Chapter 6 Trigonometric Identities and Equations

6.1 Verifying Identities

6.1 Practice Problems

4.
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(secx+1)(secx—1)

sin x 1 sin x 1
-1+ +1
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2
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=C082x=25inx cos® x __ 2
sin®x cos’x|sin®x ) sinx
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cos x =1—sin x is not an identity because for

3

x=£,sinx=—3, while cosx=l¢1——.
3 2 2

2

1—sin” x _ cos? x

=COSXx
COS x COS X

6.

7.

8.

10.

Start with the right side.
sin &
tan & tan & Y]
L cosh 1-cos? 6
cos cos
sin & sin @

- 1—cos? O - sin® 6
1 cscl
sin @ 1

secd —cos@

sin*x sin’x

tan4 X+ tan2 X =

cos* x  cos® x
. 4 .2 2
sin” x+sin” xcos” x
cos* x
sin? x(sin2 x +cos? x)
cos* x
sin? x(1)
cos* x cos® x cos’ x
= tan2 xsec2 X

sin? x 1

sin @ 1 sin@ +1
tan@ +secl = + =
cos@ cosd cosd
1 +1 1+siné@
cscfd+1  sing sing _ l1+sind
cot§  cos@  cosf  cosd
sin @ sin @
Since both sides of the original identity are
1+si
equal to sin g , the identity is verified.
cosd
tan x tanx secx—1

secx+1 secx+1 secx—1
_tanx(secx—1) tanx(secx—1)
tanzx

sec?x—1
_secx—1

tan x

V9= (35in0)° =o-95sin? 0 = [o 1 -sin 0)

=v9cos? @ =3cos

6.1 Basic Concepts and Skills

1.

An equation that is true for all values of the
variable in its domain is called an identity.

To show that an equation is not an identity, we
must find at least one value of the variable
that results in both sides being defined but not
equal.
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.2 2. _ 1. 2 nn2 i —
3. sin“x+cos“x=1;1+tan” x =sec” x; 14. tanx= 1Y _ 4/5___500”: 1 =_§
csclx—cot?x=1 cosx 35 3 tanx 4
1 5 5
4. False. The statement is an identity. X osx 37 T e 4
2 2
tan” xcotx=tan" x- =tanx .
tan x 15. tan _smx:l/_\/g \/5, _ 1 =2,
5. True coS X 2/3 2 tan x
1 6 1
6. False. @ lies in quadrant III, so tan & > 0. secx = =——,C8Cx=— =3
cosx 2 sin x
2
7. sin6:—2:>(—2) +cos?f=1= 16. ta _sinx _ l/\/_?’_:_ﬁ
13 13 ) cosx —/2/3 2’
5 3 5 1
cosf=r—. r<f<—=cosl=—— cot x = =2
13 2 13 tan x \/*
2 1 6 1
8. secﬁ=%=>1+tan2€=(%J =>tan0=i% SeCx_cosx_ 2 ’Cscx_sinx_\/g
3 3
7<6<27[:>tan9:—z 17. cosx= =—2\/§,cotx= ! =2,
Sec x 5 tan x
1 1) 2 J5 tanx= 30X 1__sinx_ :>Sinx:—£,
9. cot49=5=>1+(5) =csc 49=>cscc9=i7 COS X 2 —2\/5/5 5
37 J5 cscx = .1 =5
7z<t9<7:>cs09:—7 sin x
1 255
10. cos€=—%=>sec¢9=—3=>1+tan26=(—3)2=> 18. O eex ’COtx_tanx_z’
p _ sinx 1 sinx . _x/g
tan 6 = £2+/2. E<6<ﬂ=>tan6=—2\/§ ta“x——cosxﬁg——zﬁ/s=>5mx—?s
2 3 CSCXx = 1 :\/g
11. sinx:—§:>cscx:—§:> sin x
2 . cos x
1+cot2x=(—%j =>cotx=ig 19. s1nxzcscx:§,cotx—sinx
37 5 2\/5_008)6 _ﬁ
ﬂ'<x<7=>cotx=7 B 1/3 B ’
1 2 32
1 2 tanx=cotsz’secx=cosx= 4
12. tanx:E:1+(E) =sec’x=.
5 25 20. sinx= =—,cotx= C?S al
secx=i7=>cosx=iT CcsC X sm\;/cf
37 25 —2\/5=COSX=>C sx———z,
7Z<X<TZ>COSX=—T 1/3 3
tan x = 1 :—ﬁ secx = 1 = —3\/5
B gl SOX_ 45 4 o1 3 cot x 47 cos x 4
COlsx _35/5 ’ 1 ;anx * 21 cotx—cosx 12 _ cosx osx——2
secx = =—>,c5cX=— =Z ) " sinx 5 _—5/13 13°
COS X 3 sin x 1 5 1 13
tan x = —,Secx = =——,
cotx 12 COS X 12
cscx = _1 =—£
sin x 5
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32,

33.

34.

35.

Section 6.1 Verifying Identities
coS X 12 cosx 12
Cotx=——=——-= = cosx=—,
sin x 5 =5/13 13
1 1 13 1 13
tan x = =——, SECX = =—, CSCX = — =——
cot x 12 cosx 12 sin x 5
11 ., : . N2 3r . 02
COS X = =—;sin“x+|—| =1=2sinx=t——;—<x<2r=sinx=———
secx 3 3 3 2 3
tanxzsmx:_zﬁ/?’z—%/z; cotx = =—£;cscx= .1 =—£
cos x 1/3 tan x 4 sin x 4
1+tan2x:se02x:>1+(—2)2:seczx:>secx:ix/§;£<x<7z:>secx:— 5;cosx= ! :—ﬁ
2 sec x 5
1 sin x sin x . 2\/5 1 5
tanx=-2= = cotx=——; tanx=——"= 2=—=—=SIX=—; CSCX = — =—
cot x 2 cos X —\/5/5 5 sinx 2
coszx+sin2x_ 1
sin x cos x Sin x cos x

This is choice c.

1 1
= =cos® x

l+tan®x sec’x
This is choice f.

—cot xsin (—x) =— 095 a (— sin x) =Cosx
sin x

This is choice a.

1+2cos x+cos? x = (I1+cos x)°
This is choice b.

2
1-2cos? x+cos* x= (l—cos2 x)
2
= (sin2 x) =sin* x
This is choice d.

2

. . cos“ x
s1n2x(1+cot2x):s1n2x I+—

sin” x

2

=sin’ x+cos’x=1

This is choice e.
(1+tanx)(1—tanx)+se02x=1—tan2x+se02x=1—tan2x+1+tan2x= 2

(secx—l)(secx+1)—tan2x=seczx—l—tan2x=>tanzx—tan2x=0

2

(sec x + tan x)(sec x — tan x) = sec x—tan’x=1+tan’x—tan’ x=1

2 — —
sec” x 4=(secx 2)(Secx+2)=secx+2

secx—2 secx—2

(csc4 x—cot? X) = (csc2 x—cot? x)(csc2 x+cot? X) = csc? x+cot? x
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. . sinx cosx . sin“ x+cos” x .2 2
36. sin xcosx(tan x + cot x) = sin xcos x +— =sinXxcos x| ———— |=sin”" x+cos” x =1
cosx sinx sin x cos x
. sin x + cos x
. (sinx+cosx) ————
37, Secxcsc x(sin x + cos x) _ Cos xsin x __cosxsinx _
) secx+cscx 1 + 1 coS x +sin x
sinx cosx Sin x cos x
1 1 cscx—1)—(cscx+1 2
38. - = ( )2 ( ):— 5 =-2tan’ x
cscx+1 cscx—1 cscx—1 cot” x
2
tan“x—2tanx—-3 (tanx—3)(tanx+1
39. :( X ):tanx—3
tan x +1 tanx +1
tan® x+secx—1 (sec2 x—1)+secx—1 sec” x+secx—2 (secx+2)(secx—1)
40. = = = =secx+2
secx—1 secx—1 secx—1 secx—1
Answers may vary for exercises 41-46.
41. sinx=1-cosx is not an identity because for 48. 2
x=7,sinx=0, while 1—cosx=2. (sin x + cos x)2 = 1
2sin x cos x Jll'_'.'l ‘lﬂll |'In"[ Jqulll
42. tanx=secx—1 is not an identity because for o 2
x=m, tanx =0, while secx—1=-2. I'I,J'I I'U" U "U"I
43. cosx=+1-sin’x is notan identity because >
for x =7, cosx =—-1, while V1— sin® x =1. This is an identity.
. 2
sinx+cosx) —1
44. secx=+1+tan® x is not an identity because ( .2 ) . 2
\/72 =sin” x+2sinxcosx+cos” x—1
for x =7, secx=-1, while V1+tan“ x =1. _ (sin2 x4+ cos? x)+ 2sin xcos x — 1
. 2. . . =1+2sinxcosx—1
45. sin’x=(1-cosx)” is not an identity because .
=2sin xcos x
. . 2
for x =, sin> x =0, while (1-cosx)” =4. 49 )
2. . .
46. cot’ x = (cscx + l) is not an identity because 1 ﬁl\,l \,I J,l"l
T . 2 =2 2
for x=—, cot’ x = 0, while (cscx + l) =4,
sin x + cos x —]
47. 2
cos2x — sinx 2
2x — T
S LA WA/ 1f x=Z. then
VYV “
. V2 2
sinx+cosx=—— = =2 %1.
2 2
2 Thus, sin x+cosx =1 is not an identity.

This is an identity.

cos® x —sin? x = cos x—(l—cos2 x)
2

=2cos” x—-1
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50.

51.

52,

53.

sin x|

AN,

=2 27

i PR
2

ﬁ and
2

If x=%, then sin x =

. T
SIHE 1 )

sin 2x
—= =—#—.
2 2 1 2
sin2x . . . .
Thus, =sin x is not an identity.
3
)
sim-x
1+ cosx
1—cosx
=27 2

This is an identity.

sinx  1-cos®x _(I+cosx)(1-cosx)

l+cosx 1+cosx 1+ cos x

=1-cosx

sinx
cosxtanx
=2

This is an identity.

sin x
cos xtan x = Ccos x -

=sinx
cos X
Flokl Flotz Flots R Wz
“MiBsincracl-tan| [TEAEEE| - 416 [ 416l
i T |
=neBoostsg -5 ‘B77ER | .B77ER 57
wMa= ] ERROR | 1 .
“Ny= E .BF7ER | B77EA
W= i E4nE | Bhod
~ME= n=-2
This is an identity.
. . COos X
sinxcotx =sinx- =COos X

sin x
Note that there is an error in the table for x =0
because cot 0 is undefined.

5S.

56.
£ .

Flakl Plokz Plok:
Bl AoosCRI a0
AhaptiAa
~NeBlssinoRa
~Na=

wNy=

=Ne=

~NE=

This is an identity.
1 cosx 1

secxcotx = - —— =CsCX
cosx sinx sinx

Plobl Flokz F1okZ
=MiBotaniEi—=12-0
tanixa+12
sNeBLl-1staniiRl
sol+lstancxr ol
M=
sy =
=Me=
sin x 1 sin x — cos x
tanx—l=cosx __ cosx
tan x +1 SinxJrl sin x + cos x
CcOS X COS X
_ sinx—cosx
sin x + cos x
COsSX Sinx—cosx
l-cotx " sinx ___ sinx
1+cotx 1+cosx sin x + cos x
sin x sin x

_ sinx—cosx
© sinx+cos x
This is an identity.
tanx—1 sinx—cosx 1l-cotx

Thus, .
1+cotx

tanx+1 sinx+cosx

Flotl Flokz Floks
~MMiBsincErEdlAco
sCHIdE+]
~WeBolscoscRiae
T
“Ny=
sNe=
~NE=

sin® xsec? x+1=sin’ x-

+1
coszx

.2
sin” x

= +l=tanx+1
cos” x

= SeC2 X

Flekl Flokz Flokz ¥ 9 Yz
“HMiBtanc2ieg
=MeB2tancEy
=M=
shy=
Ne=
“ME=
wNe=

inH

Hin=

n=-2

Note that the values for Y; and Y, in the

table are not equal, so tan2x = 2tan x is not
an identity.
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58. [ FlekL Flotz Flotz " Yy NE in3 3
WBCl—sipcEa g e e 68. sin” x+cos’ x , ,
:EEGDE’(H) d5 335, | = (sin x + cos x)(sin~ x — sin xcos x + cos~ x)
— -E Z.1BE7 | .B77EA . .
wHy= () i 1 = (sin x + cos x)(1 — sin xcos x)
“Ne= E 271 | .B7eEE
e i Wz | Eho3
~he= m=2 69. cos* x—sin®x
Note that the values for Y; and Y, in the = (0052 X+sin2 x)(0082 x—sin2 x)
o\ . _ .2 .20\ L .2
table are not equal, so (1 —sin x) =cosx 18 = 1((1 —sin” x) —sin x) =1-2sin" x
not an identity. 4 4
70. cos” x—sin" x
59. sinxtanx+cosx . .
) = (cos2 x+sin? x)(cos2 x—sin’? X)
. sin x n°x
=sin x- +cosx = +Cos x =1(c0s2x—(1—coszx)):2coszx—1
Cos X Cos X
sin®x+cos>x 1 1 1 (1+sin x) + (1 —sin x)
= = =secx 71. —+ — =
cos X cos X l-sinx 1+sinx 1—sin? x
. 2 2
60. cosxcotx+sinx = 5 =2sec” x
2 cos” x
=Cos X COsx+sinx— cos x+sinx
- Sin x T sinx 7 1 N 1 _ (1+cosx)+(1—cosx)
cos? x+sin?x 1 l-cosx 1+cosx 1—cos? x
= - =——=cCSCX )
sin x sin x — =2cscl x
) sin? x
61 I1—4cos”x (1+2cosx)(—2cos x)
1—2cosx 1—2cos x 73, 1 : 1 :cscx+1—(cscx—1)
=1+2cosx cscx—1 cscx+1 cse?x—1
2 2 2 tan>
_ . . _ . = = x
62. 9—-16sin x:(3+4smx)(3 45sin x) cot? x
3+4sinx 3+4sinx
=3-4sinx 74 1 1 _secx+1+secx—1
. ) ) 5 " secx—1 secx+l sec? x—1
63. (cosx—sinx)(cosx+sinx)=cos” x—sin” x Jsec x 5 2
2N 2 1 A2 = =2secxcot” x
=(1-sin“x)—sin“x=1-2sin“ x tan? x
. . .2 2
64. (sin x — cos x)(sin x + cos x) = sin” x — cos” x 1 1
( 5 X ) ) 5 75. sec’x+csclx= —+t——
=(1-cos“x)—cos“x=1-2cos” x cos“x sin”x
) _sin2x+coszx_ 1
. . . cos“x . ) 2 T2 2
65. sin” xcot? x+sin® x =sin x- - +sin’ x Slg xcog X Sl xXCOoS - x
s x =sec” xcscT x
=cos’x+sin’x=1 ) s 5 5
76. cot” x+tan” x=(csc”x—1)+(sec” x—1)
2 .2 sin®x . =(csc x+secZ x)=2
66. tan” x—sin” x= —sin“ x = (csc” x +sec” x)
cos“ x 1 + 1 )
_sin? x—sin? xcos® x _ sin? x(1—cos? x) T cos?x  sin2x
cos? x cos? x _ sin? x +cos? x )
sin? x(sin?x) _sin*x 4 1 " in? xcos? x
= 5 = =sin" x- 3
cos” x cos” x cos” x _ 1 )
! 2 ) 2
=sin” xsec” x sin“ xcos” x
3 3 =sec’ xesclx—2
67. sin” x—cos” x

= (sin x —cos x)(sin2 x + sin xcos x + cos X)
= (sin x — cos x)(1 + sin x cos x)
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1 1 sec x +tan x + sec x — tan x 2secx
71. + = 5 5 = 3 5 =2secx =
secx—tanx secx-+tanx sec“x—tan” x sec” x—(sec“x—1) CoS X
1 1 CcsC X —cot x +cscx +cotx 2¢cscx
78. + = 5 3 =— 3 =2csCx=—
cscx+cotx cscx—cotx csc x—cot” x cscx—(csc“x—1) sin x
sin x sin x 1-cosx sinx(1-cosx) sinx(l-cosx) 1-—cosx 1 COS X
79. = . = 5 = 3 =— =———-———=cscx—cotx
l1+cosx 1+cosx 1-—cosx 1—cos” x sin” x sin x sinx sinx
sin x sinx 14+cosx sinx(l+cosx) sinx(1+cosx) 1+cosx 1 cos X
80. = . = 5 = 3 =— =——+——=cscx+cotx
l1-cosx 1—-cosx 1+cosx 1—cos® x sin” x sin x sinx sinx
81. (sinx+cosx)2=sin2x+2sinxcosx+cos2x=1+2sinxcosx
82. (sinx—cosx)2=sin2x—2sinxcosx+cos2x=1—2sinxcosx
2 _ 2.2
83. (I+tanx)“=1+2tanx+tan” x =sec” x+2tanx
2 _ 22
84. (I-cotx)"=1-2cotx+cot“x=csc”x—2cotx
85 tanxsinx _ tanxsinx tanx—sinx _ tanxsinx(tanx—sinx)  tan xsin x(tan x — sin x)
tanx+sinx tanx+sinx tanx-—sinx tan? x—sinZ x sin? x .2
5 —sin”x
cos” x
_ tanxsinx(tanx —sinx) _ tan xsin x(tan x —sinx) _ tan xsin x(tan x — sin x)
sin” x —sin? xcos? x sinzx(l—coszx) sin? xsin® x
cos? x cos’ x cos’ x
_ tanxsinx(tanx—sinx) tanx—sinx
tan2 xsin2 X tan xsin x
86 cotxcosx _ cotxcosx cotx—cosx_cotxcosx(cotx—cosx)_cotxcosx(cotx—cosx)
cotx+cosx cotx+cosx cotx—cosx cotzx—coszx coszx )
5 —cosTx
sin” x
_cotxcos x(Cot x —Ccos x) _ cot xcos x(Cot x —cos x) _ cot xcos x(cot x — cos x)
cos? x—cos? xsin® x cos? x(1—- sin’ X) cos? x(cos2 X)
sin? x sin? x sin? x
_ cotxcos x(Cot X —COS X) _ COt X —COS X
COt2 xc052 x cot xcos x

87. (tanx+cotx)2 = tan? x +2 tan xcot x + cot” x = tan> x+cot2x+2tanx( ): tan® x +cot” x+2

tan x

=(tan2x+1)+(cot2x+1)=seczx+csczx
2 ) .2 2 2 .2
cos” x sin“ x sin“ x+cos” x || cos“ x+sin” x 1
88. (I+cot” x)(1+tan” x)=| 1+—— || 1+—— |= — 5 =— R
sin” x cos” x sin” x cos” x sin” xcos” x

sinx—cos’x sin®x—cos’x sin%x—cos’x .2 2 sin? xcos? x .2 2
89. 5 PR = oo = (sin” x—cos” x): —5—————=sin" xcos” x
sec” x—csc” x sin” x—cos” x sin” x—cos” x

2 .2 .
cos“x sin“x sin? xcos? x

90. (taner ! j(cotx+ !
cot x tan x

) = (2tan x)(2cot x) = 4(tan xcot x) = 4(1) =4
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2 2 2 2 2 2
91 tan x +1+secx_tan x+(I+secx)” tan” x+1+2secx+sec”x sec” x+2secx+sec” x
" l+secx tan x tan x(1+ sec x) tan x(1 + sec x) tan x(1+ sec x)
2
2sec? x+2secx 2secx(l+secx) 2secx COS X )
= = = == = — = ZLCSCX
tan x(1+ sec x) tan x(1+ sec x) tan x Sinx  sinx
cos x
2 2 2 2 2 2
92 cot x +1+cscx_c0t x+(I+cscx)”  cot” x+1+2cscx+cesc”x  csc” x+2cscx+cesctx
" l+cscx cotx cot x(1+cscx) cot x(1+cscx) cotx(1+cscx)
2
2csc?x+2cscx 2cscx(l+cscx)  2cscx sin x )
= = = = = = 4ZS€C X
cot x(1+cscx) cot x(1+ cscx) cotx COSx cosx
sin x
. sinx sinxcosx+sinx sinx(cosx+1)
sinx+tanx SmXY sin
93. _ Cos X cos x _ Cos x _ - tanx
cosx+1 cosx+1 cosx+1 cosx+1 cos x
94 sinx  sinx sin x _ sinxcosx
" l+tanx 1+ sinx cosx+sinx  cosx+sinx
cos X Cos X
COSX _ COSX cos x _ sinxcosx
I+cotx  cosx sinx+cosx cosx+sinx
sin x sin x
. . N . sin x cos x . . .
Since both sides of the original identity are equal to — , the identity is verified.
cos x +sin x
f 6.1 Applying the Concepts
95. 1+tan? @ =secd pplying P
5 5 101. x=20cscd 102. x=060cotf
96. +/4- (2cos 6) =+4—-4cos” 0
103. my cos 8 —sin @ = m, cos @ + mym, sin &
= |4(1-cos® §) = 2sin @ : :
= 4(1 cos )— S m; cos @ —m, cos @ = sin @ + m;m, sin @
cos @ (m; —m, ) =sin O (1+mm,)
97. sec’O-1=tand my—m, _siné cosf 1+mm,
1+mm, cos@ sind  m; —m,
98. /(2sec)’ —4 =+4sec? 0 -4 m —m 1+ mm
. secl) —4 = - -
( ) —L "2 —tanf or cotd=—"—-2
= [4(sec? 0-1) =21an 0 14 mymy my = my
dsinasin
cosd cos @ 104. h= - :
99, =——=cotd cosasin f —sina cos
\/1—c0526 sin & dsinasin
1 _ sin o sin 8
secd secl  oost cosasin f —sina cos
100. = === =——=cscl sin & sin B
Jsec? tand sinf  sin@
sec” -1 ikt d d
cosd = =
cosa cos B cota—cot 8
sin  sinf8
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6.1 Beyond the Basics

105.

