + 225°) + i sin(240° + 60°))

= 40(cos 360° + i sin 360°)

=40(cos0° +isin 0°)
- %(cos(135° —225°) +isin(135° - 225°))
)

= %(cos(—90°) + i sin(—90°))

= %(cos 270° +isin 270°)
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43. z; =3(cos40° +isin40°) 7 2 o o R o
2, = 5(cos 20° + i sin 20°) Z = m(COS(ISO —45°) +isin(150° — 45°))
2125 = 3-5(cos(40° + 20°) + i sin(40° + 20°)) \/5
=15(cos 60° + i sin 60°) = 7(005105°+ isin105°)
A E (cos(40° —20°) + i sin(40° — 20°))
2 5 48. 7, =3+3i=r=3J2;0=tan"'1=45°
=3 (c0s20° + sin 20°) 21 = 3/2(cos 45° + i sin 45°)
> 5 =2-23i = r=4:0=tan"' (~V3)=300°
44. 7z, =5(cos65°+isin65°) 7, = 4(cos300° + i sin 300°)
Z, = 2(cos25°+isin 25°) o o R R
z12Z2 5 2(eos(65° + 25°) + isin(65° + 25°) 2125 = 124/2(cos(45° +300°) + i sin(45° + 300°))
= 10(c0s90° + i 5in 90°) = 124/2(c05345° + iin 345°)
9 5 o o . o o 21 3\/5 ..
— =~ (cos(65° - 25°) +isin(65° — 25°)) “L = === (cos(45°—300°) +isin(45° — 300°))
%) 2 Ve) 4
5 o L o
= E (cos40° +isin 40°) — ¥ (cos(—255°) + i sin(—255°))
45. z1=1+i=>r= \/5;0 =tan"' 1 =45° = #(005105°+ isin105°)
1= x/z(cos 45° +isin45°)
—1_; 70— tan=l(_1y — 7150
n=l-i=r V2:0=tan” (1) =315 49. zl=2\/§+2i:>r:4;0:tan_1£:30°
25 =/2(c0s315° +isin315°) o 3
2125 = N2 N2(cos(45° +315°) + i sin(45° + 315°)) 2 = 4(cos 30°+isin 30°) A
SR s icimr-20m a5
4 J2 ) 259 = 2(cos330° +isin 330°)
o, o o3I Hisin(@s7 = 315%) 2125 = 4-2(cos(30° + 330°) + i sin(30° + 330°))
= c0s(—270°) + i sin(—270°) =8(cos360° +isin360°) =8
=c0s90° +isin 90° z; __4(cos30°+isin30°)
46. z; =1+ VBi=r=20=tan"'\/3=60° Z2 2cos330%+isin330°)
71 = 2(cos 60° +isin 60°) = 2(cos (30° —330°) +isin (30° - 330°))
=l+i=r=+/2;0=tan"'1=45° = 2(cos(~300°) +sin (~300°))
&) =\/§(cos45°+isin45°) - 2(COS60 +isin 60 )
=242 60° + 45°) + i sin(60° + 45°
2132 = 22(cos( #5%) + ésin( % 50. 7 =43+4i=>r=80=rtan" VB
= 24/2(cos 105° + i sin 105°) 3
z 2 71 = 8(cos30° +isin30°)
1 o o .l o o
Z=E(COS(6O —45 )+lSln(6O —-45 )) Z2:3_3i:>7'23\/5;6:&1[1_1(—1):3150
=\/§(COSISO+iSin150) 1) =3\/§(COS3150+iSiH3150)
212y = 24\/§(cos(30° +315°) +isin(30° + 315°))
4. 2 =—B+imr=260=tn"'-Y —150° = 24+/2(cos 345° + i sin 345°)
3

21 = 2(cos150° +isin150°)

2y =242 = r=2v2;0=tan"'1=45°

2y = 2/2(cos 45° + i sin 45°)

2125 = 442(cos(150° + 45°) + i sin(150° + 45°))
= 43/2(cos 195° + i sin 195°)

I w2 (cos(30° — 315°) + i sin(30° — 315°))
I 3
42
3
42

= T(cos75° +isin 75°)

(cos(—285°) +isin(—285°))
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12
51. 2(cos£+isin£J
3 3
—o2 cosl2(£j+isinl2(£)
3 3

=22 (cosdz +isindr) =22
T T 20
52. \/Ecos—+'sin—
{ [ A 4ﬂ

= \/520 (cos 20 (Zj +1isin 20 (ZD
4 4
=2'%Ccos 57 +isin57) = —2!°
6
[ 372} . ( 3%)
2| cos| —— |+isin| ——
4 4
=26 cos6(—3—”j+isin6(—3—”j
4 4
=26 cos(—g—”J+isin(—9—”j
2 2

=20 =—64i

-9
54. (cos Z +isin ij
27 27
=cos| -9 (ij +isin| -9 (ij
27 27

( 7[) . ( 7[) 1 V3
=cos| —— |[+isin| —— |=———i
3 3 2 2

)l

53.

w

55.

wn

efefcof2z e o[22

<o 2o 22

e P
64

(%) el
)
STOS(?n)ﬂsmwn))

59.

60.

61.
62.

10

o [l ]

=2 1O[cos 10 - j+isin(—10(—%nj
10( ) 1
=2 cos—+zsm =—]

210

» [l

wl»—

First convert 1—i to polar form:

r=AJ12 +(=1)? =+2:0 = tan "' (-1) = 315°

(Note that 1—i lies in Quadrant III.) So,
(1-i)? = [\/_(cos315°+zsm315°)]
=(J§) (cos(12-315°) +isin(12-315°))
=25(cos °3780 + i sin 3780°) = —64

First convert 1—+/3i to polar form:

r=4y12 +(—J§)2 =2;0=tan"! (—/3) =300°
(Note that 1— \/gi lies in Quadrant III.)

- \/Si)lo = [2(c0s300° + i sin 300°)] "

=2'%cos(10-300°) +i(sin 10 - 300°))
=2'9(c0s3000° + i sin 3000°)

_olo (_%+§]=—512+512i\/§

—_—
—

»25=l~

~

First write 3+ 3i in polar form:

r= \/32 +3% = 3«/5;19 =tan "' 1=45° (Note

that 3+ 3i lies in Quadrant I.) So
8
(3+3i)% = (sﬁ(cos 45° +isin 450))
8
=(3v2) (cos(8- 45°) +isin(8 45°))

=3%.2%(cos 360° + i sin 360°)
=104,976
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63. First write %— %i in polar form:

SORSIR

0 =tan" (—\B) =300°

(Note that %— %i lies in Quadrant II1.) So

——X2i | =(cos300°+isin300°)"°
2 2

= cos(—8-300°) + i sin(—8 - 300°)
= cos(—2400°) + i sin(—2400°)

=_l+£i
2 2

64. First write 73 + li in polar form:

[T e

2

(Note that g + %i lies in Quadrant 1.) So

10
{—+lij =(C0530°+isin300)10
2 2

= c0s(10-30°) +isin(10-30°)

= c0s(300°) +isin(300°)
133,
2 2

65. The polar form for 64 is
64 + 0i = 64(cos0° +isin 0°)

2 =641/3[coso +360 .k+isin0 360 .k}

3
fork=0,1,2.
0° 0°
= 641/3 (cos— +1i sin—j
%0 3 3
= 4(cos 0° +isin 0°)

( 360° . . 3600)
7y =4| cos +ts1nT
=4(c0s120° +isin120°)

( 720° . . 7200)
25 = 4| cos +zsmT
= 4(c0s 240° + i sin 240°)

66. The polar form for —64 is
—64 + 0i = 64(cos180° +isin180°)

NP o 180°+360°-k

3
.. 180°+360°-k
+isin———
3
fork=0,1,2.
20 = 641/3 (cos@+isin 180 )
3 3
= 4(cos 60° +isin 60°)
( 540° . . 5400)
71 =4| cos +isin
= 4(cos180° +isin 180°)
( 900° . 9000)
25 = 4| cos +zs1nT
= 4(c0s300° + i sin 300°)

67. The polar form for i is
0+i=cos90°+isin90°
90°+360°-k . . 90°+360°-k
+isin

Zj =COS
¢ 2
fork=0, 1.
° .. 90° 01 s Aco
Zg = COS 2 +isin > =cos45°+isin45
7] = Cos +isin 0 =c08225°+isin 225°

68. The polar form for —i is
0—i=co0s270°+isin270°
270°+360°-k . . 270°+360°-k
+isin

Z;, =COS
k 4
fork=0,1,2,3.
70° ., 270°
Zp = COS +isin——
=c0s67.5°+isin 67.5°
30° . . 630°
Z; =COs +isin
=c0s157.5°+isin157.5°
90° . . 990°
79 =COS +isin——

=c08247.5°+isin 247.5°

1350° . . 1350°
73 =COS 1 +isin

=c08337.5°+isin337.5°
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69.

70.

The polar form for —1 is
—1+0i = cos180° +isin180°
180°+360°-k i 180°+360° -k

Zj =COS o
fork=0,1,2,3,4,5.
Zg = COS +isin ! = cos 30° +isin 30°
7y =cos +isin 407 cos 90° +isin 90°
2y =COS +isin =c0s150° +isin150°
1260° . . 1260°
23 =COS p +isin
=c0s210°+1isin210°
1620° . . 1620°
74 = COS p +isin
=c0s270°+isin270°
1980° . . 1980°
75 =COS +isin
= co0s330° +isin 330°
The polar form for 1 is
1+0i =cos0°+isin0°
0°+360°-k .. 0°+360°-k
Zj =cos +isin for
8 8
k=0,1,2,3,4,5,6,7.

Zp = cos— +isin— = cos 0° +isin 0°
8 8
o o

+isin =c0s45°+isin45°

1= COoSs

20° .. 720°
+isin

2y =CO8

=c0s90° +isin 90°

1080° . . 1080°
23 =cos— +isin

=cos135°+isin135°

1440° . . 1440°
74 =COS 3 +isin
=c0s180°+isin180°
1800° . . 1800°
Z5 =COS 3 +isin
=c0s225°+isin 225°
2160° . . 2160°
Zg = COS 3 +isin
=c0s270°+isin 270°
2520° . . 2520°
77 =COS 3 +isin

=co0s315°+isin315°

71. Write 1-+/3i in polar form:

72.

r=.12 +(—\/§)2 =2:0=tan"! (—\/5) =300°

(Note that 1— \/gi lies in Quadrant III.)
212 ( gos 300°+360°-k

2
.. 300°+360°-k
+isin——
2
fork=0, 1.
:\/E COS .. 300 J
:x/E(coslSO°+zsm150°)
:\/5 co +zs'n 660 )
= \/E (cos 330°+isin 3300)

Write 4+ 4\/7 3i in polar form:

r=42+ —86—tan1\/§)=60°

(Note that 4 + 4[ 3i lies in Quadrant I.)
Zk=8l/3( 60° +360°- k+lsm60 + 360 -k)

fork=0,1, 2.
zo=8"° (cosﬂﬂ'sin 60 )
3 3
= 2(cos 20°+isin 20°)
7 = g!/3 (cosﬂ+ isin 420 )
3 3
=2(cos140° +isin140°)
2, =83 (cosﬂ+isin 780 J
3 3
=2(c0s 260° + i sin 260°)

7.7 Applying the Concepts

73. By DeMoivre’s theorem,

cos30 +isin36 = (cos O +isin 6)°. Expanding,
we have

(cos@ +isin 9)3

=cos> @ +3cos’ Bisin@ —3cosOsin> O —isin> O

a. To solve for sin 38, gather the even-powered

cosine terms and simplify:
isin360 =3icos’ @sin@ —isin> O
=1isin 6(30052 0 —sin> 0)=
sin36 = sin 6(3cos’ & —sin> 0)
=sin#(3(1—sin’ 6) —sin” O)
=sinO(3—4sin> ) = 3sin & — 4sin> O
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74.

75.

76.

77.

b. To solve for cos36, gather the odd-powered

cosine terms and simplify:
c0s36 = cos> 6 —3cosOsin’ @
=cos H(cos2 6 —3sin? 0)=
cos 36 = cos 9((:052 0 —3sin? 0)
=Cos H(cos2 6-3(1- cos? 0))
=cos 6(40052 6-3)= 4cos® 0 —3cosO

1

A(0, 0)

7y =r(cos @ +isin @) and
2y = Fy(cos B, +isind,)

mAA = |t92 —01| = ‘argi.
22

|z1| = || and [z5| = ra], s0
h=|z2|sin(

1 .
K =5|z1||zz|sm[

<
arg—
z

J. Therefore,

)l

<1
arg —
Z

Vv 120(cos 60° + i sin 60°)

Z  8(cos30°+isin30°)
=15(cos30° +isin30°)

V = 1Z = 6(cos 40° + i sin 40°)
-16(cos110° +isin110°)
=96(cos150° +isin150°)

To find z; + z, , first convert each to

rectangular form. Then convert the sum back
to polar form:

zy =16(cos180° +isin180°) = -16
25 = 2(cos150°+isin150°) = —v/3 +i
ZI+Z2 :—16—\/§+i

. (_16_ﬁ)2 +12 =17.76

6=tan" (;J ~-3.2°=176.8°. So
~16-+3
71 + 249 =17.76(cos(176.8°) + i sin(176.8°))
2129 = 32(cos 330° +isin 330°)
22y 32(cos 330° +isin 330°)
17.76(cos(176.8°) +isin(176.8°))
=~ 1.8(c0os153.2° +isin153.2°)

Z1+Z2

78. Tofind z; + z, , first convert each to

rectangular form. Then convert the sum back
to polar form:

73 =12(cos 270° +isin 270°) = —12i

33,
2

259 = 3(cos 60° +isin 60°) = %+

3 (343
Z1+Zz =E+[T\/_—12]l

;= \/(%)2 n (%- 12]2 ~9.52

33

—-12
3
2
2y + 25 =9.52(c0s 99.1° +i5in 99.1°)
2129 = 36(cos 330° +isin 330°)
2125 36(cos330° +isin 330°)
9.52(c0899.1° +isin 99.1°)
= 3.8(c0s 230.9° + i sin 230.9°)
= 3.8(c0s50.9° + isin 50.9°)

=-80.9°=99.1°. So

Z1+Z2

7.7 Beyond the Basics

79. First convert each factor to polar form:
21 = 1=~/3i = 2(cos 300° + i sin 300°)
2y = =2+ 2i = 24/2(cos 135° + i 5in 135°)

Now use DeMoivre’s theorem to raise each
factor to the indicated power:

o0 =(1- J?i)m = [2(cos 300° + i sin 300°)]"*
= 21%(cos3000° + i sin 3000°)
0 =(-2+2i)°
- [2\/5@051350 +isin 1350)]76
=277 (cos(—810°) + i sin(—810°))
Multiply the results:
71%2,78 = 2!%(cos 3000° + i sin 3000°)

277 (cos(-810°) + i sin(=810°))
=2(cos2190° +isin 2190°)
= 2(cos30° +isin 30°)
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80.

81.

82.

83.

84.

8s.

86.