106.

107.

108.

109.

l—sinx_ I+sinx  (1-sinx)(1+secx)— (1+sinx)(1—secx)

1-secx

1+secx l—seczx
_ I+secx—sinx—sinxsecx—1+secx—sinx+sinxsecx
1-sec? x

_ 2(secx—sinx) 2sinx-—2secx 2sin xcos? x — 2sec xcos” x

—tan” x sin” x sin” x

cos? x
2 2 2 cos? x

_ 2sinxcos” x  2secxcos”x  2C0S8° X cosx

sin” x sin” x sin x sin? x
=2cos xcot x — cot x =2 cos xcot x — 2 csc xcot x = 2 cot x(Cos x — CSC X)

sSin x

secx+tanx secx—tanx (secx+tanx)(cscx—cotx) (secx— tanx)(cscx+ cotx)

cscx+cotx

(l—tanx)er(l—cotx)2 =1—2tanx+tan2x+1—2cotx+cot2x=seczx—Z(tanx+cotx)+csczx

Nv& 6

Ccscx —cotx cse? x—cot? x cse? x—cot? x

__secxcscx —cotxsecx + tan xcscx —tan xcot x

0502 X— cot2 X

Sec xCcscx + cot xsec x — tan xcsc x — tan xcot x

csc2 X— cot2 X
_ 2tanxcscx—2cotxsecx  2sinx 2cos x
1+ cot? x)— cot? x cosxsinx sinxcosx

=2secx—2cscx=2(secx—cscx)

. .2 2

sinx cosx sin” x+cos” x
=sec’x—2 —_— +esc?x=sec’x—-2 _ +esc? x

cosx sinx sin xcos x

2 2 2 2 2

=s8ec" x——+CSsC” x =secC Xx—2secxcscx+csc
S1In X COoS x

x—tan® x= (SCC2 x)3 - (tan2 x)3 = (se(:2 x—tan> x)[(sec2 x)2 +sec” xtan® x + tan* x]

= (tan” x+1—tan” x)[(tan” x +1)% + (tan® x + D)(tan? x) + tan* x]
= (tan4 x+2tan’ x + 1)+ (tan4 x+ tan? x)+ tan* x =3tan* x + 3tan® x +1

Ccos X 1
7+

-1 . . . .
cotx+cscx—1  ginx sinx sinx cosx+l-sinx (cosx+1)—sinx (cosx+1)—sinx

cotx+cscx+1 COSX_l_ 1 +1 sinx cosx+1+sinx (cosx+1)+sinx (cosx+1)—sinx

sinx sinx

x = (secx—csc x)2

(cosx+1)2 —2sinx(cosx+1)+sin2 x cos? x+2cos x+1—2sin xcos x — 2sin x +sin> x

2

(cosx+1)2—sin2x cos? x+2cosx+1—sin’ x

2cosx+2—2sinxcosx—2sinx _ 2(cos x +1) — 2sin x(cos x + 1)

coszx+ZCosx+1—(1—coszx) - 2cos? x +2cos x
_2(1-sinx)(cosx+1) 1-sinx

2cos(cosx+1) cos x
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526 Chapter 6 Trigonometric Identities and Equations
sin x 1

¢ 1 + -1 . 1- . 1— . 1-

110 anx+secx—1 _cosx cosx  COSX _sinx+ cosx=smx+( cosx) sinx+ (I—cosx)
tanx—secx+1 sinx 1 41 cosx sinx—1+cosx sinx—(1-cosx) sinx+ (1—cosx)

COSX COSX
_sin2x+2sinx(1—cosx)+1—2c0sx+0052x_ 2+ 2sin x(1—-cosx)—2cosx
sinzx—(1—2c05x+coszx) 1-cos? x—1+2cos x—cos’ x
_2(I-cosx)+2sinx(1—cosx) 2(I—cosx)(1+sinx) 1+sinx
2cosx—2cos? x 2cos x(1 —cos x) COoS X

111. (sinucosv+cosusinv)z+(cosucosv—sinusinv)2
:(sin2u0052v+25inucosvcosusinv+cos2usin2v)+(coszucoszv—25inucosvcosusinv+sin2usin2v)
=sin’ ucos® v +cos? usin® v+ cos? ucos? v+sin® usin® v
a2 2 s 2 2 s 2 2 ol 2 2 s 2 2 _
=sin“u(cos“ v+sin~v)+cos” u(sin“v+cos”v) =(sin“u+cos” u)(sin“v+cos“v)=1

112. (sinucosv—cosusinv)z+(cosucosv+sinusinv)2
:(sin2u0052v—ZSinucosvcosusinv+cos2usin2v)+(coszucoszv+25inucosvcosusinv+sin2usin2v)
=sin’ ucos®v+cos? usin® v+ cos? ucos? v+sin® usin® v
a2 s 2 2 2 -2 2 fein2 2 s 2 2 _
=sin“u(sin”v+cos” v)+cos”u(sin“v+cos“v)=(sin“u+cos“u)(sin“v+cos“v)=1

113, 3(sin® x+cos? x) — 2(sin% x + cos® x) = 3(sin* x + cos* x) - 2((sin2 )% + (cos? x)3)

. . . . Remember that
=3s1n4x+3cos4x—2(s1n2x+cos2x)(s1n4x—sm2xcos2x+cos4x) s 4
=3sin* x+3cos* x—2sin® x+ 2sin? xcos? x — 2cos* x us+v 5 s
:sin4x+25in2xcoszx+cos4x:(sin2x+coszx)2:1 =@+ —uv+v7)
.6 6 4 .2 )3 2 \3 4

114. sin” x+cos” x—3cos™ x = (sm x) +(cos x) —3cos™ x
:(sin2x+c0s2x)(sin4x—sin2xcoszx+cos4x)—3cos4x
:sin4x—sin2xcoszx—20054x:(sin2x+coszx)(sin2x—2coszx)
:sinzx—2coszx:(1—0052x)—2c052x21—3c052x

115 1—cos6+1+cos€_1—2cos¢9+cos26’+1+200s6’+cos29_2+2c0s20

" l+cosf 1-cos@ 1-cos’ @ sin? 6
2
2 2cos” 0
=— +T=205026+200t26=2(csczc9+cot2€)
sin“d  sin“ @
=2(1+cot26+cot2«9)=2+4cot26
116 cos®O+sin® 0 cos® 6 —sin’ 0
" cos@+sinf cosf —sinf
_ (cos @ +sin 6)(cos2 6 —sin 6 cos @ + sin> ) + (cos @ —sin t9)(cos2 6 +sin 0 cos 0 + sin> )
cos@+sind cos@ —sind
:cosz6—5in9005¢9+sin26‘+cos29+sin¢9c0s9+sin29:2(sin20+00529):2
2 2 2 2 2
17, S O+2tan” @ 1+tan“@+2tan" 6 1+3tan 6’_1

1+3tan’ @

1+3tan’ @ _1+3tan20_
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Section 6.1 Verifying Identities 527

2
2+ +tan” o
118 csc? a +sec’ o 1+tan2a_1+cot2a+1+tan20( 1+tan2a_ tan? o 1+ tan’ &
cscla—sec’a 1-tan’a l+cot’a—1-tan’a 1—-tan’a 1 —tanl 1—tan’ &
tan“ o
2tan’ @ +1+tan* o
_ tan? o _1+tan20::tan4a+2tan2a+1_1+tan2a
1—tan* x I—tan’ & 1—tan* x 1—tan’ &
tan’ o
_ (tan2a+1)2 1+tan2a_tan2a+l 1+tan205_0

_(l—tanza)(lthanza) l-tan’er l-tan’e I1—tan’a

119. cos? x(3—4cos? x)? +sin” x(3—4sin? x)? = cos? x(9 — 24 cos? x +16cos* x) +sin? x(9 — 24sin? x +16sin* x)
=16¢0s® x—24cos* x+9cos? x +16sin® x - 24sin* x +9sin? x
= 16(sin6 x + cos® Xx)— 24(sin4 x+cos? X) +9(sin2 x+ cos? X)
= 16((sin2 )% + (cos? x)3) —24(sin* x +cos* x)+9
= 16(sin2 x + cos? x)(sin4 x—sin® xcos® x + cos* X)— 24(sin4 x+cos? x)+9
=16sin* x—16sin? xcos? x +16cos* x — 24sin* x — 24 cos* x+9
=—8sin* x—16sin® xcos®> x—8cos* x+9 = —8(sin2 x+ cos? )c)2 +9=1

120. (sin@+csc 6’)2 +(cos @ +sec 6)2 —cot’ @
=sin® 6+ 2sin @csc O +csc? @ +cos® @+ 2 cosOsec § +sec’ O —cot> 6

= (sin2€+cos2 6)+2sin¢9( _1 j+200s6(
sin @

+csc? O +sec? @ —cot’ 6
cos

:1+2+2+(1+cot29)+(1+tan20)—cot29:7+tan26‘

121. x%+ y2 +z2= (rcosucosv)2 + (rcosusin v)2 + (rsin u)2

=r2cos?ucos’v+r2cos>usin’v+r’sin’u

= rz(cos2 ucos?v+cos?usin’ v +sin> u)

= rz(cos2 u(cos2 v +sin? v)+ sin’ u)= rz(cos2 u +sin? u)= r?

122. a. tanx+cotx=2=>(tanx+cot)c)2 =4 =5 tan’ x+ 2 tan xcot x + cot> x = 4 =

tan2x+2tanx( j+cot2x:4:>tan2x+2+cot2x:4:>tan2x+cot2x:2

tan x

b. tanx+cotx:2:>(tanx+c0tx)3 =8=> tan> x+3tan’ xcot x+3tan xcot> x + cot> x =8 =
tan® x +3tan x+3cot x +cot’ x =8 = tan3x+3(tanx+cotx)+c0t3x:8:>
tan3x+3(2)+cot3x=8:>tan3x+cot3x=2

2 2

123. a. secx+cosx:2:>(secx+cosx)2:4:>sec x+2secxcosx+cos  x=4=
sec2x+2(l)+cos2x=4=>sec2x+cos2x=2
secx+cosx=2=>(secx+cosx)4=16=>
sect x+4sec? xcos x + 6sec? xcos? x +4sec xcos® x +cost x =16 =
sect x +cos* x +4sec? x +6sec’ xcos” x+4cos’ x =16 =
sec4x+cos4x+4(se02x+c0s2x)+6:16:>sec4x+cos4x+4(2)+6:16:>

sec* x+costx=2
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b. secx+cosx=2= (secx+c0sx)3 =8 = sec’ x +3sec’ xcos x +3sec xcos> X+ cos’ x =8 =>
sec3x+cos3x+3secx+3cosx=8=>sec3x+cos3x+3(secx+cosx)=8=>
sec3x+cos3x+3(2):8:>sec3x+cos3x:2

124. sinx+sin2x:1:>sinle—sin2x:>sinzle—Zsinzx+(sin2)c)2 =
1—(:052x:1—2(1—coszx)+(1—coszx)2 =1-cos’x=1-2+2cos? x+1-2cos’ x+cos* x =

2 4

1—cos? x=cos* x = 1=cos? x +cos* x

6.1 Critical Thinking/Discussion/Writin
9 g 129. csc? @ = 22ab2:> 22ab221:>
a”+b a“+b

2ab>a’ +b*> = 0>a’>-2ab+b> =

125. a. Answers may vary. Sample answer:

kY4 . 3z .
If x= - then , [sin? (Tj =1, while 0> (a—-b)>. This is true only if a=»5 for
a,b#0.
. 3
sin—=-1. ) )
130. a. We know that (sin& —cscf)” >0 because
b. Answers may vary. Sample answer: a’>0 for any real number a. So
If x :z’ then lsin2 (%j ~1, and sin? @ —2sinfcscO+csc>0>0.
—2sinfcscl = —2sin€( _1 j =-2,580
. T sin &
sin—=1.
2 sin@+csc?0-2>0=sin>O+csc’> =2
126. If secl = 2xy 5, we have a right triangle b. (cosf —sec 6)2 >20=
Xty cos? @ —2cosBsecd +sec> 6> 0.

with hypotenuse xy and one leg X%+ y2 .

1
2cos@secd =2cosl =2,
Using the Pythagorean theorem to find the costsee cos (cos 6) 50

length of the other leg, we have cos2B+seclh>2
b=\()? - (% +y7)?
= \/x2y2 -2ty 4 yh

Y BN

c. (sint9—cos€)2 20>
sin? @ —2sin @ cos &+ cos’ 6 >0 =

. |
1>2sinfcosf@ = —=sinfcosld =
= \/—(x4 + x2y2 + y4) which is the square 2

root of a negative number. Therefore S22, o, seclescd 22
2 secBcscl
sect # 2? 5 - (secO—csch)’ 20=
x
Y sec’ 6 —2secOcscO+csc’O>0=
2 2 2
127, —1Ssin€£1:>—1£1+t2S1=> ssec O+csc”@=2secHcscl
1-¢ Since secHcscl =2,
~1+1><1+1> <1-1* =* 0. The only sec? @+ csc? 0> 2secHcscl =
value of ¢ that makes this true is # = 0. sec’ @ +csc? 0> 4
2 4 p2 6.1 Maintaining Skills
128. 0<cos?f<1=0<9 <1
a
2
0<a?+b*<2ab= a*-2ab+b*<0= 131 (2x-y)" =4x” —dxy+°
(a—b)* <0. This is true only if a =b for

2 2 2
132. (3x=5y)? =9x2 = 30xy + 25
a.b#0. (3x=5y) ey

133. sin (—f) —_gpZ-_1
6 6 2
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134.

135.

136.

137.

138.

139.

140.

6.2

ﬂ') T 3
cos| —— |=cos—=—
( 6 6 2

ﬂ') T 3
tan| —— |=—-tan—=——
( 6 6 3

cos®x=1—-sin’> x=sin’ x+cos’ x=1
sec?x—tan>x=1=>tan’ x+1=sec’ x

cot’x=csc>x—1=1+cot® x=csc’ x

3 . ..
cost=—T, sint > 0=t lies in
quadrant II.
cost:——zi; sint =2

r r
2
r2=x2+y2:>16=(—\/§) +y2=>

y=A13
J13

sint =——
4

In quadrant III, cos? < 0.
anr=t-"4_J

3 -3 x
rt=x*+y? =(—3)2+(—4)2 =r=5

3
cost=——

Sum and Difference Formulas

6.2 Practice Problems

1.

2.

cos 15° = cos (45° - 30°)
= c0s45°co0s 30° + sin 45°sin 30°

e

T /1
COS— =COS| —+—
12 3 4

T T . T . TT

= COS—COS— —SIn—S1n —

34 374
_1(V2) V3(V2
202 ) 21 2

V2-+/6

4

V4 1 1
sec| ——x |= =——=cscx
2 T sin x
cos| ——x
2

sin (7 + x) = sin 77 cos x + cos 77 sin x
=0-cosx+ (—1)sinx
=-—sinx

sin43°cos13° - cos 43°sin13° = sin (43° - 13°)

=sin30° =l
2
cos (u +v) = cosucosv —sinusinv
TR
5/\13 5 13 65

cos(x+y) cosxcosy—sinxsiny

sin x sin y sin xsin y
cosxcosy sinxsiny

sinxsiny  sinxsiny
=cotxcoty—1

y=sinx++/3cosx=asinx+bcosx =

a=1,b=3=Va®>+b> =J1+3=2.

So, @ is any angle in standard position that

has (1, \/3_’ ) on its terminal side = 6 = % .
Thus, sin x+ \/§COS)C = 2sin(x+§j.

From practice problem 8,

sin x++/3cosx = 2sin(x+§j. This is the

graph of y = sin x, shifted % units to the left

and stretched vertically by a factor of 2.

y y=sinx + V3 cos x
2
1z
3
o p3 2r\ 3nf x
3
-2
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10. y=y; +y, =0.1sin(4007) + 0.2 cos(400t) =
a=01b=02=

V0.12+02% =40.05=0.1"/5=4
6 =tan"" (E) =tan"!2

0.1
y = 0.1sin(400¢) + 0.2 cos(400¢) =
y = 0.14/5 5in (400z + 6)

)
= 0.13/5 sin400( £ + -2
J5sin ( 400)

Amplitude: 0. ING] ;

-1
phase shift: _ 0 _fan 2 = —0.0028
400 400
. 2r & 400 200
period: — =——; frequency: —=——
400 200 2r &

tanz+tanx O+tanx

11. tan(7Z+x): an x

l-tanztanx  1-0
6.2 Basic Concepts and Skills

1. sin(A+B)=sin Acos B +cos Asin B

2. cosAcos B—sinAsin B = cos(A+ B)

tan A + tan B

3 tan(A+B): 1-tan Atan B

T T ..
4. False. cos| —+ x |=cos—cos x —sin—sin x
2 2 2
=0-cosx—1-sinx
=—sinx
5. True. sin (E+ xJ = smzcosx + coszsmx

=1-cosx—0-sinx
=cosx

tan x +t

7. sin(45°+30°) = sin 45°cos 30° + cos 45°sin 30°
IR
2 2 2 \2
J6 +42
T
8. sin(45°-30°) = sin 45°cos30° — cos 45°sin 30°
V2\(V3) (V21
I
V6 -2

4

10.

11.

12.

13.

14.

15.