First convert each factor to polar form:

7 :l+—3i = cos 60° + i sin 60°
2 2
2, =2-2i= 2\/§(COS(—450) + isin(—45°))

Now use DeMoivre’s theorem to raise each factor to the indicated power:

8
7= (%-}-glj = [c0s 60° +isin 60°]" = cos 480° + i sin 480°

_ -6
5 0 =(2-2i)"°= [2\/5(005(—450) +isin(—45°))] =27%(cos 270° + i sin 270°)

Multiply the results:
Z182276 = (cos480° +isin 480°) - 27? (cos(270°) + i sin(270°)) = % (cos 750° +isin 750°)
= L(cos 30°+isin 30°)
512
e p 10
(sin E +1icos g) = (sin 30°+icos 300)10 = (cos 60° +isin 60")10 = ¢0s 600° + i sin 600°
= c0s 240° + i sin 240°

(sin%”+ icoszT”T = (sin120° + i c0s120°)° = (cos 330° + i sin 330°)° = cos 1980° + i sin 1980°
=c0s180° +isin180°
N AR . -8 . -8
(sm = ticos ?J = (sin300° +icos300°) " = (cos150° +isin150°)
= c0s(—1200°) + i sin(—1200°) = cos 240° + i sin 240°

-10
(sin 7?” +icos 7?”) = (sin 210°+icos 2100)710 = (cos 240° +isin 240")710
= c08(—2400°) + i sin(—2400°) = cos120° + i sin 120°

z4:1:>z4:cosO"+isinO°:>z=(cosO°+isin0°)l/4
2 = cos LH3O0K g OO0 R ek —0,1,2, 3,
4 4
e .. 0° 0L i Mo
Zg =cos—+isin—=cos0°+isin0
4 4
7y =cos +isin = c0s90° +isin 90°
25 =COS +isin720 =cos180° +isin180°
1080° . . 1080°

23 =CO0S 2 +isin 1 cos 270° +isin 270°

8 =—1= 7% = cos180° +isin 180° = 7z = (cos 180° + i sin 180°)"/8
0°+360°-k . . 0°+360°-k
+1S81n

Zj =cos ,fork=0,1,2,34,5,6,7.
Zp = COS +isin =c0822.5°+isin22.5°
7y =Co0s +isin 0" _ €0s67.5°+isin 67.5°

(continued on next page)
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(continued)
25 =CO8 o+isin i =cos112.5°+isin112.5°
23 = COS 12200 +isin 12200 =cos157.5°+isin157.5°
74 =COS 16500 +isin 16500 =0s202.5° 4+ isin 202.5°
Z5 =COS 19200 +isin 19200 = c0s247.5° +isin 247.5°
Zg = COS 23200 +isin 23g00 =c0s292.5° +isin 292.5°
2700° . . 2700°

27 =COS 2 +isin n =c08337.5°+isin337.5°

1/3
87. 2P =1+i= 7> =/2(cos45° +isin45°) = 7 = (\/E(cos45°+isin45°))/
. :21/6[00345 +360°k .. 45°+360 -kj

, fork=0,1, 2.
3

2Y8| ¢ +isin 4035) 26 (cos135° +isin135°)

O

20 —21/6(COS—+ZSIH ;) 26 (cos15° +isin15°)
(cos

7635 ) 21/ (cos 255° + i sin 255°)

2
88. 7 =(1-) = 2 =[V2(cos(-45°) +isin(~45%) | = 27 = (2(c0s 270° +isin 270°)) =
Vg = 21/7(C0527o +360°-k .. 270°+360 -kj

z= (2(005 270° +isin 2700)) 7 isin -

fork=0,1,?2, 3 4 5,6.

zp=2"" (c (cos 38.6°+isin 38.6°)

= 21/7

j Nk
isin 220 j 27 (c0s 90° + i sin 90°)
V7

5"
=27 (cos 0° +isin—— 990 cos14l 4°+isinl41 4°)
7( 1350° | ;in 1330 j 27 (c0s192.9° +i5in192.9°)
7( 17100 isin 171 ) 27 (cos 244.3° + i sin 244.3°)
_ ( 20707 ;i 2070 ): 2V7 (c0s295.7° + isin 295.7°)
26 =27 (cos 24300 51 2430 ) V7 cos347 1°+isin347.1° )
89. If z=cos@+isind,z#0,then z: —(cost9+zsm9) = cos(—0) +isin(—60)

cos(—6) = cos@ and sin(—0) = —sin G, so this becomes cos & —isinf.
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90.

91.

92,

93.

94.

9s.

96.

97.

Z+l=(COSQ+iSiH0)+(COS9—iSina)=2COSH
z

Z—l=(cosH+isinﬁ)—(cos@—isin@)=2isin6’
b4

"+ in =(cos@ +isin )" +(cos@+isin )" = (cosnf +isin nd) + (cos(—nh) + i sin(—nd))
Z
= (cosnf +isinnf) + (cos n@ —isin nf) = 2cos nf

7" - in =(cos@ +isin@)" —(cos@+isin@)™" = (cosnf +isin nd) — (cos(—nh) + i sin(—nh))
z
= (cos né +isin nf) — (cos n@ — i sin n@) = 2isin nd

n
Using the double-angle formulas, (1+cos@+isin )" = (2 cos? g + 2isin gcos Ej .
n n
Factor: 20052g+ 2isingcosg = ZCOSQ cosg+2i sing .
2 2 2 2 2 2
n n
Use DeMoivre's theorem: | 2cos g cos f + 2isin Q) =|2cos g) cos ﬁ + 2i sin ﬁ)
2 2 2 2 2 2

Let z) =ry(cos 6, +isin@,) and z, =r, (cos@, +isin6,). Then

212 =1 (COS 6, +isin 91) "1y (cos 6, +isin 82)
=nn (cos 6, cos 0, +icosd, sin@, +isin b, cos @, —sin G, sin 0, )
=nnr [(cos 6, cos 8, —sin G, sin 6’2) + i(cos 6,sin 6, +sin @, cos O, )]
= 1yry [ cos (6, +6,) +isin (6, +6,) |

Let z; =1 (cosf, +isin6,) and z, =r,(cos@, +isin6,). Then

7 _ ri(cos@ +ising)  ri(cosd +isin6;) (cosd,—isind,)

z, ry(cos@,+isin6,) r,(cosB, +isinb,) (cosb, —isinb,)
1i (cos 6; cos 6, —icos 6, sin @, +isin 6, cos B, +sin b, sin6,)

Ty (c052 0, + sin’ 92)

)

(3+2i)(5+i)=15+13i—2=13+13i

4. [ (cos 6, cos 6, +sin 6, sin 0, ) +i(sin ) cos &, — cos Oy sin6,) | = i[cos (6,-6,)+isin(6,-6,)]
p)

We want to prove that tan ! (%J +tan”! (lj = % Since complex multiplication adds arguments, multiply

5

the complex numbers with arguments of tan ™ (%) and tan”! (%), namely, (3+2i)(5+1i). The product has

-l>.| 3

an argument of tan ! (%) = tan”! (1) =
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98. The argument of ((p + q) + i) is tan”! ( ) and the argument of ((p2 + pg + 1) + iq) is

ptq

tan ! + . Since complex multiplication adds arguments, multiply the complex numbers to find
p -+ pg+1
the sum of the arguments.

((p+q)+i)((p2+pq+1)+iq)=(p+q)[(p2+pq+1)+iq}+i[(p2+pq+1)+iq]
=p’+p°q+p’q+pg’ +p+q+ipg+ig’ +ip> +ipg+i—gq
=p3+2p2q+pq2+p+iq2+2ipq+ip2+i
=(p3+2p2q+pq2+p)+i((p2+2pq+q2)+l)

| (p2+2pq+q2)+1

P> +2p’q+pq’+p

_ 1 _ (1
Thus, tan 1( )+tan ! + = tan 1(—).
pPtq p-+pg+1 )4

99. DeMoivre’s theorem states that for any integer n, z" =r" (cos nf +isin nH), so the argument is n tan~' 6.

- (p+q)2+1
p((p+q)2+1)

The argument of the product is tan™~ -l

= tan = tan

1
.

Thus, the argument of (2 + 3i)4 is 4tan”! (%)

2

(2+3i)" = ((2+30)°) = (4+12i-9)" = (-5+120)° = 25-120i ~ 144 = ~119-120i

_1( 12
The argument of (—1 19 -120i ) is tan”! [%j Since complex division subtracts arguments, divide the

complex numbers to find the difference of the arguments.
A4
2+3
4tan”! é) Can [ 1202 arg Q =arg(-1+0i)=tan"' (0)= 7
2 119 —119-120i

100. DeMoivre’s theorem states that for any integer n, z" = r" (cos n@ +isin nH), so the argument is n tan~' 6.

Thus, the argument of (5+i)4 is 4tan”! (é)

The argument of (—239+i) is tan~! L =—tan"! L .
-239 239

(5+i)" (-239 +1) = (476 +480i) (<239 + i) = —114,244 — 114, 244i

4tan”! (%) —tan” (%9) = arg ((5 +i)* (-239+ i)) =arg (~114,244 - 114,244i) = tan ' (1) =

I

101. x3+x2+x+1=0=>(x—1)(x3+x2+x+1)=0=>x4—1=0=>(x2+1)(x2—1)=0=>x=ii,il

We reject the root x = 1 since it was introduced when the equation was multiplied by x — 1.
Solution set: {-i, i, —1}

102. x4+x3+x2+x+1=0=>(x—1)(x4+x3+x2+x+1)=0=>x5—1=0=>x5=1

22 =1= 7> =c0s0°+isin0° = z=(cosO°+isinO°)1/5
0°+360°-k .. 0°+360°-k
S +isin

Zj =cos ,fork= 0, 1, 2, 3, 4.

(continued on next page)
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(continued)

o o

20 zcos?+isin?:cosoo+isin0° =1

o o
+isin

2y =COS

1440° . . 1440°
74 =COS 5 +isin

0 = co0s144° +isin144°

=c0s 288° +isin 288°

7y = cos

73 = COS

o o

+isin =c0s72°+isin 72°

1080° . . 1080°

+isin 5 =c0s216°+isin216°

We reject the root x = 1 since it was introduced when the equation was multiplied by x — 1.
Solution set: {cos 72°+1isin72°, cos144°+isin144°, cos216°+isin216°, cos 288° +isin 288°}

7.7 Critical Thinking/Discussion/Writing

103. The exercises that are false are incorrect
usages of DeMoivre’s theorem.

a. True b. False
c. True d. False
e. True f. True
g. True h. True
i. False jo True

7.7 Maintaining Skills

104. 3x+2y=7, yzé

Substituting, we have
3x+2(%j=7=>3x+1=7=>3x=6=>
x=2

105. —2x+9y=5, y=3
Substituting, we have
“2x+9(3)=5=>-2x+27=5=
2x=-22=x=11

106. —4x+7y=7, x=0

Substituting, we have
—4(0)+7y=7:>7y=7:>y=1

107. 23x-14y=-5, x=1
Substituting, we have
23(1)—14y:—5:> 23-14y=-5=>
-14y=-28=y=2

108. Rearrange the equation to put it in slope-
intercept form.
10x-2y=28= -2y=-10x+28=
y=5x-14
The slope is 5.

109.

110.

111.

112.

Rearrange the equation to put it in slope-
intercept form.

15x+5y=2=>5y=—15x+2=>y=—3x+§

The slope is —3.

Parallel lines have the same slope. Rearrange
the equation to put it in slope-intercept form.
6x-3y=7=3y=-6x+7=>

7
y=3x 3
The slope is 2. Now use the point-slope form
to write the equation of the parallel line.
y—(—l)z 2(x—5) = y+l= 2(x—5):>
y+1=2x-10=2x-y=11

Parallel lines have the same slope. Rearrange
the equation to put it in slope-intercept form.

x+2y=12=>2y=—x+12=>y=—%x+6

The slope is —%. Now use the point-slope

form to write the equation of the parallel line.
y—3=—%(x—3)=> 2y—-6=—x+3=
2y+x=9

Two equations have the same graph if the
coefficients of one of the equations are
multiples are the coefficients of the second
equation. So any equation that has the same
graph as the equation 2x — 4y = 12 will have
the form 2nx — 4ny = 12n. We are given that

12n =3, so n:l. Therefore, a:2-Z:%

and b=—4-l=—1.
4
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113. Two equations have the same graph if the
coefficients of one of the equations are

multiples are the coefficients of the second
equation. So any equation that has the same
graph as the equation 4x — y = —1 will have
the form 4nx — ny = —n. We are given that

—n =2, son =-2 Therefore, a =4(-2)=-8

and b= —1(—2) =2.

Chapter 7 Review Exercises
Basic Concepts and Skills
1. B =90°-30°=60°

sind=% = sin300= =12
Cc

C
b=ve2—a? =122 -62 =108 = 643

=104
2. A=90°-35°=55°

sinB=2=>sin35°=§=>c--8.7
c c

a=vc—p2 =872 =52 =71
3. B =90°—37°=53°

sinB:2:>sin53°:£:>c=5.O
c c

a=vc?—p? =502 -4% =30
4. A=90°—43° = 47°

sinA=£=>sin47°=&=>c—-l3.7
c

C
b=vc?—a? ~y1372-10% =94
5. B =90°-40°=50°

sinA=% = sin40c=L = 4~77
c 12
b=ve2—a? =50 -4% =92

6. A=90°—50°=40°

sinB:2:>sin50°:2:>bz6.l

c 8
a=vc?—b? = (8% - (85in50°)* ~ 5.1
7. c=Na?+b> =32 +5% =34 =538

A=tan”! (éj =tan ! (ij =~ 59.0°
a 3

B =90°-59.0°=31.0°

10.

c=va?+b2 =52 +10% =125 =112

A=tan”! (éj =tan”! (&j =~ 63.4°
a 5

B =90°-63.4°=26.6°

b=vc?—a® =62 -4 =20 =45

A=sin"! (ﬂj =sin”! (fj ~41.8°
c 6

B=~90°—4].8° =48.2°
a=\c2—b* =~N72-32 =20 ~ 63

B=sin"! (é) =sin~! (ij ~25.4°
c 7

B =90°-25.4° = 64.6°

Use this triangle to help solve exercises 11-18.

11.

12.

13.

14.

C

A c B
Given: A=40° B=35°¢=100 —an ASA
case. C =180°—(40°+35°) =105°

a c a 100

; = = — =— = a=66.5
sinA sinC sin40° sin105°

b c b 100

- =— = — =— =b=594
sinB sinC sin35° sin105°

Given: B=30°C =80°a =100 — an ASA
case. A =180°-(30°+80°) ="70°

@ b 10 b, 530
sinA sinB sin70°  sin30°
a ¢ 10 ¢ i3

sin A - sinC sin70°  sin80°

Given: A=45°a=25,b=75 — an SSA case.
A is an acute angle, so examine h:

h=bsin A =75sin45°=43.3

a < h, so no triangle exists.

Given: B=36°a=12.5,b=8.7 —an SSA
case. B is an acute angle, so examine /:
h=asinB=12.5sin36°=7.3

h<b<a,so two triangles exist.

(continued on next page)

Copyright © 2015 Pearson Education Inc.



Chapter 7 Review Exercises 679

(continued)

15.

16.

17.

18.

sinB _sinA
b a
sin36° sinA . 1125 sin36°)
—=——>=A=sin |——|=
8.7 12.5 87
A} =57.6% A, =122.4°
C, =180° - (36° +57.6°) = 86.4°
b (&) 8.7 (4]
ST = = =
sinB sinC;  sin36° sin86.4°
¢ =14.8
C, =180°—(36°+122.4°) = 21.6°
b _ CH N 8.7 _ Cy
sinB sinC, sin36° sin21.6°
Cz = 54 .
The two solutions are: A; = 57.6°,
C, =86.4°c =14.8 and A, =122.4°,
C2 = 21.6O,C2 =54.

Given: A=48.5°C=573°b=473-an ASA
case. B =180°—(48.5°+57.3°) =74.2°

b a 47.3 a
= = = =3
sinB sinA sin 74.2° sin48.5°
a=236.8
b c 47.3 c
= = =
sinB sin A sin74.2°  sin57.3°
c=414
Given: A=67°a=100,c =125 —an SSA
case. A is an acute angle, so examine A:
h=csinA=125sin67° =115
a < h so no triangle exists.

Given: A=65.2°a=213,b=19 —an SSA
case. A is an acute angle, so examine /:
h=bsinA=19sin652°=172. h<b<a ,
sin65.2° sin B

so there is one triangle.

213 19
B=sint (12506527 5410
213
C ~180° = (65.2° + 54.1°) = 60.7°
213 ¢ 205

sin65.2°  sin 60.7°

Given: C =53°a=140,c =115 — an SSA
case. C is an acute angle, so examine A:
h=asinC =140sin53°=111.8
h<c<a,sotwo triangles exist.

sinC _sinA sin53° sinA

¢ a 115 140

A, =sin~! (1208537 7650,
115

A, =103.5°
B, =180°—(53°+76.5°) = 50.5°

c bl 115 bl

= = = 4

sinC sinB;  sin53° sin50.5°
b =111.1
B, =180°—(53°+103.5°) = 23.5°

C b2 115 _ b2

SnC sinB,  sin53°  sin23.5°
by = 57.4 . The two solutions are: A; = 76.5°,
B, =50.5°,b; =111.1 and A, =103.5°,
B, =23.5°,b, =574.
19. Answers will vary.
(i) h=csinB=20sin60°= 10/3 . For C to

have two possible values, h <b < c, so
choose a value of b such that

1043 <b<20.
(i) C has exactly one value if ¢ = 10\/5.