16.

sin(60° — 45°) = sin 60° cos 45° — cos 60°sin 45°
V3\(V2) (12
L5
Jo -2
=
sin(60° + 45°) = sin 60° cos 45° + cos 60°sin 45°
L5
2 2 2) 2
i

4

sin(—105°) = —sin(105°) = —sin(60° + 45°)
= —(sin 60° cos 45° + cos 60°sin 45°)

4

cos 285° = cos 75° = cos(45° + 30°)
= c0s45°cos 30° —sin 45°sin 30°

C(V2)(V3) (V21
22 )2 (Ej
-2
4
tan 225° = tan(180° + 45°)
tan 180° + tan 45°

1—tan180°tan 45°

tan(—165°) = tan 195° = tan(135° + 60°)
_ tan135°+tan60° _\/5
1-tan135°tan 60°

. T T . T T V21
Sin| —+— [=SINn—CcoS— + COS—SIn —
(6 4) 6 4 6 4

Cisi s

V2 T T . T . T
COS| ——— |=COS—COS— +SIn—sSsin —
(3 4) 34 374

oleHele

4
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17. tan(£—£j= tan(ﬁ/4)—tan(7z/6) 22. sin7—”:sin(£+£j
4 6) l+tan(z/4)tan(7/6) 12 3 4
_ 1_\/5/3 =3_\/§ =sin%cos%+cos£sin%
1+1(v3/3) 3++/3
+1(3/3) 3443 (B)(2), 17 VB2
=2-\3 2 12 )7 2| 2 4
18. cot(%—%)_ﬁ tan3—”+tan5—”
tan(3—4) 23, a2 = tan 3—7[+5—7[ = 4 6
12 4 6 37 5w
_ 1+tan(7z/3)tan (7/4) 1—tan =" tan ~—
tan (77/3) - tan (77/4) -1-33 B3, g
=—*E+1=2+J§ 1—(—1)(—\6/3) J3-3
-1
T 1
19. sec(§+%) 2. see Os(ﬂ'_ﬂ')
4 6
_ 1 _ 1 1
- T 7\ m & . T . T =
CcCos| —+— COS—COS— —S1n—S1n —
(3 4) 3 4

1
(lj(ﬁ}(\@}(ﬁj V26
2 2 2 2 4
RN
C2-6 246 4
=-2-J6

20. csc(z—zj
4 3

1
(7 #n\ .7 =« T . T
simm| ——— SINn—COS— — COS—SIn —
(4 3) 473
1 1

TR

2 4

Jg“ﬁ‘ 6

5w S T T
21. cos| —— |=cos| — |=cos| —+—
12 12 6 4

T . T . T
:COSECOS——SIH—SIH—

6 4
(B(V2) 12
s
_N6-\2

4

V4 . T . T
COS — 08— +8in —sin —
4 6

1
TEEL A
2 2 2 2
4
=46 —-+/2
N R
tan£+tan7—”
25. tan(17—7z =tan(£+7—”): 4 6
an4tan
1+43/3  _3+.3
= = =2+43
1-(v3/3) 3-+3
26. csc“—”:%
. (7m 37
sin| =+~
5+7)

1

. 7 . 3x
sin—cos — + cos —sin —
6 4

1

A

27. sm(x+3j = Ssin XCOSE-FCOSXSIII—

=0+cosx(l) =cosx
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532 Chapter 6 Trigonometric Identities and Equations
V.4 T . T . 3z
28. cos| x+— |=cosxcos— —sin xsin— sin| x+—
[ =eomreosT —sinsin] I G )
=0~ (I)sin x = —sin x e R ( 3,;}
cos| x+ By
29. sin(x—zj=sinxcosz—cosxsinZ . 3z . 3x
2 2 2 sin xcos — + sin — cos x
—0- D=- 2 2
= cosx(1) =—cosx Iz T3z
COS X COS — — sin xsin —
V.4 T . 2 2
30. cos| x—— |=cosxcos—+sin xsin— —COoS X
2 2 2 =— =-—cotx
=0+ (I)sinx =sinx sin x
_ - 39, cot(3z —x) = 07X
sin| x+ — sin(377 — x)
31. tan(x+_j= 2 = co'sx =—cotx _ cos37cos x +sin37zsin x
cos (x+”) ~Smx sin 37z cos x —sin xcos 37
2 —cos x
=— =—cotx
sin x
. V.4
- (X_ZJ —Ccosx S 1
32. tan (x——j = =— —cotx 40. csc (—— xJ =
( 7[) sin x 2 . (57[ j
cos| x—— sinf ——x
2 2
_ 1
33. cscx+m)= sin(x + 77) sin57”(:0sx—sinxc05577Z
1 1 1
= ; =— = =secx
sin xcos 77 +cosxsinzz  —sinx COS X
=—cscx
. 41. sin56°cos34° + cos 56°sin 34° = sin(56° + 34°)
34, sec(x+m)=—""— =sin90° =1
cos(x+ )
1 42. c0s57°cos33°—sin57°cos33°
= : : =c0s(57°+33°) =c0s90°=0
COS X COS 77 — sin xsin 77
= ! =—secx 43. c0s331°cos61°+sin331°sin61°
—cosx =¢0s(331°—61°) =c0s270°=0
3s. Cos(x N 3_”) — 05 xc0s O —sin xsin % 44. cos110°sin70° + sin110°cos 70°
2 2z 2 =sin(110°+70°) = sin180° = 0
=0-(-1)sinx =sin x
tan 129° — tan 84°
45. = tan(129° — 84°) = tan45° =1
36. cos (x—%z) = cosxcos%+ sinxsin%[ 1+ tan129° tan 84° ( )
=0+ (-Dsinx=—sinx 46. tan 28° + tan17 — an(28°+17°) = tan 45° = |
1-tan28°tan17°
sin (x - 37[)
37 _ 2 47. sin7—”coss—” - cos7—7[sin3—7[
37. ta“(x‘TJ— 201 T

(%)
cos| x——
2

. 3z . 3x
sin xcos — — sin — cos x
2 2

3r . . 3
COS xC057 + s1n x sin 7

CcOs X
= - =—cotx
—sinx

Y4 T .57, «&w
48. cos—zcos——sm—sm—
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t——tz—” I ises 57 — 62 —2'h'
an B an 5 ST o 7 n exercises 57 — 62, cosa——g with & in
49 57 ' = tan E—E tanz =1 \/2— \/ﬁ
1+ tan —tan — Quadrant Il = sino = —land tan = ————;
12 12 5 2
tan>7 + tan 1% sin 8 = —% with £ in Quadrant IV = cos 8 = @
50. %:ta (5—”+—”j:tanﬂ20 3J10
1+tan —tan— 212 and tan ff = -——.
12 12 20

In exercises 51— 56, tanu =% with # in
. 3 4
Quadrant Il = sinu = —gand cosu = —g;
siny = i with v in Quadrant Il = cosv = —1—
13 13

5
and tanv=-——.

12

51. sin(u—v)=sinucosv—cosusiny
s
5 13 5)\13 5

52. sin(u+v)=sinucosv+cosusiny
-
5 13 5)\13 S5

53. cos(u+v)=cosucosv—sinusiny
IEIEN
5 13 5
54. cos(u—v)=cosucosv+sinusiny
SIEIRe)
=| —— -+ ——
5 13 5
()
7+ _—
tanu+tany 4 12

l—tanutany - 3(_5)
4\ 12

_l6
63

55. tan(u+v)=

3 (.5
tanu—tany 4 12) 56

l+tanutany 3( 5) 33
I+ | -
(4 12

56. tan(u-v)=

57. sin(ax— f)=sinacos f—cosasin S

LR HAE

22106
35

58. cos(ax— f)=cosacos f+sinasin f
5 7 5
_—410-3421
- 35

1
sin(a + )
sin(a + ) =sina cos f + cos & sin

59. csc(a+p)

g

L2 )

24210 +6
R

csc(a+ p) =

35 _ 35v210-105

2210 +6 402

1

cos(a + f3)
cos(a + ) = coscx cos f —sina sin

60. sec(a+pf)=

41043421 .
35
35
sec(a + =
( p) —4@ + 3@
35 (3\5 n 4\/5)
B 29
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534 Chapter 6 Trigonometric Identities and Equations
61. Use the results from exercises 57 and 58: cos(x+y)
—4\/5 —-3421 cos(x+y) sinxsiny
cot(cr - f8) = cos(a = ff) _ 35 sin(x—y) sin(x-y)
sin(a — ) 24210 -6 sin xsin y
35 COS XCOS y —sin xsin y
~ 410 =321 _ sin xsin y
- 2210-6 sin xcos y —sin y cos x
sin xsin y
62. Use the middle steps from exercises 59 and cosxcosy sinxsiny
60: : T .
_ sinxsiny sinxsiny
—410 +3421 ~ sinxcosy sinycosx
cot(a + fB) = c9s(0( +5) = 35 sinxsiny sinxsiny
sin( + f) 24210 +6 cotxcoty—1 1—cotxcoty
35 B coty—cotx B cotx—coty
=410 +3V21
© 221046 sin(x — y)
sin(x—y) _sinxsiny
63. sin(x + y) _ sinxcosy +sin y cos x sin(x + y) " sin(x+y)
COS X COS y COS XCOS y sin xsin y
_ sin xcos y +sinycosx sin xcos y —sin y cos x
COSXCOSYy COSXCOSY sinxsin y
=Sinx+Siny=tanx+tany ~ sinxcos y +sin ycos x
cosx cosy sin xsin y
. . . sinxcosy sin ycosx
sin(x+y) sinxcosy+sinycosx : T :
64. — - = - - sinxsiny sinxsiny
sin xsin y sin xsin y =— -
. . sinxcosy sin ycosx
sinxcosy sin ycosx : T ;
T —— sinxsiny sinxsiny
sinxsiny sinxsiny
coty—cotx
CcOosy = COsx =
=——+——=cotx+coty coty+cotx
siny sinx
. . 70. We use the results from exercises 66 and 68 in
65. cos(x+y) _ €Osxcosy—sin xsin y the first step.
COS X COS y COS XCOS y cos(x+ y)
_Cosxcosy sinxsiny cos(x+y) sinxsiny _cotxcoty—1
COSXCOSYy COSXCOSY cos(x— y) " cos(x—7Yy)  cotxcot y+1
=]-tanxtany COS XCOS Y
66. SOS(x—y) _cosxcosy+sinxsiny 71. y=sinx+cosx=asinx+bcosx=
sin xsin y sin xsin y
COSXCOSy  sinxsiny a=1b=1=~a*+b> =\J2=A. S0 6 is
 sin xsin y + sin xsin y any angle in standard position that has (1, 1)
= . . . 4
cotxcoty+1 on its terminal side = 6 = 1
67. We use the results from exercises 64 and 66 in

the first step. Start with the right side.
I+cotxcoty cos(x—y) . sin(x + y)

cotx+coty sinxsiny sinxsiny
_cos(x—y) sinxsiny

sinxsiny sin(x+y)
_cos(x—y)
sin(x + y)

y=sinx+cosx :\/Esin(x+%j.

(continued on next page)
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(continued)

72.

73.

74.

y=12 ;m<1+%r>
_2;\ 7|r| | 1/2\ [ \A
\J

1 2 X

T T

-2

y=sinx—cosx=asinx—bcosx =

a=Lb=-1=a?+b>=2=A.So 0 is

any angle in standard position that has (1, —1)

. . . T
on its terminal side = @ = _Z .

y=sinx—cosx =x/§sin(x—%j.

4

y=3sinx+4cosx=asinx+bcosx =

a=3,b=4=+a’>+b>=5=A. So 0 isany
angle in standard position that has (3, 4) on its

terminal side = tan@ = % = 60=0.927.

y =3sinx+4cosx =5sin(x+0.927).
y=35sin (x +0.927)

z:\n'fxn/
U

IX
2r

-5

y=4sinx—-3cosx=asinx+bcosx =

a=4b=-3=Va’+b>=5=A. So 0 is
any angle in standard position that has (4, =3)
on its terminal side

:tan@z—%:@z—0.644.

y=4sinx—-3cosx = 53in(x—0.644).

75.

76.

77.

y = 5sin (x — 0.644)

/6
AW A

-2 -

~<

TTTTTT

i

—6

y=5sinx—12cosx =asinx+bcosx =

a=5b=-12=a* +b> =13=A. So @ is
any angle in standard position that has (5,

—12) on its terminal side = tané = —% =

0=-1.176.
y=5sinx—12cos x :5sin(x—1.176).
y=13sin (x - 1.176)

<

13

Jror i &
b4 2

LU
—2r| -&m

_1 —
y=12sinx+5cosx =asinx+bcosx =

a=12,b=5=+a*+b* =13= A. So 6 is
any angle in standard position that has (12, 5)
on its terminal side

:tan@z%:H:OS%.

y=12sin x+5cos x =13sin(x+0.395).
y = 13sin (x + 0.395)

v o

] W
—or =

||||||Aﬂx

TTTTTTTTTTTITT T

13

y=cosx—3sinx=asinx+bcosx =

a=-3b=1=va’>+b> =10=A. So 0 is

any angle in standard position that has (-3, 1)
on its terminal side = tan @ = —% =

0=-0322+7=2.820.
y=cosx—3sinx = \/ﬁsin(x+ 2.820).

(continued on next page)
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(continued)

y =10 sin (x + 2.820)

\ L

WAWAY
VLY,

2r

_3_

78. y=3cosx—4sinx=asinx+bcosx= a=-4b=3=+a’+b>=5=A. S0 0 is any angle in standard

position that has (—4, 3) on its terminal side = tan 8 = —% = 0=-0.644+77=2498.

y=3cosx—4sinx =5sin(x +2.498).
y = 5sin (x + 2.498)

NIIII L1
—2r\ -—m

=5

[ AR

TTTTT LT TTZ

6.2 Applying the Concepts

79. a+6,+(180°-6,)=180°= a = (6, +6,). =6, —6,tancx = tan 6, — tan 6,

_ Iy —my

1+tan @, tan 6,
tan 8, — tan & m,—m m, —m

2 L -2 L. So, tana =|—2—=L
1+tan01 tangz 1+m1m2

fa=60,-6,=x, tancox = - .
1+m1m2

80. (i:y=x+5=m =1
ly:y=4x+2=>my =4

ana =23 o o an (2] = 05404
1+4| 5 5

81. {;:y=2x+5=>m=2
ly:6x=-3y=21=y=2x-T=my =2
2-2
1+(2)(2)

‘:O:a:tan_l(o):o

82. (iy=2x-4=>m =2
lryiy=x+2y=21= ——lx+Z=>m S
2:Y y y SR 2 5

2-(~1/2)
1+(2)(-1/2)

= 5/72:> tan ¢ is undefined = « =§

tanax =
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83.

84.

85. a.

86. a.

y = 0.45in(400¢) + 0.3cos(400t) > a=04,b =03 = 042+032=05=A
0 =tan"" (2)
0.4

y = 0.4sin(400¢) + 0.3 cos(400f) = y = 0.5sin(400¢ + 6) = 0.5sin {400@ + 4%0)} =

-1
t 0.3/0.4
amplitude = 0.5; phase shift = _0 = —M
400 400

=—0.00161

¥ =0.05sin(600r) +0.12cos(600¢) = a = 0.05,b = 0.12 = V0.05% +0.12% = 0.13 = A;
6 = tan™"(0.12/0.05)

y =0.055in(600¢) + 0.12 cos(600¢) = y = 0.13sin(600z + &) = 0.13sin {600(1 + 6;(‘)’0H = amplitude = 0.13

-1

tan~! (0.12/0.05

phase shift =~ = 20 (0-12/005) 5166
600 600

x=0.12sin2t +0.5c0os 2t = a =0.12,
h=05= A=+0.122+0.5> =0.5142

6 =tan"" (ﬂj =tan "' (2)
0.12 6

. . . 0 . tan™" (25/6)
y=0.12sin 2¢ + 0.5cos 2t = 0.5142sin(2t + ) = 0.5142sin 2 t+§ =(0.5142sin| 2 t+#

N—

~0.5142sin 2 +0.6676) => phase shift = —0.6676.
Period = 277/2 = 7 = frequency = 1/7 .

V13 = 0.6009
6

1. 1 1
x=—sin3t+—cos3t=>a=—,
2 3 2

-1
tan”' (2
y= %Sin 3+ %cos 3t = 0.6009sin(3t + ) = 0.6009sin {3 (t ¥ gﬂ ~ 0.6009sin H; " B‘HT(B)}]

= (0.6009 sin 3(t + 0.196) = phase shift =-0.196.

Period = 2z = frequency = i
3 2r

6.2 Beyond the Basics

87.

88.

89.

sin(x+h)—sinx sinxcosh+sinhcosx—sinx sinx(cosh—1)+sinhcosx . (cosh—1) sinh
. = P = P =sin x +cosx

cos(x+h)—cosx cosxcosh—sinxsinh—cosx cosx(cosh—1)—sinxsinh (cosh—1) . sinh
. - p = . =Cos x —sinx

cosucos(u +v) +sinusin(u + v) = cosu(cos u cos v —sin ¢ sin v) + sin u(sin # cos v + sin vcos u)
= cos? ucosv—cosusinusinv+sin> ucos v +sinusin vcos u

=cos v(cos2 u +sin? u) =Ccosv
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90. sin(x+ y)cosy—cos(x+ y)siny =cos y(sin xcos y +sin y cos x) —sin y(cos xcos y —sin xsin y)
= sin xcos’ Yy +sin ycos xcos y —sin y cos xcos y + sin xsin? y

=sin x(cos2 y+ sin? y)=sinx

91. sinSxcos3x—cosS5xsin3x =sin(3x+ 2x)cos3x —cos(3x + 2x)sin 3x
= (cos 3x)(sin 3xcos 2x + sin 2x cos 3x) — sin 3x(cos 3x cos 2x — sin 3xsin 2x)

= sin 3xcos 3x cos 2x + sin 2x cos> 3x — (sin3xcos3xcos2x—sin 2 3xsin 2x)

=sin 2x(0052 3x +sin’ 3x) =sin2x

92. sin(2x— y)cos y +cos(2x — y)sin y = cos y(sin 2xcos y —sin y cos 2x) + sin y(cos 2xcos y + sin 2xsin y)
= sin 2xcos’ y—sin ycos ycos2x + sin y cos ycos 2x + sin 2xsin? y

=sin 2x(cos2 y+ sin? y) =sin2x

93. sin(%er— yj = sin(%— (—x+ y)) =cos(—x+ y) =cos(y—x) =cosxcos y+sinxsin y

94. cos(%er— yJ = cos(%—(—x+ y)j =sin(—x+ y) = sin(y — x) = sin y cos x — sin xcos y

95. sin(x+ y)sin(x—y) = (sin xcos y +sin y cos x)(sin xcos y — sin y cos x) = (sin2 xcos? y-= sin’ y cos? X)

= sin? x(l—sin2 y)—sin2 y(l—sin2 X) =sin? x—sin” xsin” y—sin2 y+sin2 xsin? y
=sin2x—sin2y

96. cos(cx + f)cos(ax — 8) = (cos & cos 5 — sin Bsin a)(cos & cos B +sin e sin 8) = cos” ez cos? f —sin® arsin?
= cos? a(1-sin’> £ —(1- cos? &)sin? )

=cos? o —cos? arsin? B —sin? B +cos? arsin? = cos? o —sin? B

o x . ofm x\ (. m x . X &« 2 7 x . x )
97. sin“| —+=|-sin“| ——= |=|sin—cos=+sin—cos— | —| sin—cos— —sin—cos —
4 2 2 4 2 2 4 4 2 2 4

[ﬁ x ﬁ.xJZ_Lﬁ x ﬁj

—COS—+——SsIn — —COS————SIn—

2 2 2 2 2 2 2 2

1 7 X x . x 1 . ,x 1 9 X x . x 1 . ,x
=|—=cos” —+cos—sin—+—sin” = [—-| —cos” ——cos—sin—+—sin” —
2 2 2 2 2 2 2 2 2 2 2 2

X . x .
=2c0os—sin—=8in x
2 2

20T X .2 T X T X . T . X 2 . T X . X T 2
98. cos“| —+—|-sin ——— |=| COS—COS——S1In—~81n — —| SIN—COS——S1In —COS—
4 2 4 2 4 2 4 2 4 2 2 4

_(\/5 x V2 J[ﬁ ﬁ_gsmszzo

0s sin—
2 2 2 2

0s
2 2 2 2

99 sin(a — ) N sin(f —y) N sin(y — @)
" sinasin B sinfBsiny  sinysina
_ siny(sina cos B —sin B cos &) +sin a(sin B cosy —cos Bsiny) +sin B(sin y cos —sin & cos )

sin & sin fsiny
_ sinasiny cos B —sin Bsiny cos o +sin &/ sin B cosy —sin arsin y cos f +sin Bsiny cos o —sin arsin S cosy

sin ¢ sin Bsiny
=0
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sin(ar — ) N sin(8-y) N sin(y — )

cosacos S cosfBcosy cosycosa

_ cosy(sincos f—sin fcos ) +cos a(sin ff cosy —cos Bsiny) +cos B(sin y cos & —sinx cos )

B cosa cos fcosy

_sinacosy cos f—sin fcosa cosy +sin ffcosacosy —cosasiny cos B+ cos fsiny cos a — cos Bsin a cosy

100.

cosa cos fcosy
=0

101. Using the reduction formula, we have sin x +cos x = V1% +12 sin (x+6) = V2 sin (x + )

Since 6 = tan”! (éj =tan”! ()= % has the point (1, 1) on its terminal side,
a

. . T
sin x + cosx = 251n(x+z):1.