(iii) Chasno value if b<csinB=b < 1043

20. Answers will vary.
(i) B is an obtuse angle, so it is not possible for
there to be two possible values for C.

(i) C has exactly one value if b = 60.
(iii) Chasno value if b<csinB=b < 1043

21. Given: a =60,b=90,c =125 — an SSS case.
602 =902 +125% = 2(90)(125) cos A =

A=26.6°
902 = 60% +125% — 2(60)(125) cos B =
B=~42.1°

C =180°—(26.6°+42.1°) = 111.3°

22. Given: a=15,b=9,C =120° — an SAS case.
¢ =152 492 = 2(15)(9) cos 120° = ¢ = 21
152 =92 4212 = 2(9)(21)cos A = A = 38.2°
B =180°—(38.2°+120°) = 21.8°

23. Given: a =40,c =38,B=80° —an SAS case.

b% =40 +38% — 2(40)(38)cos 80° = b =~ 50.2
sin 80° _ sin A

=
502 40
A=sin"! [M) ~51.7°
50.2

C =180°—-(80°+51.7°) = 48.3°
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24. Given: a=10,b=20,c =22 — an SSS case. 32. Given: A=115°b=20,a =30
107 =207 +227 - 2(20)(22) cos A = sinl15° _sinB _ 5 301990
A=27.012°=27.0° 30 20
sin27.012°  sin B C =~180°—(115°+37.172°) = 27.828°
= = B =65.3° 1 1
10 20 k =—absin C = =(30)(20)sin 27.828°
C =~180°—(27.0°+ 65.3°) = 87.7° 2 2

~140 in.2

25. Given: a=2.6,b=3.7,c=4.8 —an SSS case.
2.6%=3.7> +4.8% = 2(3.7)(4.8) cos A =

A =32.462° = 32.5°

sin 32.462° _ sin B

33. v=(2-37-5)=(-1,2)=-i+2j

34. v=(5-(-1,(-4-3))=(6,-7)=6i-7j
= B =~49.8°

2.6 3.7 35. 5v=5(-2,3)=(-10,15)
C =~ 180°—(32.5° +49.8°) = 97.7°
26. Given: a=15,c=26,B=115° —an SAS 36. 2v+w=2(-23)+(5-6)=(L0)
case. 37. 3v-2w=3(-2,3)-2(5,-6)=(-16,21
b% =152 +26% - 2(15)(26) cos115° = v-2w=3{-2.3)-2(5-6) = )
b =35.0805 = 35.1 38, [v+w]|=](-2.3)+(5.-6)|=|(3.-3)|

sin115° sinA
S = T 5 A=228° =32+ (=3)% =3y
350805 15 =V3T+ (37 =32

C =180°—(115°+22.8°) = 42.2°
39. =i+j:>||v||—\/12+12 =2

27. Given: a=12,b=7,C =130° — an SAS case. \/— \/7
c? =122 +7% = 2(12)(7) cos 130° = J—(HJ)—T B
c=17349=17.3
sinA _sinl30° 25 0o 40. v=2i—7j=>||v||—«/22+( 7)? =53
12 17.349 2\/— 7r
B =180°— (130° +32.0°) = 18.0° U= ——(2i-7 )__ _INDS
J_ 53

28. Given: b=75,c=100,A=80° —an SAS

case. 41. v=(3,-5)=|v|=y3*+(=5)* =34

a® =75% +100% = 2(75)(100) cos 80° = 1 (3,3) 334 534
az181)§106:1Bl41 u_\/3—4 ’ - 34 ’ 34
Tiai0g ™ 75 = 2= W s
C =~ 180° — (80° + 40.3°) = 59.7° 2. v=(-5-2)= V=9 +(2)* =29
n=—— (-5,-2) = B
29, S:Lz“‘):“ 429 29 29
k=\1101-5)11-7)11-10) = 16m> 43. Given: ||v|=6,6 =30°. Then
v = 6(cos 30°i + sin 30°j)
30, so24t34r4d o 5
2 ) =6 —1+—_] 3[1+3J
k=51(51-2.4)(5.1-3.4)(5.1-4.4) =4 m 2

44. Given: ||v|=20,6 =120°. Then
v =20(cos 120°i + sin 120°j)

= 20(—%i+§j] =—10i +10:/3j

31. k= %bc sinA = %(6)(4) sin 65° =~ 11 ft?
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45. Given: ||v|=12,6 =225°. Then
v =12(c0s225° + sin 225°j)

—12[—£ V2, J —6+/2i - 642

2

46. Given: ||v|=10,6 =-30°. Then
v =10(cos(=30°)i + sin(=30°)j)

—10(%1——3] 531 - 5j

47. vew=(2,-3)+(3,4)=2(3)+(-3)(4) = -6

Vew -6
j = = 3,4
Pl V= Y (3.4)

=_£<3’4>=< 18 24>
25 25" 25

48. vew=(-1,-2)(4,-1)
=(=DA) + (2=~
Vew -2
jy V= = 4,-1
P T

2 8 2
“ =)

49. vew=(2,-5)+(52)=2(5)+(-5)2) =

Vew 0
i V= = 5,0
Projw v ||W||2 w 52,52 < >
=0(5,0)=(0,0)
50. vew= (2,1)-(2,—1) =22+ ()(-1) =

3
2,-1
projy v " " 22 . (_1)2 < >

L)

For exercises 51-54, use the formula
Vew = ||v|| ||w||cos6 to find the value of & .

51. Given: v=2i+3jw=-i+2j.

Iv

Vew =(2)(=D+03)2) =

Vew = ||V||||W||COS€:> 4= \/E\/gcosﬁ =

0 =cos™! (iJ ~60.3°

J65

|=v22+3% =V13;|w|| =/ (-D? +2% =+/5
4

52,

53.

54.

55.

56.

Given: v=i+4jw=—4i—j.
[v|=v1% +4% =17
W =%+ =)? =17

vew = ((~4) +(4)-1) = -8

Vew = ||v||||w||cos€:> —8=\/ﬁ\/ﬁcos¢9=>

0=cos”! (—EJ ~118.1°
17

Given: v = <l,l>,w = (—3, 2) .

V=217 = V3wl =37 27 =3
vew =()(=3)+(D(2)=-1
Vew = ||v||||w||cos€ =-1= x/ax/ﬁcosﬁ =

0=cos | —— | ~101.3°

V26
Given: v=(1,5),w=(3,-1).
v = V12 +52 = /26
[w] =3 + (-2 = i0

vew=DRB)+B)(-1)=-2
Vew = ||V||||W||COS€ = -2= \/276x/ﬁcost9 =

0 =cos”! (—Lj
V260

x=24cos30° = 12x/§;y =24sin30°=12 The
rectangular coordinates of (24,30°) are

(12+/3,12)

(24, 30°)
z&/

x=12cos (—600) = 12(%) =6

=97.1°

y =12sin (-60°) = 12(—?] =-6\3

The rectangular coordinates of (12, —600) are

(6.63).

3

(12, —60°)
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2
57. x=—2008(—%j=—2[%]=—\/§ 62. (—2)%(—26) =4
(o N anp =t 2Bl AT
y=-2sin| —— |= 2| ——— =2 X 2 3 3
4 2 . 4z
(—2, —2\/5 ) lies in Quadrant III, so 8 = —.
The rectangular coordinates of (-2,—7/4) 3
are (_\/5,\/5) The polar form of (—2, —2\/5) is [4,477[).
( 27 (73 ;37[) 63. 3x+2y:12:>3rcost9+2rsint9:1122:>
X ! r(3cos@+2sind)=12=r=——"7-—7-—
3cos@+2sinf
; o 64. x*+y2=36=r2=36=>r=6
T 65. x2+y2:8x:>r2:8rcost9:>r:8cost9
Exercise 57 Exercise 58
66. x2+y2:6y:>r2:6rsin6:>r:6sin0
58. x=-3cos 3 =-3 —ﬁ ——3ﬁ
) - 4 ) 2] 2 67. r=—3:>r2=9:>x2+y2=9
. RY/4 V2) 32
y _35111(_?)__3[_7J_T 68. st—ﬂ:tanﬁztan—:l:—ﬁz
6 x 3
The rectangular coordinates of ( -3, —37”) = —gx
32 32 3
el — (| 69. r=3cscd=>r=——=rsind=3=y=3
2 2 sin
59. r=+(=2)>+2> =22 70. r=2secd=r= = rcosf=2=x=2
tanH—l——g=>€—3—” -
x 2 4 71. r=1-2sin@= r+2sind=1=
2 s 2 coN2 2
The polar form of (=2, 2) is (2«/5,3—”J r 2+2r;1n0—;:>(2r +22rs1nt9) ==
4 (X" +y +2y)" =x"+y
60. r= (\/5)2“2:2 72. r=3cosd = r’ =3rcosd = x> +y* =3x
y 1 T
tan0=;=$=>€=€ 73. —3i:3[00537ﬂ+isin37ﬂj
V4
Th lar f f 1 is | 2,—|.
e polar form o (x/§)1s[ ’6} 74, —|4i—r= /(_1)2_1_12:\/5
) tanH:—l:>0:3—”or0:7—”
6l. r= (2\6) +(=2)? = 4 4

tanH:X:——zﬁ—E orﬁ—llﬂ

X 23 6

(2( —2) lies in Quadrant IV, so 8 = 1z

[+

The polar form of (2\/5 s

O‘\

—1+1 lies in Quadrant II, so @ = 377[

The polar form of -1+ is

3 RY/4
x/z(cos—Jr 's'n—).
4 Ty
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75.

76.

77.

78.

79.

80.

81.

82.

5V3-5i=r= (5\6)2 +(-5)* =10

tanH:—i:HZS—ﬂ 0“9:11_72'

53 6

117z

5\3 = 5i lies in Quadrant IV, so 6 = o

The polar form of 5350 is
10(00511—”+ isinll—”J .
6 6

2-23i= r=4/(-2) +(—2\6)2 =4

tanHz#:Hz% or 9:4—”

~2-2./3i lies in Quadrant III, so 8 = 4?”

The polar form of -2 — 23i is
( ar .. 47zj
4| cos—+isin— |.
3 3
2(cos45°+isin45°):2(%+gi}

:2+\/§i
1\/§J

3(cos240° +isin240°) =3| ————i
2 2

2 2
=32 +32i

4(cos7?ﬂ+isin7?”j = 4[—£—lij

3z .. 3w V22
6 COST+1SIHT =6 —+—1i

2 2
=-23-2i

Zy =3(cos 25° +isin 25°)
29 = 2(cos10° +isin10°)
2329 = 6(cos 35° +isin 35°)
- E(coslSO +isin15°)
V) 2

2z, = 4(cos 300° + i sin 300°)

259 = 2(cos 20° +isin 20°)
212 = 8(cos 320° + i sin 320°)

21— 2(cos 280° + i sin 280°)
%)

83. z1:2(coss—”+isin5—”j
6 6
z —3(cos£+isin£j
2 3 3

212 —6(0057—”+isin7—”)
1<2 6 6
2 2( T ﬂ'j
— ==| cos—+isin—
V) 3 2 2
84. z1:5(cos4—”+isin4—ﬂj
3 3
V.4 4
=15| cos—+isin—
w2 ( 3 3)
hY/4 hY/4
=75| cos—+isin—
2129 ( 3 3 )

i=l(cos7z+isin7z)
I 3

85. [3(cos40°+isin40°)]’
= 3% (cos(3-40°) +isin(3- 40°))
=27 ((:05120O +isin 1200)

6
86. 4(cos£+isin E)
6 6
=45 cos(6-£)+isin(6-£)
6 6

= 4096 (cos;z +isin 7[)

87. First, convert 2 —2/3i to polar form:

r=4/22 +(—2J§)2 =4
tan{ﬁ} :‘_z‘zz
2 33

2—2+3i lies in quadrant IV, so
g=27-Z-7
3 3

The polar form of 2 — 230 is

0 =

( 5T . 57zj
4] cos—+isin— |.
3 3

( ST . 572’) 6
4| cos— +isin—
3 3
=46(cos(6-5—ﬂj+isin(6-5—”D
3 3

=4096(cos107 + isin107)
=4096(cos0+isin0)
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88. First, convert 2—2i to polar form: r =22 +(-2)* =242

89.

90.

91.

0 =

_1(—2) T
tan” | — |=|-—=—
2 4

7 In

2 —2i lies in quadrant IV, so 8 =27 — 7 1 Thus, the polar form of 2 —2i is 22 (cos%Jr isin 77”) .

r r 7 r r
{Zﬁ(cosT+ isinTﬂ =222 (005(7 T)+ isin (7 T)) =212 (cos

= 221/2 cos£+isin£)
4 4

The polar form for —125 is 125(cos180° +isin180°) .
180° +360°-k 0 180°+360° -k

4 =1251/3 cos fork=0,1,2.

o

k) —1251/3005180 +isin = 5¢0s60° + i sin 60°

o

2, =125"3 cos S40° 40 508180 +isin180°

+isin

o

0 =5¢c0s300° +isin 300°

= 1253 cosﬂ+isin

The polar form for —16i is 16(cos270° +isin 270°)

1/4 270°+360°-k . . 270°+360° -k 270°+360° -k

Zp =1677| cos +isin =2| cos————+isin
4 4 4

fork=0,1,2,3.

79 = Z(COS 270 +isin 270 ) =2(c0s67.5°+isin 67.5°)

7= 2(c0s 6340 +isin 6340 J= 2(cos157.5°+isin157.5°)

7y = Z(COS 990 +isin 9940 ) = 2(cos247.5° + i sin 247.5°)

1350° . .
73 = 2| cos 1 +isin

1350 ) =2(c0s337.5°+isin337.5°)

T .. 497[)
—+iI1SIn——
4

4

. 270°+360° -kj

Write -1+ \/gi in polar form: r = .’(—1)2 + (\/5)2 =2;0"= ‘tanf1 (—\/5)‘ = |—60°| = 60°

Since —1++/3i lies in Quadrant II, 8 =180° - 60° =120°
1/5( 120° +360° -k . 120°+360°-kJ
=277 cos————  +isin——

5 fork=0,1,2,3,4.

20=2"|c¢ +isin 1250j 25 (cos 24° + isin 24°)

7= 2V3 (cos 80
1/5(

451_0 j =2"5 (cos96° +isin 96°)

i 8‘?) 23 (cos168° +isin168°)
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(continued)

3= 213 (cos 12(5)0 +isin 12(5)0 ) =2'" (cos 240° + i sin 240°)

Z =21/5 cos1560 +isin1560 :21/5(cos312°+isin312°)
4 5 5

92. Write 1—i in polar form: r =12 +(=1)%> =/2; ' = ‘tan_l(—l)‘ = |-45°| = 45°

Since 1—i lies in Quadrant IV, 8 = 360°—45°=315°.