«/Esin x+Z =1=sin x+z :£:>x+£:£0rx+Z:3—”:>x:00rx:Z
4 4 2 4 4 4 4 2

102. Using the reduction formula, we have sin x—cosx = ﬂlz + (—1)2 sin (x + 19) =+/2sin (x + 9)

_i(b -
Since 6 = tan”! [—j =tan ! (—1) = —% has the point (1, —1) on its terminal side,
a

Sin x — cos x = 2sin(x—%}=1.

. T . V.4 \/5 VA . 3rx 4
x/zsm x—z =1=sin x—z = =>x——=—0rx——=—=>x=3 orxX=7

2 4 4 4 4

2
103. Using the reduction formula, we have sin x + V3cosx= 412 + (\/g) sin (x + 19) =2sin (x + 0)

Since @ =tan”! [2) =tan "' (\/g) =§ has the point (1, \/5) on its terminal side,
a

sin x + 3cosx:25in(x+§):—l.

. /4 . T 1 7 Ir 7 1z hY/4 RY/4
2sin| x+— |=-1=sin| x+— |=——=D x+—=—0rxX+—=——=x=— 0rx=—
3 3 2 3 6 3 6 2

104. Using the reduction formula, we have V3sinx—cosx = (\/5)2 + (—1)2 sin (x + 19) =2sin (x + 0)

Since 6 = tan”! (éj =tan”! (—L) = —% has the point (\/5, - 1) on its terminal side,
a

3
\/§sinx—cosx=2sin(x—%j=l.

. T . T 1 V1 VR4 4
2sin| x—— [=l=sinfx——|=—=x——=—0rX——=—=X=— O'X=T7
6 6 2 6 6 6 3
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2
105. Using the reduction formula, we have sin x — V3cosx= ,[12 + (—\/g) sin (x + 9) = 2sin (x + 9)
Since & = tan! (éj =tan"! (—x/§ ) = —% has the point (1, - \/5 ) on its terminal side,
a
sinx—+/3cosx = 25in(x—§) =2

. /4 . T T T
2sin| x—— |=2=sin|x—— |=lD>x——=—=x=—
3 3 3 2 6

106. Using the reduction formula, we have 5sin x +12cos x = V5% +127 sin (x +6) = 13sin (x + 6)
Since & = tan! (éj =tan "' (%) =1.1760 has the point (5, 12) on its terminal side,
a

Ssinx+12cosx = 25in(x+ 1.1760) =14.
2sin(x+1.1760) = 14 = sin (x +1.1760) = 7, which is impossible. Thus, the solution set is .

107. cos?15° = cos?(45°—30°) = (cos 45°c0s30° + sin 45°sin 30")2
([Z)L)(2)y T _[(Yo+v2) 2443
2 L2 2 \2)) 4 4
2
cos? 75° = cos? (45° +30°) = (cos 45° cos 30° — sin 45°sin 30°)° = Hﬁj (ﬁj - (QJGH
) 2 \2
_ (\5 -2 jz _2- V3

4 4

2 2 2
cos®15° — cos® 30° + cos? 45° — cos? 60° + cos> 75° = 2+4\/§ —[?j + (%J - (%) + 2_4\@ =%

108. 0052£+00523—7[+00525—7[+00527—”:0052£+cosz(£—£j+cos2(Z+Z)+cos2(27z—£)
8 8 8 8 8 2 8 2 8 8

2 2

7T T T .. T T .. T . T

=COS™ —+| COS—COS— + SsIn—S1in — +| COS—COS—+ SIn—sin — +| cos 27z cos— + sin — cins 27
8 2 8 8 2 2 8 8 2

(Note that cos% =sin27z =0 and sin% =cos2xw = IJ

T .2 . oT V.4
=08 —+sin> —+sin> —+cos> —=1+1=2
8 8 8 8

109. cos60° + cos80° + cos100° = cos 60° + cos(90° —10°) + cos(90° +10°)
=058 60°+ (cos90°cos10° + sin 90°sin 10°) + (c0s 90° cos 10° — sin 90°sin10°) = %

110. sin30°—sin 70°+sin110° = sin 30° — sin(90° — 20°) + sin(90° + 20°)
=sin 30° — (sin 90° cos 20° — cos 90°20°) + (sin 90° cos 20° + cos 90°20°) =

o (3o el (o o)
(A
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i ol o 3o (o (o)
()

o g (3o 3o (oo (3ol )
Q-

oG o )
{9l

11, t{(g)ﬂ(zﬂ ( (5))r ( @J 4

17

3

tan (sin_l(—3)j+ tan (cos_1 (4D _é_l_g
116. tan {sin_1 (—EJ +cos™! (iﬂ = > > = 4 4 _
> 1—tan (sin1 (—Sjjtan (cos1 (4)) 1—(—3j(3j
5 5 4)\ 4
tan 70° — tan 20°
1+ tan 70° tan 20")

117. 2tan50° = 2 tan(70° — 20°) = 2( ( tan 70° = tan 20 )

( tan 70° — tan 20° j
1+ tan(90° — 20°) tan 20°

1+ cot 20° tan 20°
B 2( tan 70° — tan 20°

) = tan 70° — tan 20°
1+1

118. sin(@ + nxr) = sin @ cos nzr + sin nz cos @ = sin @ cos nzr (because sinnz = 0)
cosnsr =1 for n even; cosnz =—1 for n odd. So, sin&cosnz =(-1)"sin@

119. Pair the factors as follows:
tan1°tan 2°tan 3°---tan 87° tan 88° tan 89° = (tan 1° tan 89°)(tan 2° tan 88°)(tan 3° tan 87°)--- tan 1° tan 89°

= tan(90° — 89°) tan 89° = cot 89° tan 89° = -tan89° =1

tan 89°
Similarly, we can show that (tan 2°tan88°) =1, etc. Therefore, the product of the tangents is 1.

120. Letu=sin"'x andv=sin"' y. Then sin(u +v) = sinu cos v + sin v cos u.
cosu =v1-x> and cosv=\/1—y2, SO sin(u+v)=x\ll—y2 +y 1-x2 =

sin_l(sin(u+v)) =sin"! (x\/l— y2 + y\/l—x2)=> u+v=sin"! (x\/l— y2 + y\/l— xz):>

sin”!x+sin”! y= sin”! (x\/l— y2 + y\/l—x2 )

Similarly, we can show that sin!x—sin”! y = sin”! (x\ﬂ - y2 —yvl-— x? )
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121.

122.

Let u = cos ! x and let v = cos ™! y. Then

cos(u +v) = cosucosv—sinusin v.
sinu :\/I—x2 and sinv:\ﬂ—yz, SO

cos(u+v)=cosucosv—\jl—x2 l—y2 =

cosfl(cos(u +v))

=cos™! (cosucosv— N V1= y2 ) =
u+v:cos_l(cosucosv—\/l—xlel—yz):>
cos ' x+cos™! y

=cos_l(cosucosv—\ll—xzsll—y2)

1 cos(cos_1 X) cos(cos_1 y)
=cos
—\ll—xzsll—yz
=cos_1(xy—\/1—x2\/1—y2)

1 1

x and let v=cos  x.

. V4
S E—M =cosu =

sin”! (sin [% - uj) = sin_l(cos u) =

T T
——u=v=_—=utv=
2 2

Let u =sin~

.o—1 -1__ 7
sSiIn - x+Ccos  x=-—.

6.2 Critical Thinking/Discussion/Writing

123.

124.

125.

Answers may vary. Sample answer: u =0, v=0.

cos (0+0) =cos0 =1, while
cosO+cosO=1+1=2.

Answers may vary. Sample answer: u = %,
v=0.
cos z_ O) = cos£ =0, while

2 2

0052—0050:0—1:—1.
2
t E—t
(ﬂ' J an2 an x
tan| ——x |=——=—.
T
1+tan5tanx

However, tan; is undefined, so the fraction is

also undefined.

126. cot(x—y)=

cos(x—y)
sin (x— y)
COS XCOS y +sin xsin y

sin xcos y — cos xsin y
COs xcos y +sin xsin y

sin xsin y
sin X cos y — cos xsin y

sin xsin y
COSXCOSy sin xsin y

sin xsin y
sinxcosy cosxsiny

sin xsin y

sinxsiny  sinxsiny
_cotxcoty+1

coty—cotx

127. Answers may vary. Sample answer: u = 7,

V=1T.
cos (7 +7)=cos(2z)=1, and

COS T COSTT = (—1)(—1) =1

6.2 Maintaining Skills

128.

129.

130.

131.

132.

133.

@ is in quadrant IV, so sin 8 <0.

cos9=izﬁ
5

r
r2=x2+y2:>52=42+y2:>y=—3

sinf = —E
5

@ 1is in quadrant III, so tan @ > 0.
1y

sinf = ———==

N7 r

2

r2=x2+y2=>(x/ﬁ) =x2+(—1)2=>
x=-4
tam6=_—1=l

-4 4
In quadrant ITI, sin@ <0 and cos@ <0, so

sin@cos @ 1is positive.

In quadrant IV, tan@ is negative and csc@ is
negative, so tan@sec@ is positive.

In quadrant I1I, tan 8 > 0, cot & > 0, and

cot@tan @

sin@ <0, so -
sin

is negative.

In quadrant III, cos@ <0, sinf <0, and

cosdsinf . .
secd <0, so ——— 1is negative.

NE &
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134.

135.

136.

137.

6.3

9=—:>sin20:sin—:§
g 13T, 1n
12 6
( 137 13 ) z 3
tan| ——— |=—tan| — |=—tan— = ———
6 6 3
g=_F_0__7
3 2 6
siIn| —— |[=—-sIN—=——
6 6
P 397 g_397r
2 2 4
0 397 3z 2
COS— = COS = —_—
4 2

Double-Angle and Half-Angle
Formulas

6.3 Practice Problems

1.

a.

sinx = %, x in Quadrant Il =

5 12
cosx=——.,tanx=——
13 5
sin2x = 2sin xcos x = 2 2 —i =_@
13 13 169
2 2
cos2x = cos” x—sin’ x = —i — 2
13 13

119
169

S 12 24
2tanx 5 5

tan 2x = = =
I—tan” x 12 2 _Q
== 25
_120
119
ZCOSZ(—j—l—COS(2~—)=COS——£
1 2
cos? 22.5°—sin? 22.5° = cos (2-22.5°)
:cos45°=%

08 3x = cos (2x + x) = cos 2xcos x — sin 2xsin x
= (20052 x—l)cosx—(Zsinxcosx)sinx

3 x—cosx—2sin? xcos x

=2cos
=2cos’ x—cosx—2cosx(1—cos2 x)
=2c0s> x—cos x —2cos x +2¢os> x

=4cos> x—3cosx

2
2 _
4. sin*x= (sin2 x) = (wj

2
:%(1—20052x+cos2 2x)

=%(1—20052x+mj

=l—lcos2x+l+lcos4x
8 8
=§—lcos2x+lcos4x
8 2 8

P =VI =170sin(1207¢)-0.83sin(1207¢)
=141.1sin%(12071)

The maximum value of sin2(120m) is 1, so
P =141.1 watts =

wattage rating = % = 09.8 watts

sin(112.5°) = sin
( ) 5 5

_ /1—(—6/2) 242
2 2
0 1+ cos@
cos5=‘/ 5

225°j 1= cos(225°)

From Example 7, cos@ = —%, and g lies in
o . .
quadrant II. Therefore, COSE is negative.
L4 ( 12)
13) 26
coS— = — =-
2 26

.oX . X X X
Sin—Sin x = Sin — ZSIII—COS—
2 2( 2 2)

L2 X X
=2sin’ =cos—
2 2

x(l—cosxj
=2cos—
2 2

= cos%(l —cos x)
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6.3 Basic Concepts and Skills

1. The double-angle formula for
sin 2x = 2 sin x cos X.

2. In the double-angle formula

2 2 x, replace cos? x by

cos2x =cos” x—sin
1-sin® x to obtain a double-angle formula
cos2x =1-2sin? x in terms of sin” x. Solve
this formula for sin” x to obtain the power-
1—-cos2x

reducing formula sin? x = 5

3. The formula for cos 2x in terms of cos” x is
cos2x = 2cos> x — 1. Solve this formula for

cos? x to obtain the power-reducing formula

2 14+ cos2x
cos” x=—-—.
2

_ 1-(1-2sin* x in?
4. False 1-cos2x _ ( )_ 2sin” x

" 14cos2x 1+(200$2x—1) " 2cos?x

= tan” x # tan 2x

5. False.
1 1{ 2tanx tan x
—tan2x = — B = B #tan x
2 l1-tan“x/) l-tan“x

6. True

7. sin@ =%,€ in Quadrant Il = cos @ = —%,

tamH=—E

a. sin20 =2sinfcosf = 2(5)(—£ = —E
5 5 25

b. c0s26=cos’ O —sin> 6O
_ (i) (z) 7
5 5 25

c. tan20= 2tan26 = 2(_3/4)2=—£
1—tan“ @ 1_(_3/4) 7

8. cosf= —%,«9 in Quadrant III =

. 12 12
sind =——,tan = —

a. sin26 =2sinfcosd

_ 2(_2)(_3)_@
13)\713) 7 169

b. cos26=cos’8—sin O
(1)(2)2
13 13 169
2and _ 2(12/5) 120

c. tan2f = P i
1-tan” 6 1—(12/5) 119

9. tanfd =4,sinf <0 = @ is in Quadrant Il =
1

sinH——i cosf=———
J17° J17

a. sin20 =2sinfcosfl
=2(_ij(_Lj=£
T U 17) 17
b. co0s26 =cos> 6 -sin’ 6
(L
_( 17 B7) 1

c. tan20= 2anf _ 2(4) =—i

I-tan?0 1-(4)> 15

10. secd=—/3,sin@>0= @ is in Quadrant Il =
1 2
cosfd =——,sinf =—,tan @ = —\/5
NE) NG

a. sin26 =2sin6cos6
T

b. cos260 =cos’ 8 —sin> 6O
2
(L) V2) 1
V3 V3 3

2tan @ 22 ’ ﬁ

c. tan260 = = =

1—tan20_1_(_\/§)2

11. tanf= —2,§< 6 < 7 = 6 is in Quadrant Il =
2 1

sinf =—,cosf =——

J5 J5

a. sin260 =2sinfcosf
_2(LJ(_L)__E
U 5) s
b. cos260 =cos’ 8 —sin’ O

(43
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

c. tan26 = = =
1-tan*60 1-(-2)°

2tan 6 2(=2) _4
3

cot9=—7,37ﬂ<49<27z=>

@ is in Quadrant IV =

Sin@:‘%&OS@Z%,tanﬁz—%
a. sin26 =2sinfcosl
:2(_L)(Lj:_l
52 \52) 25
b. cos28 =cos> 6 —sin’ O
_ (;) (L) A
52 5v2) 25

c. tan26 = 2tan26 = 2(_1/7)2=_l
I-tan“60 1-(-1/7) 24

V3
2

1—2sin? 75° = cos(2-75°) = cos 150° = —

3

2tan 75 _ tan150°:—T

1—tan?75°
3

2¢082105°—1=c0s210° = -

1-25in?165° = cos (2-165°) = cos 330° =

2tan165°

— = tan(2-165°) = tan 330° = —
1—tan” 165°

w|§‘ N|§|

3

2¢0s2165°—1= cos330°=7

23. sin46 =sin[2(26)] = 2sin 26 cos 260
=2(2sinHcos O)(1—2sin> )
= cos O(4sin 6 — 8sin°> )

24. cos46 =cos(20 +26)

= c0s 20 cos 26 — sin 26 sin 260
= (20052 6—1)2 —4sin%Gcos? O
=4cos* O —4cos? O +1

- 4(1—cos2 0)0052 0
=dcos*@—4cos? 0 +1

—4cos® @ +4cos 6
=8cos* O —8cos? O +1

25. cos* x—sin*x
= (cos2 x—sin? )c)(cos2 x+sin? X)

2

=cos’ x —sin’ x = cos 2x

26. 1+cos2x+2sin’ x
=1+(1-2sin® x)+2sin>x=2

27. We start with the right side.
cosx+sinx cosx+sinx cosx+sinx

COSXx—Sinx COSx—Sinx COSx+Sinx
_coszx+2sinxcosx+sin2x
cos? x —sin? x
_1+2sinxcosx 1+sin2x
cos2x cos2x
cos2x sinx 1-2sin’>x sinx
28. — + =— +
sin2x cosx 2SINnXCOSX COSX
_1-2sin% x+2sin? x
2sin xcos x
1
=— =csc2x
sin 2x
sin2x cos2x
29. - -
sinx  cosx

_ 2sinxcos x 2cos? x—1

sin x CoS X

2sin xcos” x — 2cos > xsin x + sin x

sin xcos x

= =SeCx
COS x
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30 cos3x+ sinx cos x(4cos® x —3cos x) + sin x(3sin x — 4sin’ x) _ 4cos* x—3cos? x+3sin® x—4sin? x

sin3x cosx sin3xcos x sin3xcos x
_ 4(cos4 x—sin* Xx)— 3(cos2 x—sin’? X)

sin 3xcos x
_ 4((:0s2 x—sin? )c)(cos2 x+sin? X)— 3(cos2 x—sin’ x) _4cos2x—3cos2x  cos2x
sin 3xcos x sin 3xcos x sin 3xcos x

sin 2x + sinx _ 2sin xcos? x + (1—2sin? x)sin x _ 2sin xcos? x +sin x —2sin’ x

31. tan2x+tanx=
Cos2x cosx COS 2XCOS X COS2XCOS X

B 2sin x(1-sin? x) +sin x — 2sin> x _ 2sin x — 2sin° x + sin x — 2sin° x

COS2xCOoS x COS 2XxCOS X
3sin x—4sin’ x sin 3x
COS 2xCOS X COS2XxCOS X

sin2x sinx 2sinxcos2x—sinx(200s2x—l) 2sin xcos? x—2cos? xsin x +sin x
32. tan2x—tanx= - = =
cos2x cosx CcOS2xCos x cos2xcos x

sin x

=———————=tanxsec2x
COS2XCOS X

1—cos2xj(1+cos2x)

33. 4sin® xcos’x=4 39. sinicosi I—ZSin2£
2 2 2

2 2
:1—00522x:1—m =sin£cos£ 1-2 Hﬂ
2 2 2 2
_ L-cosdx sin x sinxcosx sin2x
2 = ( ()S_x): =
2 4
34, sin? xcos? x = 1—cos2x \( 1+cos2x . S x - _sin2x
2 2 40. sinx| 2cos E—l =sinxcos x =
1—cos?2x 1—71%384)6
4 4 . 4X .2 X 1-cosx
41. 8 —=8 —| =8| ———
:1—COS4x sin 2 (Sln 2) ( 2 j
8 _S[I—ZCostrcossz
35. 4sinxcosx(1—2sin2x)=4sinxcosx(cos2x) 4
= 2sin 2xcos 2x =2-4cosx+2cos’ x
=sin4x
=2—4cosx+2(mj
36. 4sinxcosx(20052x—l):4sinxcosx(0052x) 2
A =cos2x—4cosx+3
=2sin2xcos2x
=sin4x 2 2
42. 80054£:8(0052£) :8(1+Cﬂj
37. 2sin3xcos3x(2cos’ 3x — 1) = sin 6xcos 6x 2 2 2
_sinl2x -3 14 2cosx+cos? x
) 4
_ =2+4cosx+2cos’ x
38. sin8x(1—2sin24x)=sin8x(1—2(ﬂ)j 1+ cos 2x
2 =2+4cosx+2(—j
sin16x 2

=sin8xcos8x =

=cos2x+4cosx+3
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2 22 _2nh-\2

43. sin(zjzsin(ﬁ): M _ _
N 2 i Vae2 22 2
2 : 225° 1 79250
1 4 51. tan112.5°=tan( 5 j=_ 110052250
44, sin(%j:sin(%ét): %(”/) cos
z ) Jﬁ
_ =5 V22 —- —
2 2
(7/4) =-1-+2
7 /4 1+ cos(7z/4
45. cos—:cos(—): JTEVER) o O
’ = 2 52. 005112.5°:cos(2225 j:_ 1+00;225
_ 3 e 2
2 2 B 1+(—7)__ 5
= ; _ .
46. O o
53. Sin(_75°)=—sin(150 ):_ 1—-cos(150°)
2 2
3
_ 1‘(‘7)_,/2%
2 2
47. 54. j: 1-cos 210
1+cos210°
)_x/2+ﬁ
J2-3
48. 3
55. i <€<7Z=>cos0=—g
= sin—> 0,cos—>0,tan—> 0
v /4 1-cos(77/4) a Sing: ﬂzz\g
49. tan| — |=tan = [PV . ) . !
2 1+ cos(77/4)
\/E —
-~ b cosg_ 1+( 3/5)_\/5
2 5 5 .
2
1-(-3/5
. see{ = o c. ng= %s?s)hz
. 8 ) cos(-77/8) cos(77/8)
_ 1 _ 1
2
V2 2 2

~ fircos(z/4) Sl NG
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56. cos6=—2,7z<0<3—”=>£<§<3—”=>
13 2 2 2 4
sing>0,cosg<0,tang<0
2 2
.0 [1-(-12/13) 526
a. sin—= =
2 26
1 —
b. cosg:_ +( 12/13):_\/%
2 26
C. tangz_ M:_
2 1+(—12/13)
57. tanH——%£<€<7z=>cosﬁ——£
3°2 13
”<9 72z:>s1n6>00056>0tan0>0

1/ g ﬁ

ol —(—3@/13)_ 13+ 3413
C 2 \1+(-33/13) N13-3413
58. cot«9=§,7r<67<3—”=>cosﬁ=—E
4 2 5
£<g<3—”=>s1ng>000sg<0tan§<0
2 2 4 2 2 2
.0 [1-(-3/5 25
a. sin—=,——F=—+—
2 2 5
1
b. cos—= + 3/5): 5
2 5
1=(=
c. tan—=- (3/5)=—2
1+(-3/5)
59. Sin0:%,<:059<02>(:05(9:—2\5/g and

T T 0 . 0
—<O0<rT=>—"<—<—=sin—>0,
2 4 2

cos§> O,tang> 0

Sm_ / 2\/_/5 /5+2\f

L &
~(-2e/s)
1+ —2f/5

5+2

o
¢. tan—=
2

60. cos6=§,sin€<0=>37ﬂ<0<27z

3—7z<g<7z=>sm >Ocosa<0tang<0
4 2 2 2
0 /
sin— =
2
1
COS__ +(2/3
2
1-(2
[ tan— (/3 \/g
1+(2/3 5
61. Sect9:x/§:>cosﬁzg,sin9>0:>o<9<§

O<—<£=>s1ng>000sg>0tan§>0

2
sm — \’ \/_/5

N

62. cscHzﬁ:sinHzT and

Gz

V.4
cosH———=—— tanfd<0=>—<0<rm
J7 7 2
T 0

_<_
4 2

0 ( /7) 7++/42

2 2 14

<£=> sing> 0,cosg>0,tan§>0
2 2 2
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63.

64.

65.

66.

67.

68.

P Il+(—\/ﬁ/7) [ _J0
b. cos5= 5 = 1
1-(—42/7)  iin
1+(—va2/7) N7-Va2

Lt t)z
SIn — + COS—
( 2 2

.ot .t t
=sin —+251n50055+cos

0
¢. tan—=
2

t .
2 =1+sint

. t .2t .t t ot
SIn ——COS— =8in” ——2sin—cos—+cos” —
2 2 2 2 2 2

=1—sin2(£j=l—sint
2

1+cos2(xj
2cos> =2 2
2 2
—COoS X

:(1+cosx)-1
—Ccosx

B l—coszx_ sin” x

l1-cosx 1-—cosx

1—c052()2cj
2 X 6l \2)

2sin” —=
2 2

1+
=({1-cosx)- cosx

14+ cosx
2 .2
_l-cos“x sin“x

l+cosx 1+4+cosx

X \jl—cosx \/l—cosx \/l+cosx
tan— = = .

2 1+cosx \/l+cosx \/1+cosx
_\ll—coszx_ sin x

1+cosx 1+ cosx

X \jl—cosx_\/l—cosx \/l—cosx

tan— = = .
2 1+cosx \/1+cosx \/1—cosx
_ l-cosx 1-cosx
\/l—coszx sin x

1—cos Z(XJ
. \2)

.2 X
69. s1n25+cosx = +cosx

2
1—cosx 1+cosx
= +cosx =
2
1+cos2(xj
2 2 X
= Cos
2 2
70. 2c052£—sin2x
2
1+0052(;j
=2l — =22 | _(1-cos? x)

2

=1+ cos x— 1+ cos>

x=coszx+cosx

X 2sin(x/2) X
2tan — m 2sin —
71. 2x= = = XZ.COS o
1+tan’ = sec? = COSE
= 2sin(x/2)-cos (x/2) = sinx
2 X _l-cosx
7 I-tan 2 ! 1+cosx  l+cosx—1+cosx
' l+tan2 ¥ 1+1—COSX I+cosx+1-cosx
2 1+cosx
2cosx
= =cosx
6.3 Applying the Concepts

73. P=VI =170sin(1207¢)-0.832sin(1207¢)
=141.44sin”>(12071)
The maximum value of sin2(120m) is 1, so
P =141.44 watts =

. 141.44
wattage rating = =100 watts
V2
74. P =VI =170sin(12071)-7.487 sin(1207¢)
=1272.79sin>(1207¢t)

The maximum value of sin2(1207zt) is 1, so

P = 127279 watts =

1272.79

wattage rating = NG =900 watts
2
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550 Chapter 6 Trigonometric Identities and Equations

75. P =VI =170sin(1207¢)-9.983sin(1207¢) = 1697.11sin>(12071)

The maximum value of sin”(12077) is 1, s Pax =1697.11 watts = wattage rating = 16375'11 =1200 watts.
76. P =VI =170sin(1207)- 6.655sin(1207¢) = 1131.35sin > (1207)
The maximum value of sin”(12077) is 1, so P ax =1131.35 watts = wattage rating = 11315'35 = 800 watts.
77. P =VI =170sin(12071)-4.991sin(1207¢) = 848.47 sin*(12071)
The maximum value of sin”(12077) is 1, so P ax = 848.47 watts = wattage rating = 84\7'547 = 600 watts.
78. P =VI =170sin(12071) -2.917 sin(1207¢) = 495.89sin* (12071)
The maximum value of sin*(12077) is 1, so P = 495.89 watts = wattage rating = 495'589 =~ 351 watts.
v’ B2\
79. x= 10—6sin0<:059 .Let vy = 32 . Then x= ( ) sin @ cos & = 2sin @ cos & = sin 26.
16
sin 260 is at its maximum, 1, when 260 = 7/2, so 6 =7/4.
6.3 Beyond the Basics
2tan x tan x — tan® x + 2 tan x
tan x + tan 2x tanx+1 2 1 2 3tan x — tan° x
80. tan3x=tan(x+2x)= = —tan"x _ —tan” x =
1 - tan x tan 2x ( 2tan x ) 1-tan? x—2tan? x 1-3tan? x
I-tanx| ————
I—-tan” x I—tan” x

sin3x+cos3x 3sin x —4sin> x +4cos’ x —3cos x _ 4(cos3 x—sin® x) —3(cos x — sin x)
Ccos x —sin x Ccos x —sin x cos x —sin x
= 4(cos2 X+ Cos xsin x + sin > x)—3=4(cosxsinx+1)—3=4cosxsinx+1=2sin2x+1

81.

82 sin x —CcosX  Sin X+ Cos x sin2x—2sinxcosx+coszx—(sin2x+2sinxcosx+cos2x)

sinx+cosx sinx—cosx sin? x —cos? x
—2sin2x 2sin2x 2sin2x
=— = — = =2tan2x
sin“x—cos“x cos”x—sin“x  €OS2x
2 2 2 . .
83. = = 2sinxcos x =sin 2x

tan x + cot x Siﬂx_I_COSX sin® x +cos? x

COosSXx Smmx sin xcos x

84. We start with the right side.

3tan x — tan” x _ 3tan x—tan> x — tan x +3tan°> x _ 2tanx+ 2tan® x

tan3x —tan x = > tan x > 5
1-3tan” x 1-3tan” x 1-3tan” x
2sin x
_ 2 tan x(1 + tan” x) B 2tan xsec? x _ 2tan x _ COS X
1-3tan’ x 1-3tan’ x cos2x(1—3tan2x) cos® x—3sin’ x
2sin x 2sin x _ 2sinx

cos® x—3cos x(1—- cos? X) 4cosd x—3cosx Ccos3x
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85. We start with the right side.
2cos2x 2(coszx—sin2x) 2co0s’ x 2sin? x cosx sinx
2cot2x =— = - =— -— =—- =cotx—tanx
sin 2x 2sin xcos x 2sinxcosx 2sinxcosx Sinx COSX
86. Letuzz—x.
4
l—tanz(z—xj a2 2tanu  2sinu . , . )
- - an2u= tanéZu _ S?ﬁszb; ccos?y = s1nu.0f)52u. osy = s1nucfoszucos u
1+tan2(—xj 1+tan“u sec u cosu sin2u sin 2u
4 cos 2u
=cos 2u = cos Z(Z—x) :cos(Z—ij:siHZx
4 2
87 1+sin2x—cos2x _ 1+ 25in xcos x —cos® x + sin? x _ 2sinxcosx+ 2sin’? x _ 2sin x(cos x +sin x) — tanx
" 1+sin2x+cos2x 1+ 2sinxcosx+cosZ x—sin?x  2sinxcosx+2cos>x 208 x(sin x + cos x)
88. Start with the right side.
i i 2(2sin 26 cos 26 409 2(2(2sin@cos@)cos28)cos4b
Sl§89=281n4é00849= (2sin Cf)s )cos = (( ) ) = cos @ cos 26 cos 46
8sind 8sind 8sin 8sin &
1—cos2(”+x) 1—0052(7[—xj 1—cos(”+xj—1+cos(”—x)
.2 T X .2 T X 8 2 8 2 4 4
89. sin“|—+—=|-sin“|——=|= - =
8 2 8 2 2 2 2
1—cos—cos x +sin—sin x — 1+ cos —cos x + sin —sin x
_ 4 4 4 4
2
2sin%sinx 1
=————=—=ginx
2 V2
90. 2+~2+2c0sdx =2+ /24 2c0s 2(2x) =\/2+\/2+2(200522x—1) 24 4cos? 2x =2+ 2005 2x
:\/2+2(20052x—1):\/4coszx:2cosx
. s . . . . . 4\(3 24
6.3 Critical Thinking/Discussion/Writing c. sin28 =2sinfcos@=2|—||=Z|=2=2
5)\5 25
Use the figure to solve the exercises.
d. co0s26=cos’>6—sin’ 6
_ (zj (i) __7
5 5 25
4 4
2 o
e. tan20= 2tan2¢9 = (3 5= 8/3 :_ﬁ
1-tan” @ 1_(&) -7/9 7
3
0
3 3
.0 [l—cosﬁ ,1_(5) NG
4 f. sin—= = =—
91.a. sinfd=— 2 2 2 5
5 Note that the answer is positive because
6/2 is an acute angle.
b. cos€=% /
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6 |1+cos@ 1+(%) 25
cos— =,/ :,/ =
2 2 2

Note that the answer is positive because
6/2 is an acute angle.

.6 5

Mo s
tan—= =—F==—

COSE i 2

6.3 Maintaining Skills

92,

93.

9.

9s.

96.

97.

98.

99.

sin@zﬁ—ﬁzcos(%—@):

sec(z—ﬁj —;
2 Jo -3
COS(E—HJ f f—51n0:>
1
CSC(H) =m
sin(—0) = 0.76 = —sin @ = sin = -0.76

cos(—6)=0.87 = cos &

sin(—0) = =—sin6?=>sin6=—l
3

W | =

2
sin2€+cos249=1=>(—%) +cos’h=1=

c05219=§

sin @ cos’ 6 = —l(§J= _i
319 27

tan(—@)z—Zz—tanH:tanHzZ
tan @ +1=sec’ =22 +1=5=sec’ O
tan@sec>@=2-5=10

Y/ T T . T . T
COS| —+— [=CcO0S—COS— —SIn—SIn —
(2 6) 26 276

:0——:——
2 2

. (7 3w V4 RY/4 4 3
sin| ——— |=sin—cos— — cos —sin —
4 6 4 6 4

P

2l 2 2| 2
_2-V6 V2446
4 4

100. sin (2_7[) cos (8—7[) —Cos (2_7[) sin (8—”)
9 9 9 9

4 T
101. COSECOSE +sin —sm

_ COSEZ___)

2

6.4 Product-to-Sum and Sum-to-
Product Formulas

6.4 Practice Problems

1. cos3xcosx= %[cos (3x+x) +cos (3x - x) |

1
:—cos4x+10052x
2 2

2. sinl5°cos75°
= %[sin (15°+75°)+sin (15° - 75°) ]

= lsin 90° +lsin (—600)
2 2
1,. 1 B) 2-8
2 2 2 4

cos2x—cosdx

. (2x+4xj. (2x—4xj
=-2sin sin
2 2

= —2sin3xsin(—x)
= 2sin3xsin x

3. a.

b. sin43°+sinl7°

) (430+17°j (430—17°j
=2sin cos
2 2

=2sin30°cos13°
= 2(%}0513" =cos13°

4. sin3x—cosx

= sin3x—sin(£—x)
2

3x+(”—x)
2

=2cos sin
2

= 2c0s(x+£jsin(2x—£j
4 4
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5. M 8. cosxcosx:l(cosO+c052x):l+lc052x

sin x —sin5x 2 2 2

. (5x+xj . (Sx—xj

—2sin sin 1 1 1
_ 2 2 9. sinxsinx=—(cos0—cos2x)=———cos2x

(x+5x). (x—Sx) 2 2 2

2.cos sin
2 2

. 1,. . 1.
_2sin3xsin 2x _2in3xsin 2x 10. cosxsinx= 5 (sm 2x —sin O) = 5 sin 2x

- 2cos3xsin (—2x) "~ —2cos3xsin 2x

_sindx _ s 11. sin25°cos5° = %(sin 30° +sin 20°)
cos 3x 11
6. a. When you press the “1” key, the sound - 4 - Esm 20
produced is given by
y =sin [27[ : 697f] +sin [27[ : 1209t] . 12. sin40°sin20° = %(cos 20° —cos 60°)
b. y=sin[27(697)t]|+sin[ 27 (1209)¢ ] = Leos200- L
. 697 +1209 2 4
=2sin| 27 s t- 1
13. cos140°cos20° = — (cos 120° + cos1 60°)
{ (697—1209” 2
cos| 27| —— |t 1 1
2 =——+—cos160°
= 2sin[ 277 (953)t Jcos [ 277(-256)1 | 11
= 2sin[ 277 (953) Jcos[251277¢] ==y g2

c. The frequency is 953 Hz. The variable

e o_l : °_ o o
amplitude is 2008(512”1). 14. cos70°sin20° = 2(sm90 s1n50)

R
6.4 Basic Concepts and Skills =5 s 50

1. We can rewrite the product of two sines as a

difference of two cosines by using the formula 15. sinEsin I
L 1
sinxsin y = —[ cos (x— y)—cos (x +y)]. e[ 1Z_7 ) iz =
2 2 12 12 12 12
2. We can rewrite the product of a sine and a = l(cosz —cos 2_”j = 1
cosine as the sum of two sines by using the 3 4
formula
1 16 sin3—”cos£
sinxcosy:E[sin(x+ y)+sin(x—y)]. : 8 8
=—|sin 3—”+Z +sin| Z-Z
3. We can rewrite the sum of two cosines as a 2 8 8 8 8
product of two cosines by using the formula 1 (Sm \sin j 1 2
+ - == =—+—=
cosx+cosy=2cos T eos| 222 2 4 2 4
2 2
Sm .«
4. True 17. cos?smg
1| . .
5. False. = —[sm (5_” + E) —sin (5_7[ - EH
sin(x+ y)=sinxcos y +cos xcos y 2 g8 8 g8 8
#sin x +sin y (.37 . 7\ N2 1
=E sm——smz = T—E
6. True

1 1
7. sinxcosx= E(sin 2x 4+ sin O) = Esin 2x
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hy/4 4 _
18. cos—cos— 30. cos7—”sin£ = 1 sinZ - Sinﬁ) = M
3 3 24724 2 3 4 4
! St 7 St @
) cos T_g +cos T"’g 31. cos40°-cos20°
. (40°4+20°) . (40°-20°
_1 cos4—”+00527z _1 :_25111( ) jsm( 2 j
2 3 4 ) ) |
=-25in30°sin10° = —sin10°
19. sinS5@cosf = l(sin 66 +sin40) . 32. sin22°+sin8°
% 1 =2sin 22°+8° cos 22°-8°
:Esin60+asin49 B 2 2
=2sin15°cos7°
20. cos3fsin26 = l(sin 56 —sin 6) 33. sin32°-sin16°
% 1 =2sin 32°-16° cos 32°+16°
=Esin5€—5sin6 a 2 2
= 2sin 8°cos 24°
21. cos4xcos3x = l(cosx+ cos 7x) 34. cos47°+cosl3°
2 (47°+13°) (470—13°j
1 =2cos cos
:5005x+5cos7x 2 2
=2cos30°cos17° = \/§cosl7°
1
22. sinS5xsin2x=—(cos3x—cos7
* * 2( * x) 35. sinz+sin2—”= 251113—”008(—1)
1 3 1 ; 5 10 10
=—cos3x——cos7x
2 2 = 2sin3—”cos£
10 10
23. sin37.5°sin7.5° :%(00530"—005 45°) P T 57 I
36. cos—+cos—=2cos—cos| ——
3-2 12 3 24 24
- 4 =2cos 5—” cos z
24 8
24, 0s52.5°c0s7.5° = %(cos 45° + cos 60°) { 1 1,1 1_1
\/7 37. cos—+cos—=2cos>—3cos2—3
_ 2+1 2 3 2 2
4 =2cos icos i
. 12 12
25. sin67.5°co0s22.5° = E(sin 90° + sin 450) 5 2 1 2,1
=l Q 38. sing—sinz=25in 3 4cos%
2 4 = 2sin i cos E
! | 24 24
26. cos105°sin75° = E(sin 180° - sin30°) = 2 39, cos3x+cos5x = 2cos dxcos(—x)
=2c0s84xcos x
.5 1( . . 1++/2
27. s1n2—Zcos%= E(sm%Jrsm %) = f 40. sin5x—sin3x=2sinxcos4x
41. sin7x+sin(—x) = 2sin 3xcos 4x
28, sinZsin = L[ cos T —cos 2Z | = 1
- 12 s 12 2 cos 2 cos 3] 4 42. cos7x—cos3x=—2sin5xsin2x
29. cos—coss— =—| cos—+ cos3—7[ = 1_—
24 24 2 3 4 4
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43.

44.

45.

46.

47.

48.

49.

s1nx+cosx:s1nx+sm(3—xj

. w
=2sin—cos| x——
4 ( 4)

= 2cos(x—£J
4

. V4
cosx—smx=cosx—cos(3—xj

Y/ T
=-2sin—sin| x——
4 ( 4)

=— ZSin(x—E)
4

sin 2x — cos 2x = sin 2x — sin (% - ZxJ

= 2sin 2x—£)cos£
4 4

- ZSin(Zx—Zj
4

cos3x + sin 3x = cos 3x + cos (% - Sx)

= 200s£cos (3x - Zj
4 4

=4/2cos (3x —Zj
4

sin 3x + cos5x = sin 3x + sin (% - ij

= 2sin (E — x) cos (4x - f)
4 4

sin 5x — cos x = sin Sx — sin E—x

=2sin (3x - 1) cos(2x + EJ
4 4

a(sinx+cosx)=a (sm X+ sin (E— x))

. T T
=2asin—cos| x——
4 ( 4)
=a ZCos(x—Zj
4

50.