=2l (cosw+ isinw) fork=0,1,2,3,4,5.
6 o o
z0=v2" ( 315 3165 ): 212 (cos 52.5° +isin 52.5°)
7 = f/6( +isin 6765 j:zl/lz (cos112.5°+isin112.5°)
2y = 6( " visin 1025 j: 212 (c0s172.5° +isin 172.5°)
6 O o
2= ( 1395 | isin 1325 j: 212 (c0s 232.5° + isin 232.5°)
24 = 1/6( 1755 —=2_4isin 1725 j: 212 (c0s 292.5° + isin 292.5°)
5= \/51/6 (cos 21 15 +isin 21;5 j =212 (c0$352.5°+isin 352.5°)
Applying the Concepts
93. B 95. After 80 minutes, the cars have traveled
55(8()) 73.33 mi and 65 (&j = 86.67 mi,
60 60
respectively. The distance between the two cars
X is the length of the third side of the triangle that
C 40 A is formed by the roads. Using the Law of
320 ft Cosines, we have
AB _ \/ 2 2 °
tan 40° = —— = AB =~ 268.5 ft ¢ =+/73.33 +86.67° —2(73.33)(86.67) cos 72
320 ~94.7 miles
94,

96. In a triangle, the largest angle is opposite the
longest side. So the largest angle is opposite
the side that is 415 feet. Call that side c, then
use the Law of Cosines to find C:

4152 =175% +310% - 2(175)(310) cos C =

C=114.8°
In AABC,——— s1n12° sin A = A=528° 97. Using Heron’s Formula, we have
120 460 310+415+175
mZACB =180°— (12°+52.8°) = 115.2° S:f:%o
In ACDB,mZDCB =180°—-115.2° = 64.8° _
mZDCB + 0 = 90° = 0 = 90° — 64.8° ~ 25.2° k= \/450(4502— 310)(450 — 415)(450—175)
= 24,625 ft
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98. Chapter 7 Practice Test A
161b_—nY
75° \
15° \\ 1. Given: A=115°C=35°%c=15 —an AAS
1Y * N case. B =180°—(115°+35°) = 30°
20° W E
? \ i B 0y
VoS sin115° sin35°
o b B 3
ST sin30° sin35°
w
v = 16(cos 15° +sin 15°j) = 15.45i + 4.14 2. Given: A=42°B=37%a=50m —anAAS
w = 20(cos(=70°)i + sin(=70°)j) case. C =180°—(42°+37°)=101°
=20(cos 70° — s.in70°j) = 6.84i - 18.79J: 50 b o bed50m
r=v+w=22291-14.65j=22.3i-14.7] sind2°  sin37° :
2 2
I = 4/22.29% + (~14.65)> = 26.7 pounds 0 ¢ __mam
14.65 sin42° sinl01°
a=tan"'| -—— |=-33314°= ,
22.29 3. Given: a=35,B=106°c =53 —an SAS
60 =90°—-33.314° = 56.7° case.
The 'magnit}lde 'of the re:ultant is 26.7 pounds b2 =352 + 532 — 2(35)(53)cos 106° =
and its bearing is S 56.7° E. b=T7111~71.1
9. W =F+PQ=|F|[PG|cos0 sinl06° _sind |\ ¢
v 71.11 35
= 30(60) cos48° =1204.4 foot-pounds C =180°— (1060 + 2820) ~ 45.8°
100. 7, = 2O(COS£+,-Sm Z) 4. Given: a =30 ft,b =20 ft,c =25 ft —an SSS
6 6

=20(cos 30° + isin 30°) = 103/3 + 10i
Zy= IO(cosz—ﬂJrisinz—ﬂj
3 3
=10(cos120° +isin120°) = =5+ 543
Z,Z, =200(cos150° +isin150°)
Z,+2, =(10J3-5)+(10+5v3)i .
Write Z; +Z, in polar form:
2 2
r= \/(10\6 ~5) +(10+53)" =2236 =105
(104543
tan —_—
1033 -5
form for Z, + Z, is 107/5(c0s 56.5° + i sin 56.5°)
Z,\Z, 200(cos150° +isin150°)
Zy+Z;  104/5(c0s56.5°+isin 56.5°)
= 45 (c0593.5° +i5in 93.5°)

o = = 56.5°. So the polar

case. 302 =202 +25% —2(20)(25)cos A =

A=82.819°=82.8

sin82.819 _sinB B4l 40
30 20

C =180°-(82.8°+41.4°) = 55.8°

5. Given: a=5.6,b=4.1.
Since the triangle is a right triangle, use the
Pythagorean theorem to find c:

c=Na?+b? =562 +4.1% =69

A=tan”! (gj =tan”! (ﬁj =~ 53.8°
b 4.1

B=90°-A=90-53.8°=36.2°

8 ft
pa

—

4.5 ft

452 =8%+82-2(8)(8)cos @ = 6 =32.7°
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10.

11.

12.
13.

14.

15.

70°

v = 580(cos 20°i + sin 20°j) = 545.0i +198.4
w =725(cos125° +sin125°j)
=~ —415.8i +593.9j
r=v+w=129.2i+792.3j

e = +129.2% +792.3% =803 feet
v=(2-3-7-5)=(-1,-12)
v-w=(-2-13-5)=(-3,-2)

2v—3w = 2(=2i +3j) - 3(i+ 5j) = —7i - 9j

V1= ”V" cos @ =3cos(—30°) = %
Vo = ”V" sin @ = 3sin(-30°) = _%
ENEIEN
== ;

Vew = (4i+3j)s(ci+7j) = —4+3(7) =17
Given: v=3i—4j,w=-2i+5j

Vew 3)(=2)+ (=)(5)

(]| [l (\/32+(_4)2)(\/(_2)2+52)

% - cosl(—AJ ~164.9°

5429 529

x = —2c0s(—45°) = —\/2; y = —25in(-45°) =2
The rectangular coordinates for (—2,—45°) are

(V2.42).

cosf =

r= (—\/5)2+(—1)2 :2;tan0:%:>
s 17 ..
HZE or 9:?. (—\/g,—l) is in Quadrant

III, so 0 = 7?” . The polar coordinates for

(+v3.-1) are (2%”)

16.

17.

18.

19.

20.

r=-3=r2 :9:>x2+y2 =9.The curve is
a circle with center (0, 0) and radius 3.

cos 2 Joisn 22 -] -+
3.3,
22

First write both expressions in polar form:

zlzl—ﬁi:r:mzz

tan @ = —/3 = 0 = 120° or 0 = 300°

1- \/Ei lies in Quadrant IV, so € = 300°

73 = 2(cos 300° +isin 300°)

L=—l+i=r=y=)2+1> =2

0 =|tan”! (-1)| = ' = 45°

—1+1 lies in Quadrant II, so

6 =180° — 45° = 135°.

25 =~/2(cos135°+isin135°)

7y _ 2(cos300° +isin300°)

2, 2(cos135° +isin135°)
=/2(cos165° + isin 165°)

-6
T T
5 —+isin—
(\/_(cos4 zs1n4D
=57 cos —3—”)+isin —3—”) :Li
2 2 125

First write 1+ in polar form:

r=N1?+1%7 =42; ¢ =tan"' (1)= 0’ = 45°
1+1i lies in Quadrant I, so € = 45°.

The polar coordinates for 1+ are

\/E(cos 45°+isin 45°).

45°+360°-k

%k =(ﬁ . 45°4360°-k
+i1SIN————

4
:21/8(00545 +i60 'k+isin45 +i60 -k)

fork=0,1,2,3.
20 =218 (COS£+isin 45 j
4 4

= 2Y8 (cos11.25° +isin11.25°)

(continued on next page)
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= 28 (cosﬂﬂ'sin 405 )
4 4
=2"8 (cos101.25° +isin101.25°)
7y = 28 (cos£+ isinﬂj
4 4

=2"8(c0s191.25° + isin191.25°)
1125° 1125°j
S 4 +1Ss1n

3= 28| co

= 2Y8(c0s 281.25° + isin 281.25°)

Chapter 7 Practice Test B

1. Given: A=105°C =35°%c=12 —an AAS
case. B=180°- (105°+35°) = 40°
sin40° sin35°
The answer is A.
2. Given: A=27°B=50°%a=25m —an AAS
case. C =180°—(27°+50°) =103°
€ __ 2 L -537m
sin103°  sin27°
The answer is C.

3. Given: A=25°a=25ft,b=30ft —an SSA
case. A is acute, SO examine /:
h=bsin A=30sin25°=12.7= h<a<b, so
there are two triangles.

SIN237 _sinB _, 5 30.473°,B, ~ 149.527°

25 30
C; =180°—(25°+30.5°) =124.527°
R =, ~48.7
sin25°  sin124.527°
C, =180°—(25°+149.527°) = 5.473°
B 9 . .56
sin25°  sin5.473°

The answer is C.

4. Given: B=110°%a=37,c=21 —an SAS
case.
b* =377 +217 = 2(37)(2 1) cos 110° = pe

b=48.4
answer is D.

10.

11.

12 ft

3 ft
o [l

x 4.5 ft

45+x

=§:>x=1.5 ft
5+4x x

The answer is A.
Given: a=12 ft,b =13 ft,c =7 ft —an SSS

case. 122 =132 +7% = 2(13)(7)cos A =
A = 66° . The answer is B.

tan @ =

g P

32292492 -2(9)(9)cosf = 6 ~19.2°.
The answer is D.