51.

52,

53.

54.

55.

56.

57.

58.

a (sin bx + cos bx) =a (sin bx + sin (% — be

=a 2sinzcos(b _f)
4 4
=a 2cos(bx—zj
4

sinx+sin3x _ 2sin2xcos(—x)

=tan2x

cosx+cos3x 2cos2xcos(—x)

sin2x+sin4x _ 2sin3xcos(—x)

= = tan 3x
cos2x+cosd4x 2cos3xcos(—x)

cos3x—cos7x  —2sin5xsin(—2x)

sin 7x +sin3x 2sin5xcos2x
sin 2x
= =tan2x
cos2x
cosl2x—cos4x  —2sin8xsindx

sindx—sin12x 2 sin(—4x) cos8x
_ —2sin8xsindx

= - tan 8x
—2sin4xcos8x
o8 2x+2y cos 2x-2y
cos2x+cos2y 2 2
cos2x—cos2y _zsin(2x+2y)sin(2x;2y

_ 2cos(x+y)cos(x—y)

—2sin(x + y)sin(x — y)
=—cot(x+ y)cot(x—y)
=cot(y+ x)cot(y — x)

sin2x+sin2y  2sin(x+ y)cos(x—y)

sin2x—sin2y  2sin(x— y)cos(x + y)
= tan(x + y)cot(x — y)
_ tan(x+y)
B tan(x —y)

sin x + sin 2x + sin 3x = sin 2x + (sin x + sin 3x)
=sin2x + 2sin 2xcos(—x)
=sin2x(1+ 2cos x)

cos x + cos 2x + cos 3x
=c0s2x + (cos x + cos 3x)
=c0s2x + 2cos 2xcos(—x)
=cos2x(1+2cos x)
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59. sin2x+sin4x+sin6x b. The f ¢ _1127[_56
= sin Ox + sin 2x + sin 4x + sin 6x - helrequency of yyp == = =0
= (sin 2x + sin 4x) + (sin Ox + sin 6x) 1207
=2sin3xcos x + 2sin 3xcos 3x The frequency of y, = Er =60.
= 2sin 3x(cos x + cos 3x) . a
— 2in 3x(2cos 2x cos(~x)) The beat frequency is |56 - 60| =4.
= 4cos xcos 2xsin 3x 64.a. y=0.04sin(11071) +0.04sin(11477)
60. cosx+cos3x+cosS5x+cos7x =0.04 (sin(l 107zt) + sin(1 147zt))
= (cos x + cos3x) + (cos 5x + cos 7 x) =0.04 (2 sin(1127¢) cos(2m))
=2¢0s2xcos(—x) +2¢os 6x cos(—x) =0.08sin(11277¢) cos(27t)
=2cos x(cos 2x + cos 6x)
=2cos x(2cos4xcos(—2x)) 1107
— e 4008 25 cos Ax b. The frequency of y; = —2” =55.
6.4 Applying the Concepts The frequency of y, = liﬁ =57,
T
61.a. y=sin(27(852)r)+sin (27(1209)) The beat frequency is [55-57|=2.
b. y=sin(272(852)¢)+sin (272(1209)¢) 6.4 Beyond the Basics
= 2Sin|:27z' [—852 + 1209)[:|. 65. y =cos(2x + 1) + cos(2x — 1)
2 Y

008[2”(852—1209}} )2*
2 |\ | /|\ | l A\ l /|
= 25in (272(1030.5)¢) cos (277(-357)t) —2m\J \/Oﬁ\/ /e

= 25sin (272(1030.5)¢) cos (357 7t)

c. frequency = 1030.5 Hz, cos (2x+1)+cos(2x—1)

amplitude = 2cos (3577”) . =2cos2xcosl=2coslcos2x
Amplitude: 2cosl =1.0806
62.a. y=sin (27[(941)t) +sin (27[(1477)t) 21
Period: — =7
b. y=sin (27[(941)t) + sin (27[(1477)t) 2
. 041+1477 66. y =sin(3x + 1) + sinBx — 1)
=2sin| 2m| ——— |t |-

o o 25147 A AARAD
AN

= 25sin (272(1209)t ) cos (272(-536)1)

= 2sin (272(1209)1 ) cos(53671)

sin (3x+1)+sin (3x—1)
=2sin3xcos1=2coslsin3x

Amplitude: 2cosl =1.0806

c. frequency = 1209 Hz
amplitude = 2 cos (53671).

63.a. y=0.05cos(1127t1)+ 0.05cos(1207¢)
= 0.05(cos(11271) + cos(12071))
=0.05 (2 cos(1167zt) cos(47zt))
=0.1cos(1167t) cos(4rt)

Period: 2—”
3
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67.

68.

69.

70.

71.

72.

73.

74.

c0s 40° + cos 50° + cos 70° + cos 80° = (cos 40° + cos 80°) + (cos 50° + cos 70°)
=2¢0s 60°cos(—20°) + 2 cos 60° cos(—10°)
=2¢0s 60°(cos(—20°) + cos(—10°) = cos 10° + cos 20°

sin 10° + sin 20° + sin 40° + sin 50° = 2sin 15°c0s 5° + 2sin 45° cos 5° = 2 cos 5°(sin 15° + sin 45°)
=2¢085°(2sin30°cos15°) = 2cos5°cos15°

cos 46 cos @ — cos 66 cos 96 = %(cos 36 + cos 56) —%(cos 360 + cos156)
1 1 1 1
=—co0s30 +—cos 56 — —cos 360 — —cos1560
2 2 2 2
= lcosSH —lcos15«9 = l(cosSH— cos156)
2 2 2

= %(—2 sin 104 sin(—58)) = sin 56 sin 106

€08 38°c0s 46° —sin14°sin 22° = %(cos(—SO) + cos 84°) - %(cos(—S") —cos 360)
= lcos(—8°) + lcos 84° — lcos(—8°) + lcos 36° = 1 (cos 84° + cos 36°)
2 2 2 2 2
= 1 (2cos60°cos 24°) = lcos 24°
2 2
sin 25°sin 35° — sin 25°sin 85° — sin 35°sin 85°
= %(cos 10° — cos 60°) — % (cos60° —cos110°) — %(cos 50° - cos120°)

:lcoleO—1—l+10051100—lcos50°—l:—§+l(00510°+c0s110°—c0550°)
2 4 4 2 2 4 4 2

= —§+l(200s 60°cos(—50°) — cos 50°) = —§+ lcos 50° —lcos 50° = —E
4 2 4 2 2 4

cos 20° cos 40° cos 60° cos 80° = (cos 20° cos 40°) cos 60° cos 80° = %[cos(—ZO") + cos 600] cos 60° cos 80°
= 1 c0s20° + l) (l cos 800) = lcos 80°| cos20° + l
2 2 )2 4 2
1 1 1(1 1
= —c0s20°c0s80° + —cos 80° = —| —(cos(—60°) + cos 100°) |+ —cos80°
4 8 4\2 8
1 1 1 1 1
=—+—c0s100° +—co0s80° = — + —(cos 100° + cos 80°)
16 8 8 16 8

= i+1(2(:0590°cosl()°) - L
16" 8 16

1 . . 1 . .
sin 3xcos 5x —sin xcos 7x 5 (sin 8x + sin(—2x)) — 5 (sin 8x + sin(—6x))

sin xsin 7x + cos 3xcos 5x % (cos(—6x) — cos8x) + %(COS(—ZX) + cos 8x)

—sin2x+sin6x _ 2sin2xcos4x _ 2sin2xcos4x _ sin2x

= = = =tan2x
cosb6x+cos2x  2cosdxcos2x 2cosdxcos2x cos2x

1 1
sin1Lysinx+sin7xsin3x _ 5(00510x—cosl2x)+E(cos4x—00510x)

cos1lxsin x+cos7xsin3x %(sin 12x—sin10x) + % (sin10x —sin 4x)

_cos4x—cosl2x —2sin8xsin(—4x) sin8x tan 8x
sin12x —sin4x 2sin4xcos8x cos8x
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cos x +cos3x+cosSx+cos7x 4cos xcos2xcosdx .
75. - - - - =— - (Use the result from exercise 60.)
sinx+sin3x+sinS5x+sin7x  2sin2xcos x + 2sin 6xcos x
_ 4cosxcos2xcosdx  4cosxcos2xcosdx
2cos x(sin2x+sin6x)  2cos x(2sin 4xcos(—2x))
4cosxcos2xcosédx
= - =cotdx
4cosxcos2xsindx
76 sin3x+sin5x+sin7x+sin9x _ 2sin4xcosx+2sin8xcosx _ 2cos x(sin4x + sin 8x)
" cos3x+cos5x+cosTx+cos9x  2cosdxcosx+2cos8xcosx  2cos x(cos4x + cos 8x)
2sin 6xcos2x
=——— =tan6x
2cos6xcos2x

77. 2cos6xcosx—2cos4xcosx+2cos2xcosx—Ccosx
= 2[% (cos5x+cos 7x)} - 2[% (cos3x + cos Sx)} + 2[%(0% X+ cos 3x)} —Cos X

=cos5x+cos7x—cos3x—cos5x+cosx+cos3x—cosx=cos7x
78. a. 4sin@sin £+9 sin 2—0 =4sin @ sinzcosﬁ+cos£sin¢9 sinzcosﬁ—coszsinﬁ
3 3 3 3 3 3
=4sin @ £0056+lsin9 ﬁcos@—lsinﬁ
2 2 2 2
:4sin0(%coszH—isinz0):3coszﬁsin¢9—sin3¢9

=3(1-sin’ @) sin @ —sin> 6 = 3sin & — 3sin> & —sin> O
=3sin@ - 4sin> 6 = sin 36

3

b. Let 8=20°. Then 4sin 20°-sin(60° + 20°)-sin(60° — 20°) = sin(3- 20°) = sin 60° = > =

sin 20°-sin(60° + 20°) - sin(60° — 20°) = % = [sin 20°-sin(60° + 20°)-sin(60° — 20°)]-sin 60° = %? = %
79 sin(x+3y)+sinBx+y) 2sin(2x+2y)cos(-x+y) 2sin(2x+2y)cos(—(x—y))
) sin2x +sin2y sin2x +sin2y 2sin(x + y)cos(x— y)
_ 2sin2(x+ y)cos(x— y) _ 4sin(x+ y)cos(x + y)cos(x — y) = 2cos(x + y)

2sin(x + y)cos(x —y) 2sin(x + y)cos(x—y)

80. sin’ xsin3x+cos’ xcos3x = sin’ x(3sinx — 4sin? x)+ cos’ x(4cos3 x—73cosx)
=3sin® x— 4sin® x + 4cos® x - 3cos* x = 4(cos6 x—sin® X)— ?)(cos4 x—sin? X)
= 4[(cos2 x—sin? x)(cos4 x+cos? xsin? x+sin? x]—- 3[(cos2 x)2 - (sin2 x)z]

2 xsin?

= 4[((:052 x —sin? x)((cos2 x+sin? x)2 —cos x]

—3[((:052 x—sin? x)(cos2 x+sin? x)]
= 4[(cos2 x—sin? X)— (cos2 xsin’? x)] - 3(cos2 x—sin? X)
= (cos2 x—sin’ x)(4— 4cos® xsin? x - 3)=cos2x(1— 4cos? xsin? X)

=cos2x(1—(2cos xsin x)z) =cos2x(1— sin’ 2x) =cos 2x(cos2 2x) = cos> 2x
81. Start with the right side in parts a—c.

LoXxty .ox-— 1 + - + -
a. —2sin"—2sinT Y= 2.2 cos| oL T | _cos| 2L X = _1[cos y - cos x] = cos x—cos y
2 2 2 2 2 2 2

b. 2sinx+ycosx_y=2-l sin x+y+x—y + sin Xty x-y =sinx+sin y
2 2 2 2 2 2 2
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c. ZSinx_—ycosﬂ:Zl sin x—y+x+y +sin oy x*y =sinx+sin(—y) =sinx—siny
2 2 2 2 2 2 2

6.4 Critical Thinking/Discussion/Writing

82. Step Reason

. . 3r . 5% iz 2 o« ) (7[ )
SIN —SIN—SIN— = COS—COS——COS — SIN X =COS| —— X
14 14 14 7 7 7 2

_ 8sin(77/7)cos (7/7)cos (275/7) cos (37/7) Multiply the numerator and

8sin (7/7) denominator by 8 sin%
_ 2sin(47/7)cos (37/7) 50 = 2 sin O cos ied twi
= Qsin (”/7) sin 260 =2sin@cos @ (applied twice)
. . Product-to-sum formula:
_sinzz +sin(7/7) )
~ 8sin (7/7) sin xcos y = E[sin(x+ y) +sin(x— y)]
=1/8 sin 7z = 0 ; simplify
83. sin2A +sin2B +sin 2C = (sin2A +sin 2B) +sin 2C = 2sin(A + B) cos(A— B) + 2sin C cos C

A+B+C=180°= C =180°— (A+ B), 50
2sin(A + B)cos(A— B) + 2sin C cos C = 2sin(180° — (A + B)) cos(A — B) + 2sin C cos C
= 2sin C cos(A— B) + 2sin C cos C = 2sin C (cos(A — B) + cos C)
= 2sin C[cos(A — B) + cos(180° — (A + B)) |
=2sinC (cos(A —B)—cos(A+ B))
= 2sin C(—2sin Asin(-2B)) = 4sin Asin Bsin C

84. cos2A+cos2B+cos2C =(cos2A+cos2B)+cos2C =2cos(A+ B)cos(A— B) +cos2C
A+B+C=180°= A+ B=180°-C, so
2cos(A+ B)cos(A— B)+cos2C =2¢cos(180°—C)cos(A— B) +cos2C = —2cosCcos(A— B) + 2cos2C-1
—1-2cosC[cos(A— B)—cos C]
—1-2cos C[cos(A— B) —cos(180°— (A + B))]
—1-2cosC[cos(A— B) + cos(A+ B)]
=—-1-2cosC[2cos Acos B]=—-1—-4cos Acos BcosC

85. cos’x= cosxcosx:%[cos(x+x)+cos(x—x)] = %[cos 2x+cos 0] =%(cos 2x+1)= 1+cos2x

2 2 2

6.4 Maintaining Skills 89. 2 x=sin? x+cos® x=1

cos“ x=1-sin

Identity
86. sinx— 1 Tz Sz
Lo SIMX=S S = or X=o s 90. sin2x=2sinxcosx

Conditional equation Identity

87. cosx=3 91. tanx=+secZx—1

Inconsistent equation Conditional equation

88. sinx=cosx:>x=%,x=5_7Z 92,

4 0= ST” lies in quadrant IV, so the reference

Conditional equation 5
. T T
angle is 27 3 = 3
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I .. . b. tanx=-2= x isin Quadrant II or
93. 0= < lies in quadrant II, so the reference Quadrant V.
. T on x=tan"'(-2) = 7 -1.1071 = 2.0344 or
angle is 77 === <~ x=27-1.1071=5.1760
Solution set: {2.0345, 5.1761}
37z . . .
94. 6=-= is coterminal with 3. 2sec(x—30)°+1=sec(x—-30)°+3=
o _ o _ l
—37”+ 27 = “T” 0= “T” lies in quadrant sec(x— 30) =2= cos(x - 30) 2 =
11z 37 x—30°=cosl(l):> x=cos™! (lj+300
IV, so the reference angle is 27 ———=—. 2 2
7 7 . o
cos x is positive in quadrants I and IV, so
95. 0= —”T” is coterminal with x=cos ! [%) +30°=60°+30°=90° or
—17—7[+67z:7—7[. 0:7—7[ lies in quadrant x=cos ! 1 +30°
4 4 4 2
IV, so the reference angle is 277 — 1z _ z = (360°-60°) + 30° = 330°
4 4 Solution set: {90°, 330°).
96. All angles coterminal with 8 = ~Z have the 4. d =1vycos0 = 2500 = (1)(3280)cos 0 =
7 2500 _1( 2500 .
e cosd=——=60=cos | ——|=40
form = +2nz, for any integer n. 3280 3280

97. In quadrant I11, a reference angle 8’ =6 -, 5. (sin T 1) (\/5 tanx+ 1) =0=

SOEZH—JZ':>H:6—7[_ sinle:xz%or
5 5 | \/5
x/gtanx+1=0:>tanx=——=——=>
6.5 Trigonometric Equations | V3 3
hy/4 117
X=—orx=—
6.5 Practice Problems 6 6
. w Sm 1z
p Solution set: {—,—,—
1. a. sinx=1=>x=5+2n7z 2 6 6

6. 2cos’f—-cosf—1=0=

b. cosx=1=x=0+2n7w=2nr
(2COSH+1)(COSH—1):O:>

4
c. tanx=1=>x=z+n7z 2cost9+1:0:>cosﬁz—%or
2.a. secx=1.5= x isin Quadrant I or cos 6 IO:COSZZ A
Quadrant IV. cos€=—5:> ¢9=? or 6=T

x:secfl(l.S):>secx:1.5:>cosxz% cos@=1=6=0

(2 Solution set: {0 vonm 2 v onm 27 2n7z}
X = COoS 5 =48.2° or 3 3

x =360°—-48.2°=311.8°

The period of the secant function is 360°,
so all solutions are given by
x=48.2°+n-360° and
x=311.8°+n-360°.
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2 : -
7. 2cos” 0 +3sinf-3=0 2. All solutions of sin x :l are given by
2(1-5in? 0)+3sin0-3=0 2
9 ] V4 RY/4
2-2sin” 6 +3sinf-3=0 ¢ T2z and —=+2nx.
~2sin* @ +3sin@—1=0
2sin2 0 —3sin@+1=0 3. The equation cos x = 1 has one solution in

(2sin6—1)(sin@—1)=0 [0.27).
2sinf-1=0 or sinf-1=0 4. All solutions of tan x = 1 are given by

sin6=% singd =1 L

5. False. The equation sec x =— has no

. T 7w 5w 2

Solution set: { —,—,—
{6 2 6 } . 1. .
solutions because — is not the in range of
2
8. J3cot@+1=~3cscO SEC X.
2 2
(x/§c0t6+l) :(x/gcscﬁ) 6. True
3cot?G+243cot@+1=3csc? 6 p I
3cot? 0+ 2/3cotf+1=3+3cot? 0 8. sinx=0= x=0+2n7 orx=7+2n7
2J3cotf =2

3
COtH=—3=> 9. tanx=—1=>x=7+nﬂ-

4 4z
0=301‘0=T 10. cotx:—1:>3—”+n7r
Check each answer:
x/§c0t£+1;x/§cscz 11. cosx=72=>x=%+2n7z orx=7T”+2n7z
\/5 ? 2
\/g'T+1:\/§'ﬁ 12, sinx=" o x=Z i omrorx=Zomr
2=y 2 3 3
) V1
\/§c0t4Tﬂ+1£\/§csc4T” 13. cotx:\/§:>x:€+n7z
\/5 ? 2
\/§-T+l=\/§ B 14. tanx=—£=>5—”+nﬂ
2# =2 3 6
1 2 4z
Thus, 4—”is extraneous and the solution is {Z} 15. cosx= _E=> X=T+2"” orx=?+2nﬂ'
. \/5 4z hY/4
6.5 Basic Concepts and Skills 16. sinx= T, o rEt 2nr or EN 2nm
1. Th ti i —1 has t luti i \/5
. e equation sin x = 5 as two solutions in 17. tanx=?=>x=30°+180n

[0,27).
18. cotx=1= x=45°+180n
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) 1 . . 0+30°=9.5°= @ =-20.5°=360° - 20.5°
19. sinx=-2= x=210"+360% or =339.5°. 6+30°=189.5°= 6 = 159.5°.
x=330° +360°n 33. c¢scx=-3= xisin Quadrant III or Quadrant
V.
1 o o o o
20. cosx= 5 = x=60° +360°n or 300° + 360°n x=csc (=3) ~ —0.3398 =
x =7 —(-0.3398) = 3.4814 or
21. cscx=1= x=90° +360°n x =271 +(—0.3398) = 5.9433
22, secx=-1=x=180° +360° 34. 3sinx-1=0=sinx=1/3= xisin
Quadrant I or Quadrant II.
243 -
23. x/gcscx—2=0:>cscx=T=> x=sin"" (1/3)= x=0.3398 or
x=60° +360°n or 120° +360°n x=7-0.3398~2.8018.
35. 3tanx+4=0= tanx=-4/3= xisin
23
24. Bsecx+2=0=secx= 3 = Quadrant II or Quadrant IV.
-1
x=150° +360°n or 210° +360°n x=tan” (-4/3)~-0.9273
=—-0.9273+ 7 =2.2143 or
25. 2secx—4=0=secx=2= x=—0.9273+ 27 = 5.3559.
x=60° +360°n or 300° +360°n
26, 2 td=0 _ 36. 2secx—7=0=secx=7/2= xisin
ocesex . = esex = o=> Quadrant I or Quadrant IV.
x=210" +360n or x = 330" + 360n -
x=sec” (7/2)=1.2810 or
27. sinf =0.4 = 6 is in Quadrant I or Quadrant =27 —1.2810=5.0021.
IL. 6 =sin"'(0.4) =23.6° or 7 o L5 _ 5 .
0 = 180° — 23.6° = 156.4° . 2cscx+5=0=cscx= = xisin
Quadrant III or Quadrant IV.
28. cosf =0.6= @ isin Quadrant I or Quadrant y=cse! (_5/2)
-1 o
IV. 6 =cos 7(0.6) = 53.1° or ~—04115= x=7+0.4115=3.5531 or
6 =360°-53.1°=306.9° x=2mr—-0.4115=5.8717.
29. secfd=7.2= @ isin Quadrant I or Quadrant 38. cosx=0.1106 = x is in Quadrant I or
IV. 6 =sec™!(7.2)=82.0° or Quadrant IV. x = cos ™! (0.1106) =
6 =360°~-82.0° = 278.0° x =1.4600 or x =27 —1.4600 ~ 4.8232.
30. cscd=-4.5= @ isin Quadrant III or ' P 1 . (1
Quadrant IV. @ = csc ™! (~4.5) = -12.8° = 3. Sm(“ﬂ Syt T (5) =
0 =180°—(—12.8°)=192.8° or i EE T 237z0r
0 =360°+(-12.8°) =347.2° 4 6 12 12
RY Iz
31. tan(@-30°) =-5= 6 —30° is in Quadrant I X +Z sy = X= 12
or Quadrant IV. Let x =8 —30°. Then, 17 237
-1 The solution is {—,——.
x=tan"' (-5)=-78.7° = 12712
x=180°-78.7°=101.3 or
x=360°-78.7°=281.3°= 0 =131.3° or
6=311.3°
32. cot(@+30° =6= @ +30° is in Quadrant I or

Quadrant III. Let x =68 +30°. Then,

x=cot ' 6= x=9.5°or
x=180°+9.5°=189.5°
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40. ZCOS(X_Z)-H:O:}Cos(x_zj:_l:
4 4 2

T a1 T 2z 117z
X——=2CO0S —— | > —=——=>x=—
4 2 4 3 12
7T 4r 197
or x——=—-=x=——.
4 3 12
The solution is 11—7[,19—” .
12 12
41. sec(x—%)+2:0:>x—%:sec1(—2):> 46.
T 2z 197 T 4r
——=— = X=—— 0rX——=—
8 3 24 8 3
x:35—”.The solution is 19—”,35—7[ .
24 24 24
42, csc[x+%j—2=0=>x+%=csc_1(2)=>
xtl=Zo =L o
8 6 24 47.
VY 4 177
X+—=—=x=—".
8§ 6 24
The solution is 1,17—” .
24 24

43. \/gtan[x—%)—lzoztan(x—%jzﬁj

T NG T 7 T
x—==tan | — |2 x-—="=x==
6 3 6 6 3

T Ir 4
OI'X—EZ?ZXZT.
T A 48.
The solution is {—,—}.
33

44. cot(x+%)+1:O:>cot(x+%j:_1:>

T 3 7 3r r
x+—=cot (-D=2x+—=—7>=>x=—
6 6 4 12
T I 197z
orx+—=—=—x=——.
6 4 12
The solution is 7—”,19—” .
1212 49.

45.

25in(x—£)+1:O:>sin(x—z):—l:
3 3)7 2

1 T T 3z

xX——=sin""| —= ——=— S x=—"

2 3 2
117z 13z =«
orx——=—+ =—=—
6 6 6

2005()6"'%}“/5=O=>cos(x+%)=—g

The solution is 5—”,11—” .
12 12

(sinx+1(tanx—1)=0=
sinx=—lor tanx=1

. 3
sinx=-1=x=—
2

3 . . 3 .
However, tan— is undefined, so x = 7 is
not a solution.
T Y4
tanx=1=>x=— orx=—.
4 4
Sx

The solution is Z,— .
4 4

(2cosx+D(3tanx—1)=0=

1
COSX =—— or tanx=T

1 27 4
COSX=—T>D X=—""0rx=——

3 3

3 T 1
tanx=—=x=—orx=—-.
3 6 6

,,2_”7_,,4_”}
37673

The solution is {g, R R

(cscx—2)(cotx+1)=0=cscx=2or

T Y4
cotx=-1; cscx=2=>x=— orx=—
6 6
RY/4 T
cotx=—-1l=x=—orx=—1.
4 4
The solution is 2,3—”,5—”,7—” .
6 4 6 4
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1 V.4 2
50. (\/gsecx—Z)(x/gcotx+l):O:>secxz% 56. 40052)‘:1:“305)‘:15:”‘:?0rx=?
4z S
or cotx=——3;secx=2—=>x=£ or orx = orx=—r
3 3 6 7w 2rx 4w Sk
117 \/g 27 hy/4 The solution is {—,—,—,—}.
xz?; COtXZ—TZXZTOI'XZ? 3°3 3 3
. . |7 2% 57 11z
The solution is {ETTT} 57, tan’x=1=tanx=+l= x="% orx="% or
4 4
hy/4 i
51. (tanx+1)(2sinx—-1)=0=tanx=-1or x:TOTx:T-
. 1 3z 1
s1nx=5;tanx=—1=> X=—or 7 The solution is {Z,S—”,S—”,z}-
s 4 4 4 4
sinx=l=>x=£0rx=—” p 3z
2 6 3r s 67 58. seczx:2:>secx=i\/§:>xzz orx:T
The solution is {Z,—”,—”,—”}. 57 1
6 4 6 4 orx=——orx=—.
4 4
. . |m 37 57 Ix
52. (ZSinx—x/g)(Zcosx—l):O:sinxz% The solution is {Z,T,T,T}
| V3 T 27
or cosx 2 s 2 * 3 orx 3 59. 305c2x24:>cscx:i—2\3/§:>x:%0r
1 T Sx
cosx:5:>x:§0rx:?. x=2T”0rx=4T”0rx=5?”.
The solution is {2,2—”,5—”} . The solution is {2,2—”,4—7[,5—7[}.
33 3 33 3 3
53. (x/zsecxl—2)(25mx+1)=0=>secx=x/7§or 60. 3cot2x=1=>cotx=iT3=>x=§or
sinx=——; secx=\/§=>x=% orx=TjZ 20r 4 57
X=— Oorx=—orx=—
sinx———:>x—7—7zorx—11—” ’ ; >
2 6 6 The solution is {Z,z—”,ﬂ,s—”}.
. .|\ T 11z 33 .33
The solution is Z,?,T,T .
61. 2sin’0-sinf-1=0=
54. (cotx—l)(\/icscx+2):0:>cotleor (2sin6+1)(sin0—1):0:>sinH:—%
T Y4
cscx=—v2; cotx:1:>x:Z orx:T or sin@ =1; Sing=_%=>9=%z 0r0=%
hY/4 i
cscx=—x/§=>x=70rx=7. sin6=1:>0=%
. . |75 Ix
The solution is {Z’T’T} The solution is E,Z,M :
2 6 6
55. 4sin2x=1=>sinx=il=>x=Z 0rx=5—7Z 62. 2cos’0-5cos0+2=0=
17 i 2 6 6 (2cos@ —1)(cosf@—2)=0=> cos@ =1/2 or
0”‘:? orx=T. cos@ =2 . (Reject this). cos@ =1/2=

The solution is Z,S—”,7—”,M .
6 6 6 6

H=Z 0r€=5—”.Thes01utionis Z,S—” .
3 3 3°3
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63.

64.

65.

66.

67.

68.

69.

. sin x T
Sin x = cos x = =l tanx=1=>x=—
COS X 4
57 . . |m 5w
or x =— . The solutionis {—,—¢.
4 4 4

. oS X
sinx+cosx=0= ——=-3=

sin x
cotx:—x/§:>x:5?ﬂ orx:M
The solution is S—H,M .

6 6

Zx=3=cot’x=

i\/gzcotx:x:% orxzs?ﬂ or

3sin? x = cos

4 117z
X=— orx=—o
6 6
The solution is Z,S—”,7—”,11—” .
6 6 6 6

3cos’ x=sin’ x=3=tan’ x =

ix/§=tanx=>x=% orx=2T7Z or

4z hY/4
X=—orx=—
3 3
The solution is 2,2—”,4—”,5—ﬂ .
33 3 ° 3

cos” x—sin?x=1=1-sin® x —sin?

—2sin’x=0=sinx=0=x=0orx=7
The solution is {O, 7[}

2sin?x+cosx—1=0=
2(1—coszx)+cosx—1=0=>

2cos? x—cosx—1=0=

(2cosx+1)(cosx—1)=0=cosx = —% or

1 2r T
cosx=1; cosx=—5=>x=— orx=—

cosx=1=x=0.
The solution is {0,27”,4%}.

2cos?x—3sinx-3=0=
2(1-sin% x)—3sinx-3=0=
2sin” x+3sinx+1=0=

2sinx+D(sinx+1)=0=> sinx:—1/2 or

. . 1 i 117z
sinx=-1; sinx=——=x=—o0orx=——
2 6 6

x=1=

70.

71.

72.

73.

RY/4

sinx=-1=x=—.
2

The solution is 7—”,3—7[,11—” .
6 2 6

2sin’ x—cosx—1=0=
2(1—coszx)—cosx—1=0=>
2cos? x+cosx—1=0=

(2cosx—1)(cosx+1) =0=>cosx=1/2 or

1 T Sx
cosx=-1;, cosx=—=x=—orx=—
2 3 3

cosx=—-1=x=r.

The solution is z,ﬂ,S—” .
3 3

x/gseczx—Ztanx—Z\/5=0=>
\/§(I+tan2x)—2tanx—2\/§=0=>
x/gtanzx—Ztanx—\/g:O:
(x/gtanx+1)(tanx—\/§):0:>tanx:—g
ortanx=\/§;tanx=—§=>x=5?”or
x=llTﬂ;tanx=x/§:>x=§orx=4?ﬂ.
The solution is {Z,S—”,“—”,ll—”} .

36 3 6
csczx—(\/g+1)cotx+(\/§—l):O:>
1+cot2x—(x/§+l)cotx+(x/§—l)=0=>
cotzx—(\/g+1)cotx+x/§=0=>
(cotx—x/g)(cotx—l):0:>cotx:x/gor
cotx=1; cotx:\/§:>x:£0rx:7—”

6 6

T Sx
cotx=1l=D>x=—orx=—.

4 4
The solution is {2,2,7—”,5—”}.

6 4 6 4
\/gsinx=l+cosx=>

(x/gsin x)2 = (1 + cos x)2 =

Zx=cos?x+2cosx+1=

2

3sin
3(1—cos2 x)—cos“x—2cosx—1=0=

—4cos>x—2cosx+2=0=

—2(2cosx—D)(cosx+1)=0= cosx:%:

(continued on next page)
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continue
( 9 79. sinezﬂ:HzS.T’
7 57 605
xX=—,—orcosx=—-l=>x=rx
3°3 80. d=1vycosf = 112=(3)(78)cos 6 =
Checking each answer, we find that x = Sz cosf = 112 = @ =cos ! ( 12) 61°
3 234 234
. .|
is extraneous. The solution is {g’” } . For exercises 81 and 82, from the section opener, we
know that the height traveled by a projectile is
74. tanx+1=secx = (tanx+])2 = 8602 = h= AT sin6—1612, where h = the height, t = the
tan? x+2tanx+1=tan2 x+1= time in seconds, @ = the initial angle the projectile
2Qtanx=0=x=0orx=7x makes with the ground, and v, is the projectile’s
Checking each answer, we find that x = 77 is initial velocity.
extraneous. The solution is {0}. _ 5
81. h=tyysinf-16t" =
75. 3tan6+1=+3sec6 = 25=(4)(150)sin 0 -16(4?) =
2 2
(\/gtan49+1) =(\/§S€C€) = sinez%dﬁzs (ég(l)j 28°
3tan’ @ +2\3 tan @ +1=3sec’ @
2
=3(tailfx+1)=> 82. h=1v,sind-16:> =
23 tand-2= 0= tan @ = 33 g—%%” 40=(2)(140)sin 0-16(2%) =
Checking each answer, we find that 8 = 77/6 sin@ = ;— =0= (Lj 22°
is extraneous. The solution is {7/6} .
6.5 Beyond the Basics
76. 3cot@+1=~3cscd= 83, Usine f - ) N
2 2 . Using factoring by grouping, we have
(x/gcott9+l) =(\/§csc¢9) = 3 | Nl
3cot? 6+ 23 cotf+1=3csc’ 6 SIMXCOS X =~ =S X —Cos X === = 0=
=3(cot’ x+1)= _ B 1 B
NG n Ax sin x cosx—T +5 cosx—T =0=
2\3cotf-2=0=cotf=">=6H="=,—
3 33 o 3 . 1
Checking each answer, we find that 8 = 47/3 SInx+ 5 jl cosx=—- 1= 0= sinx= )
is extraneous. The solution is {7/3}. 3 1
or cosx=—.If sinx=——=
6.5 Applying the Concepts 2
17 7
X=—+2nr = x=—or
24 6
77. tanf =1 =+3=6=60° 117 117
83 x:—+2n7z:>x:?
78. V3 i 7
If cosx=—=x=—+2nr=x=—or
2 6 6
117z 117z
X=—+2nr = x=——.
179 ft 6 6
¥ tan9=£:>¢9=5.3° The solution is {Z,Z,M}.
179 6 6 6
165 ft
Not drawn
to scale
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84.

85.

86.

87.

2sinxtan x+2sinx+tanx+1=0=
2sinx(tanx+1)+1(tanx+1)=0=
2sinx+1)(tanx+1)=0= 2sinx+1=0=

. 1
sinx=—— or tanx=—1.

. 1 1 r
If sinx=——=x=—+27n=>x=— or
2 6 6

117z 117z
X=—42Ttn=>x=—.
6 6

If tanx=—1=>x=37”+7m=>

3 r
X=—orx=—.
4 4
The solution is 3—”,7—”,7—”,11—” .
4 6 4 6

5sin” @ +cos> O —sec> O =0

5(1—00526)+cos20— =0

cos” 8
1

cos” @
—4cos* @ +5c0s20-1=0
4cos* @—5c0s2O+1=0
(400526—1)(00526—1)=0=>

(2cos@—1)(2cos @ +1)(cos@—1)(cos & +1)=0

5—4cos’ 6 — =0

2cost9—1:0:>(:059:l:>t921,5—”
2 373
200519+1:0:>cos@z—l:NQ:2_”,4_7Z
2 33
cos@—-1=0=cosfd=1=6=0

cos@+1=0=>cosf=-1=0=r

Solution set: <0, Z, 2—”, T, 4—”, 5—”
33 33
cosd

2sin@ =cosld = 2 = =cotld =

sin
0 =cot™ ' 2= 0=~ 0.4636, 3.6052

2cosx=1-sinx
(2cos x)2 = (l—sin x)2
4cos? x=sin? x—2sinx+1
4(1—sin2x)= sin? x—2sinx+1
4—4sin? x=sin? x—2sinx+1
Ssin? x-2sinx-3=0
(5sinx+3)(sinx—-1)=0=

88.

5sinx+3=0:>sinx=—§=>xz5.6397 or

. . V4
s1nx—1:0:>s1nx:1:>x:E

Solution set: {%, 5.6397}

cos* x—cos?x+1=0
Let u = cos” x. Then, we have
cos? x—cos? x+1=0=u’ -—u+1=0.
Using the quadratic formula, we have
_ ()Y -40)0) 12453
2(1) 2
There is no real solution for u, therefore, there

is no solution for the original equation.
Solution set: &

6.5 Critical Thinking/Discussion/Writing

89.

90.

91.

tan” x = 4 = tan x = +2
If tan x =2, then x=1.107 or
x=1.107+ 7 = 4.249 . If tan x = -2, then

x = —1.107 , which is not in [0, 27[) . So,

x=-1.107+ 7 = 2.034, and
x=-1.107+27 =5.176 .
Solution: {1.107, 2.034, 4.249, 5.176}

3cos” x+cosx=0= cosx(3cosx+1)=0=

1
cosx =0 or cosx=—§

If cosx =0, then x = % ~1.5708 or

x= 3—7[ =4.7124. If cosx = —l, then
2 3
x=1.9106 (which is in quadrant II) or
x =4.3726 (which is in quadrant III).
Solution: {1.571, 1.911, 4.373, 4.712}

cosx—secx+1=0= cosx— +1=0=>

COS x

cos? x—1+cosx=0=

2 1 1 ( 1)2 5
cos”" x+cosx+—=1+—=|cosx+—| =—=
4 4 2 4

J5 1.5

cosx+l=i—=>cosx=——i—
2 2 2

If cosx=—%+§, then x = 0.9046 or

x=2m—0.9046 = 5.3786.

(continued on next page)
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(continued)

cosxi—l——, since —l——:—1.6,
2 2

which is not in the range of cos x.
Solution: {0.9046, 5.3786}

92. 3escx+2cot’x=5
3cscx+ 2(csc2 x—-1)=5
2csc? x+3cscx—7=0

Use the quadratic formula to solve for csc x:

3+4/32-42)(=7) —3++/65

CSCXx = =
202) 4
If cscxz%, then x=0.9111 or

x=m—-09111=2.2305.If

—3-65
4

x=5.9132.
Solution: {0.911, 2.231, 3.512, 5.913}

cscx = , then x=3.5116 or

. 1 .
93. s1nxcosx:§:> 2sinxcosx=1=

sin2x=1=>2x=% or 2x=%+2ﬂ'=>

V.4 4 hY/4

X=—orx=—+7r=—

4 4 4

The solution is 2,5—” .
4 4

94. sinxcosx=1=>sin>xcos’x=1=
sin? x(1-sin’ x)=1=

sin x—sin*x—1=0=sin* x—sin x+1=0.

Letting u = sin? x, we have W -u+l1=0=

L J(=1)2 =41 RE: J-3

2(1) 2
=li£:> sin’? :lii
2 2 2
Similarly, we can show that cos® x = %i % .
So, there are no real roots.
6.5 Maintaining Skills
95, sinx=—tm = % 117
2 6 6
T Srx
96. tanx—le:>tanx:1:>x:Z, T

97. ZCosx:ﬁ:cosx:—S:xZZ’ll—”
2 6 6

.2 .2 1 . 1
98. 4sin”“ x=1=sin x:Z:smx:iE:

7 Sz Ir 11z

b}

X=—, — —/—
6 6 6 6

99. Note that the range of cos ™'y is [0, 7].

100. Note that the range of sin”! y is [—%, %}

-1 1 . 1 T
x=s8in" | = |=sinx=—=x=—
2 2 6

101. Note that the range of tan ! y is (—%,

x=tan_1(1)=>tanx=1=>x=%

102. Note that the range of tan ™! y is (—%, %j

x:tanfl(—\/g):nanx:—\/g:x:_g

103. cos3x+cos5x= 200s[3x;5x)c0s(3x;5xj

= 2cos4xcos(—x)
=2cos4xcos x

104. sin'x=2= x=sin£=cos(£_£J
5 5 2 5

6.6 Trigonometric Equations Il

6.6 Practice Problems
1. sin2x= l — 2x=sin"! [lj =
2 2
2x:£+2niz or 5—7[+2n7[:>

4 57
x=—+n7z0rx=E+n7[:>

12

V4 hY/4 137 177
X=— OrX=— O0rxX=—— 0rx=——

12 12 12 12

Now find the values of n that result in
solutions in the interval [0, 27[) n=0,1.