___1_35 __D N
| . W+E
1
202 40° S
50%
C A

mZABD = m/ZBAC = 50°

m£BAC + mZABC + mZCBE =90° =
mZABC =90°—20°-50° = 20°
mZBCA =180°—(20°+50°) =110°

- 2 = _BC = BC=1.6mi.
sin110° sin50°

The answer is C.
v=(3-(-2),-1-5)=(5,-6)

The answer is A.

vow=(1-3,-4-(-2))=(-2,-2)

The answer is C.

2v —3w = 2(7i + 3j) — 3(-2i + j) = 20i + 3j
The answer is A.
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12.

13.

14.

15.

16.

17.

18.

19.

v = 6¢0s(=60°) = 3;v, = 65in(-60°) = 33
v = 3i—3+/3j. The answer is D.

vew =(-2)(9+ (-5)(-4)=2.
The answer is D.

Vew 7—\/5

cosf =

Pl o oo

1-V2 _71-\2
5J6

j = 62.9° = 63°

(V23

9=cos_1(7_ 2
6

5v6

The answer is B.

x = —4cos(-30°) =243
y =—4sin(-30°) =2
The rectangular coordinates for (—4,—-30°) are

(—2\/§, 2) . The answer is C.

r= 32+(—\B)2 =23

tan @ = —%:}: 6 =150° or 6 =330°
(3, -3 ) is in Quadrant IV, so @ = 330°.
The polar coordinates for (3, —\/5 ) are
(2\/5, 3300) . The answer is B.

The answer is B.

r=—2:>r2=4=>x2+y2=4

r .. Ix T .. 7
5(cos—+zsm—j=5(cos—+zsm—j
3 3 3

The answer is C.

2y =i = z; =c0s90° +isin 90°
=l-i=r=12+(=)? =2
6 =|tan"! (-1)| = 45°

1—1i is in Quadrant IV, so

6 =360°—-45°=315°.

2y = V2(cos315° +isin 315°)

Z c0s90° +isin 90°

25 2(cos315°+isin315°)

D

= 7(005(—2250) +i sin(—225°))

= %(cos 135°+1isin135°)

The answer is C.

20, [2[eos %ﬂ
= (ﬁ)4 (005(4 %) + isin(4-%n

= 4(cos§+isin§j 4[l+£ij

2 2
=2+23i
The answer is C.

Cumulative Review Exercises
Chapters P-7

1. f(x)=\/;; g(x)=x12
1
8 _x-2__ 1
foox (x—2)\/;

fis not defined for x < 0, while g is not

defined for x = 2. g is not defined for x <0

or x = 2, so the domain of £ is
(0.2)U(2.<0).

2. f(x)=2x+7:>y=2x+7
Interchange x and y, then solve for y:
x=17 1 x 7
=2y+T=2y=""-= =———.
x=2y y=m= T (W=5-3
3. The graph of f(x)=-2x>+8x+10 isa
parabola with a = -2, b = 8 and ¢ = 10. The

parabola opens downward because a < 0.
Now, find the vertex:

b 8

2 ___°
20 2(=2)

k= f(h) = f(2) = —2(2)2 +8(2)+10= 18
Thus, the vertex (4, k) is (2, 18).

(continued on next page)
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(continued)

Next, find the x-intercepts:
227 +8x+10=0= -2(x? ~4x-5)=0= 2(x=5)(x+1)=0= x=5 orx=~-1

Now, find the y-intercept: £ (0)=-2(0)> +8(0)+10=10.

Thus, the intercepts are (-1, 0), (5, 0) and (0, 10). Use the fact that the parabola is symmetric with respect to
its axis, x =2, to locate additional points. Plot the vertex, the x-intercepts, the y-intercept, and any additional

points, and join them with a parabola.
y
20

L1\
=2/ 0 2 41\6 x
5_

4. First solve the associated equation x2—6x+8=0.
2 —6x+8=0= (x-4)(x-2)=0= x=4orx=2.
Choose a value of x between 2 and 4 (i.e., 3) to test.

?
32-6(3)+8>0

-1<0
Thus, 3 is not in the solution set. The solution set is (—oo, 2) U (4, oo).
5. sianos€=—£:>2sin60056=—£:>sin26=—£=>296{4—”,5—”,10—7[,11—7[}=>
4 2 2 3 3 3 3
2w Sz Sxm 1z
He P R R
3 6 3 6

6. 45in>0-1=0= (250~ D(2sin0+1)=0=> sin0 = or sin0 == sind = ee{z 5:}

T 1z 7[57[7_7[11_7[}
6 6 6

If sin€=—l,¢9€ ——,—— . The solution set is , s
2 6 6 6

7. Write 3+ in polar form:

r= (ﬁ)2+1=2; 0 =

tan ! (%}‘ = 0’ =30°. \3+iliesin Quadrant I, so 8 =30°.

The polar coordinates for \/5 +i are 2(cos30°+isin30°).

2 =274 (cosmﬂsinwj fork=0,1,2,3.
20 —21/4[cos—+1s1n go) 24 (cos7.5° +isin7.5°)
1/4( 0 3940j 24 (c0897.5° +i5in 97.5°)
2y =2 4( O\ isi 7540 j 24 (cos187.5° +isin187.5°)
= ( “100 i 11;0 ) 2Y* (c0s 277.5° + isin 277.5°)
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10.

11.

Write —64 in polar form: —64 = 64(cos180° +isin 180°)

Tk =641/6(cos180 +6360 k isin180 + 360 'kj
1,2,3,4,5.

180
9= 2(005

+i 1n 2 cos 30°+isin 300)

2

) 2 cos90°+ts1n90°)

2 ) 2 005150°+isin150°)

o
pret )
o)
<o

—» 1620 . 1620)

1980°

5= 2(005

First find the slope of the line
2x+3y+6=0:

2x+3y+6=0:>y=—§x—2:>m=——

So the slope of the perpendicular line is %

The equation of the perpendicular line is
3 13

5—— +D)=>y=—x+—.
y- (x+D)=y 5 ¥t

2log x+%log(y +1)—log(3x+1)

x21/y+1

=lo
g 3x+1

Shift the graph of y = Jx one unit right,

stretch it vertically by a factor of 2, then shift
the graph three units down.
y

5_
4= f)y=2Vx—1-3
3_
2~
1+
Il 1| N |
L1 25456789107%
72_
_3._
74_
_5._

( 180°+360°-k . . 180°+360°'k)
coOS———+iIisin——

=2(cos210°+isin210°)

= 2 cos 270° +isin 2700)

j = 2(cos330° +isin330°)

for k=0,

12. Shift the graph of y = |x| one unit left, reflect

it in the x-axis, then shift it up two units.

W A e
I

fo)y=—|lx+ 1] +2

A

[

—6-5— 3—2—110_1 3 4%
_2_
_3_

_4_
_5_

13. Reflect the graph of y =cosx in the x-axis.

The amplitude is 2, the period is 27z/3, and

the phase shift is —7/3.
y
I f(x) = —2cos(3x + 1)
N,/
T
-1 v
_2 —

73_

»—I\)LN

(=)

14. Stretch the graph of y =secx vertically by a

factor of 2. The period is 27/3.

Y. f(x) =2 sec 3x
o |
4 | :
2 | l
- l ! l
O | | 2 X
IS N
= ,m:
-6 l
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15.

16.

17.

18.

cos@:—%zf:rzw,x:—s:y=12:>

r

19. Given: A=65°B=46°c=60m —an ASA
case. C =180°—(65°+ 46°) = 69°

12
tanHz—? _60 = .a =a=582m
sin 69°  sin 65°
€08 65°¢c0s35° +sin 65°sin 35° .i=.L=> b=462m
\/g sin 69°  sin 46°
= 65°—-35°) = 30°=—
cos( )=cos > 20.
1 1 _l+cosx+1-cosx
l1-—cosx 1l+cosx 1—cos? x &
=— =2csc? x
sin” x 47°
=2(1+cot? x) 23m
o 23
1+cos2x 1+(Q2cos’x—1)  2cos®x cos 47 —7=>xz3.4m
sin 2x 2sin xcos x 28in xCcos x
coS x
=— =cotx
sin x
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