. n Sm 137 177
Solution set: { —,—,——,——
1212 12 12
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tan = ! =2 tan_l(l): 5 3x+cos3 \/7:>
=== - . sin3x+cos3x =
2 3 2 NE)
X 7.y oz
FT g TMEEAE A== (s1n3x+0053x) :(\/;j =
Now find the values of #n that result in 3
solutions in the interval [0,27):n=0 sin? 3x +2sin3xcos 3x +cos? 3x = > =
. V4
Solution set: {—} 1+sin6x = 3 = sinbx = 1
3 2 2
14.75 sin 6x = l:>6x —+2n7[:>x £+ﬂ
0.3=0.5sin L(x— : j +0.5 276 T36 3
ju 1475 0r6x——+2n7z:>x——+—
-02=0.5 sin{ (x - —ﬂ 6 6 3
14.75 2 n x
/4 14.75
—0.4 =sin -——
{14.75()6 2 H 0 | oz, 07 _ 7
36 3 36
Thus, @ =sin~' (-0.4) = —0.4115 or )
0 =1 —-04115=3.5561 0 x=36+(3” 36
o4l15- " ( 14.75)
14.75 2 1 re (1)7z
14.75(-0.4115) 14.75 36 3 36
=XxX—-
T 2
6.0699  14.75 PR I O v/ 2
X=-————+——=544 36 3 36
V4 2
r 14.75 r (2)7z 257
3.5561= —_— 2 xX=—
14. 75( 2 ) 36 3 36
14.75(3.5561) e 14.275 , _5_”+ (2)” 297
i 14.75 36 3 36
x=16.6821+ = 24.06
s | _x, @z
So, 30% of the Moon is visible about 5 days x= % 3 36
and about 24 days after the new moon.
o o 3 x= 5_” m — 41_”
cot36 =1= 36 = 45°+180°(n) = 36 3 36
0 =15°+60°(n)
4 x= £+ M = 49_”
n |6 36 3 36
=15°+60°(0
0 ©0)=1 . | sm @7 s
1 —15°+60°(1) 75° 36 3 36
. . N Since squaring both sides of an equation may
2 =15°+60 (2) =135 result in extraneous solutions, check all
possible solutions.
3 0 =15°+60°(3)=195°
4 0 =15°+60°(4) = 255°
(continued on next page)
5 0 =15°+60°(5)=315°

Solution set: {15°, 75°, 135°, 195°, 255°,
315°)
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p
(continued) c0s0=0=0=" 42z or 0 =L +2nr.
Check: 2 2

X
3 —=—+2nwr = x=m+4nr or
X sin3x+cos3x=,|— )Zc 3%” .
2 §=7+2n7[:>x27+4n7[
z sin| 3 z +cos| 3 1) = é\/ n X
36 1736 36 2
4(0)z
O xX= :O
2—76[ sin 3(53—7; }+cos{3(z—7gﬂ= %/ 5
0 27Z+4(0)7Z 2
- - - X = =
137 . 137 137 3 5 5
—— | sin| 3| — ||+cos| 3| — ||=—,/= X
36 L L 36 /] L\ 36 2 0 x=r+4(0)z=7x
17z | . [L(177\], . [(17% 3 3 i
—— | sin| 3| —||+cos|3| — ||=—,/= X == i
i ] i ] 4)zr  4rx
2z sin 3(—257[j + cos 3[—257[j = é/ 1 x= (1 =—
36 U6 )] U362 5 5
297 | . [.(297)] [ (297Y] [3 1 co2mral)m_om
== | sin| 3| = ||+cos| 3| — ||=.[=V 5 5
36 REF R REVIRP
n _ n - | x=r+4()z =57
31n sinl| 3 37_”) + cos 3(37_” - _ éx out of range
36 36 3 2
- — - x=Z 4 r=2
sz | . [ (41x)] [ (41z 3 1 4
Y sin| 3 g +cos| 3 3— =— EX out of range
- 1T 4(2
497 | . [.(497 497 3 P P C LA
—— | sin| 3| — ||+cos|3| — ||=.[=V 5 5
36 "U3e )] L3 2

- . 27 +4(2)7 107 -
X=——mm— = —=
53—” sin 3(53—6”) + cos 3[53—”H= %/ 2 5 5

36 3 L L3 (out of range)
Solution set: Check each possible solution.
. Sm 257m 297w 497 S3x 2
%’%’ 36 ’ 36 4 36 ’ 36 X sin2x+sin3x=0
6. sin2x+sin3x=0 0 | sin(2:0)+sin(3-0)=0
. S5x X
2sm—cos(——j=0 2_” sin(2-2—”J+sin(3-2—”)=0‘/
2 2 5 5 5
2 5x X 0 . Sx X 0
SlIl?COSE— =>Sln7008—— = P sm(27[)+sm(37[)=0\/
. Sx X
sin—-=0or cos2-=0. Rl sin(2 —”j+sin(3-3—”j=0x
§in@=0= 0 =0+2n7 = 2n7 or 4 4
4
9=7Z+2n7z:>5—x:2n7z:>x:ﬂ0r 4r sin 2-4—”)+sin(3-4—7[)20\/
2 5 3 5 5

5x 27+ 4nw
7=7I+2n7z:>x:T

(continued on next page)
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(continued)

?
X sin2x+sin3x=0

6—” sin(Z-%[)+sin(3'6?ﬁj:0\/

8—” sin(2-8?ﬂJ+sin(3-8?ﬂj=0\/

Solution set: {0, 2—”, 4—”, 7, 6—”, S—ﬂ}
5 5 5 5
7. Zi3sin ! (x41)= 22
4 4
3sin” (x+1)=7
sin_l(x+1)=%:> x+1=sin§
.7 . 3
x=sin——1=—-
3 2
_\3-2
2
8.a. tan 'x+cot”! x=2x in (—oo, o).
Let @ =tan"' x. Then —£<0<£, SO
2 2
Z>—€>—Z and 7Z'>Z—9>0 or
2 2 2
T
0<—-0 < 7. Then, we have
V4 .
x=tan9=>x=cot(5—6?} (using a
cofunction identity).
x=cot(£—«9)=>cot1x=£—¢9=>
2 2
HJrcot_lx=£:>tan_lx+cot_1x=Z
2 2
b. tan”' ! z

x—cot  x= 7
Using the result from part (a), we have
4 (72 a1 j V4
tan x—|——tan Xx |[=—
2 4

1

2tan x—£=Z
2 4

2tan71x:3—”:>
4

1 3 kY4
tan x=——= x=tan—
8 8

Now use a half-angle formula for tan %z

3 . 3r \/5

S
x=tan| — | = =

2 V2

RV/4
I+cos— (-2
4

2
_ 2 A2 2442 2242
2-\2 2-2 2442 2
=V2+1

Alternatively, we have

242
N2-\2

6.6 Basic Concepts and Skills

1.

. . 3
If sin2x; =sin2x, and 0 < x; < x, <3’

T
then Xy =E - Xi.

If cos2x; =cos2x, and O0<x; <x, <7,

then x, =7 — x;.

If tan2x; =tan2x, and 0<x; <x, <7,

V4
then X9 :E + X1

True

False. For example, if x = %, then

sin2x _sinz
2 2

=0, while sin%zl.

False. For example, if x = 7z, then

T
2tan —

is undefined #1.
4

cos2x=l=> 2x=£+2n7r=>x=z+nﬂ'
2 3 6

or 2x=5—ﬁ+2nﬂ:>x=5?”+n7[.N0Wfind

the values of n that result in solutions in the
Sx

interval [0,27): n=0=>x=% orx=?

(continued on next page)
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(continued)

nzl:x:% orx:n?ﬁ.lfn>l,the

solutions are out of the domain, so the

. 7 St T 1z
solutions are {—,—,—,—.
6 6 6 6

s >

8. cos2x:0:>2x:%+2n7z:>x:%+n7z

3 3z
or2x=—+2nr = x=—+nx.

Now find the values of » that result in
solutions in the interval [0,27):

w 3
n=0=x=—orx=—
4 4

nzl:szT” orx:7T7[. If n>1, the

solutions are out of the domain, so the
7 3n 57 77[}

solutions are {—,—,—,—
{4 4 4 4

1 .
9. csc2x= 3 has no solution because the range
ofcscxis —o<x<—lorl<x<eoo.

10. sec2x =0 has no solution because the range
of secxis —co<x<—lorl<x<oo.

v/

11. tan2x:—3:> 2x:£+n7[:>x:£+—n.
3 6 12 2

Now find the values of » that result in solutions
in the interval [0,27):

/4 T
n=0=x=—,n=1=x=—,

12 12
n=2:>x=13—7z, n=3:>19—”.

12 12

If n > 3, the solutions are out of the domain, so

. . Tz 137 197

the solutions are {—,—,——,——¢.
12 12 12 12

12. cot2x=—3=>2x=z+n7z=>x=z+£n.
3 3 6 2

Now find the values of n that result in
solutions in the interval [0, 27[) :

n=0:>x=£, n=1:>x=2—”,
6 3
n=2=>x=7?ﬂ,n=3=> x=5—”.

13.

If n > 3, the solutions are out of the domain,
. w2 In S5rw
so the solutions are { —,—,—,— .
6 3 6 3

sin3x=l:> 3x=£+ 2nrw or
2 6

hY/4 T 2nrw
Ax=—+2mr =>x="—+——

6 18 3
orx= 51—;[+2HT7[ Now find the values of n

that result in solutions in the interval [0, 27[) :

" K 2nr 5_7[ 2nr
18 3 18 3
0 z sz
18 18

7 2n 13rx S 2% 1Irx
1 —t—=— | —t—=—
18 3 18 18 3 18

7 4m_25m | S 4w _29m

2 +— === +
18 3 18 18 3 18

14.

If n > 3, the solutions are out of the domain,
so the solutions are

{ﬂ' 57 137 17z 25« 29%}

bl s bl s s

18 18 18 18 18 18

cos3x=—3:>3x=£+2nﬂor
2 6
11z T 2nrw
3x=—+2nr=>x=—+——or
6 18 3
x=111—8”+2n—”. Now find the values of n that
result in solutions in the interval [O, 272) .
" K 2nr 11_7[ 2nr
18 3 18 3
0 z liz
18 18
7 2n 13rx 11z 27 23x7
1 | = +=—=— | —+—="
18 3 18 18 3 18
n 4r 257 | 11z 4r 357
2 | = | ot =
18 3 18 18 3 18

If n > 3, the solutions are out of the domain,
so the solutions are

{7[ iz 137 237 25« 35%}
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1
15. Cosﬁz—:>£=£+2n7[0r£=—5ﬁ+2nﬁ:> 20. 2cos3x:\/52>0053x:£:>
2 2 2 3 2 3
xX= 27” +4nm or x = IOT” +4nsr . (Note that the cos3x = cos (% + 2n7zj or

second value is not in the domain.). The only

r
value of n that results in a solution in the interval cos 3x = cos (T +2n7 )

. .. |27
[0,27) is n = 0. The solution is {?} Ay = %+ T > 3 %+ 2;;72 .
r 3z 1z
X X x Sz X=—,—, —
16. csc—=2=>—=—+2nwor —=—+2n1r = 127 47 12
2 2.6 2 6 1 1w 2nmw
p 57 x=—+2nr = x="F"+——=
X =—+4nr or x=—+4ns . The only value 4 12 3
3 3 Iz 5z 23w
of n that results in a solution in the interval r= 12 4° 12
[0,27) is n = 0. The solution is {2,5—7[} . Solution set: E, 7_”, 3_”, 5_”, 1z , Bz
33 1274747127 12
17. tnt=1=2=24 x 57, !
s =S o= Ao o=t = 21. 2cos(2x+1)=1=>cos(2x+1)=5=>
V4 Sz
x:%[+3n7z. The only value of n that results 2x+1=§+2nﬂ or 2x+1=T+2n7Z.
in a solution in the interval [0,27) is n = 0. dx+l=L g onmr=2x=" 4 onmr—1=
. . |3
The solution is {—”} x=£+nﬂ_l=>x=£_l, 7_7[_1
4 6 2 6 276 2
V4 T
X x x Iz 2x+1l=—+2nr = 2x=—+2n7-1=
18. cot==3=Z="dnror—=—"—+nzr=
3 6 57 57 1 Uz 1
ju X=—+nr—-—=x=—-—, ———
x =—+3ns. The only value of n that results 6 6 2 6 2
2 Solution set:
in a solution in the interval [0,27[) isn=0. 1 5_72'_1 Iz 1 11_72'_1
6 276 276 26 2

The solution is {%}

22. 25in(2x—1):\/§:>sin(2x—1):73:>

. . 2
19. 2sin3x = \/5=>sm3x—7=> 2x—1=§+2n7z or 2x—1=2T7[+2n7z.

. . V4
Sm3x‘sm(_+2””j or 2x—1:§+2n7r:>2x:§+2n7r+1:>

sin3x=sin(37”+2nﬂj. x:£+n7z+l:>x=£+l,7—ﬂ+l.
6 2 6 2 6 2
T T 2nrw 2x—1=2—”+2nﬂ'=>2x=2—”+2n7z+1=>
x=—4+2nr=>x=—+—= 3 3
4 3 17 12 3 x—£+nﬂ'+l=>x—£+l 4—7[ l
=X 22T 3 2 3 273 2
1%7[ 4 12 . Solution set:
Ix=—4+2MT => x=—F+ —= {7[ 1 -7 1 77 1 4r 1}
4 4 3 —t—, =+ =, —+—, —+—
7 1z 197 6 23 2 6 2 3 2
47127 12
. n 7 3z 11z 17zm 197
Solution set: {—, —, —, —, ——, ——
12°4° 4 12 12 12
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23. 2sin(4x-1)=1=sin(4x-1)=— 25. 2005(——1) J3 = cos (__1j \/5
2 2 2
T Sz
4x—1=€+2n7ror4x—l=?+2nﬂ. 3?)6_1_£+2n7z.0r 3x _1_117[_'_2"72.'
T T
dx—-l=—4+2nr=>4x=—+2nr+1=
* 6 i * 6 i 3—x—l—£+27z:>3—x:£+2mz+1:>
r nr 1 2 6 2 6
=—t—+—=
! 24 2 4 x=£+4n—”+g=>z+z,13—”+g
_£+l 13_”4_1 25”4_1 37”+l 9 3 3 9 3 9 3
2% 54;[’ 2% 4 24 5”4’ 2% 4 37’5_1_%” 37’“:117”” Ttl=
4x—1=?+2nﬂ:>4x=?+2n7[+1:> x:M+4n7Z+%:>M+E
Sz nzw 1 9 3 3 9 3
X=—+—+—>=>
24 2 4 . T 2
sz 1 177 1 297 1 417 1 Note that we can also include x:—§+§ as
X=—-—— e T R s T o -
2_4 424 4 24 4 24 4 one of the solutions, since it is in the given
Solution set: interval.
7Z+l Sz 1 13_7Z+l 17_ﬂ+l Solution set:
24 4724 4724 4 2 4’ _2212M+213_75+2
257 1 297 1 37z 1 41z 1 9 39 379 3 9 3
+—, +—, +—, —+—
24 4 24 4 24 4 24 4 3 3 |
N 26. 25111(7’“+1)=1:>sin(7x+1)=E
24, 2cos(4x+1)=x/§=>cos(4x+1)=—3=> 3y 3x S
7 1z 2 7+1—€+2nﬂ0r?+1—?+2n7z
4x+1=—+2nz or 4x+1=——+2nrx.
6 6 3x 3x 7«
ps . —+1——+2 ros =" onr-1=
dx+l=—4+2nr=>4x=—+2nr—-1= 2 6 2 6
6 6 x= Z Az 2 x—z—%(outofran e)
IR L7200 SN 9773 3 9 3 8
24 2 4 _ 13z 2
_x 1L Bz 1257 1377 1 9 3
24 4724 47 24 4 24 4
497 1 %x+1_5?”+2 ;z=>37x=5?”+2m—1=>
24 4 _Sm dnm 2 Sm 2 17z 2
9 3 3 " 9 3 9 3
b 1= ong o a7 1 )
6 6 T 2 - .
<0, so this is not part of the solution
Mz w1 9
T4 2 4 set. Solution set:
Hz 1 237 1 3572_1 417 1 57z. 2 137 2 17n 2
24 4724 4724 47 24 4 9 39 39 3
£—l<0 so this is not part of the solution 1
24 4 27. 30052021:00529253
set.
Solution set: 260 =70.5288+ 2n (1 80°) =60 =353°+180n
1z 1 37 1 237 1 257 1 0r26:289.4712+2n(180°):>
Rt 0= 1447 +180n

3[57 1377 1 4ir 1 497 1
24 424 424 4 24 4

0 =35.3°+180n = 6 = 35.3°, 215.3°
0=144.7°+180n = 0 = 144.7°, 324.7°

Solution set: {35.3°, 144.7°, 215.3°, 324.7°}
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28.

29.

30.

31.

32.

4sin2H:1:>sin29:%:>

26 =~ 14.4775° + 2n(180°) or

26 =165.5225° + 21 (180°).

26 ~14.4775° + 2n(180°) =

6 =7.2°+n(180°) = 0 = 7.2°,187.2°

26 ~165.5225° + 21 (180°) =

6 ~82.8°+n(180°) = 6 =~ 82.8°, 262.8°
Solution set: {7.2°, 82.8°, 187.2°, 262.8°}

2cos3«9+1=2=>cos36=%=>

36 = 60°+2n(180°) = 6 = 20° + n(120°)
or 30 =300°+2n(180°) =

6=100°+n (120°)

6 =20°+ n(120°) = 6 =20°, 140°, 260°
0=100°+n (1 20°) = 6 =100°, 220°, 340°
Solution set: {20°, 100°, 140°, 220°, 260°,
340°}

2sin39—1=—2=>sin30=_%=>

30 =210°+2n(180°) or 30 =330°+2n(180°).

30 = 210°+2n(180°) = 6 = 70° + n(120°) =
6 =170°190°, 310°.

30 =330°+2n(180°) = 6 =110° + n(120°) =
6 =110°, 230°, 350°

Solution set: {70°, 110°, 190°, 230°, 310°,
350°)

3sin36+1=0=>sin36=—%=>

30 ~ ~19.4712+ 21 (180°) or
30 ~199.4712 + 21 (180°).
30 ~ ~19.4712 + 22(180°) =
0~-6.5+(120°)n=

6 =113.5°% 233.5°, 353.5°.
30 =199.4712 +2n(180°) =
0~ 66.5°+(120°)n =

6 =~ 66.5°, 186.5°, 306.5°

Solution set: {66.5°, 113.5°, 186.5°, 233.5°,
306.5°, 353.5°}

4cos36+1:O:>c0530:—i:>

30 =~ 104.4775° + 2n(180°) or
30 = 255.5225+2n(180°)

30 = 104.4775° + 2n(180°) =
6 ~34.8°+(120°)n =

6 = 34.8°, 154.8°, 274.8°

33.

34.

35.

36.

37.

30 ~ 255.5225 + 2n(180°) =

6 ~85.2°+(120°)n = 6 = 85.2°, 205.2°, 325.2°
Solution set: {34.8°, 85.2°, 154.8°, 205.2°,
274.8°,325.2°)

26inli1z0osnd -1
2 2 2

=210°+2n(180°) or §= 330°+2n(180°)

WD

=210°+2n (1800) = 0@ =420°+4n (180°),
which is outside the desired interval.

g =330°+2n (1 80°) = 0 =660°+4n (1 80°),
which is also outside the desired interval.
Therefore, the solution set is &.

2COSQ+\/§= 0= cosg:—ﬁz
2 2 2

=150°+2n(180°) or gz 210°+2n(180°).
=150°+2n(180°) =
=300° + 4n(180°) = 300°

| DD D

> =210°+ 2n(180°) = 6 =420°+ 4n(180°),
which is outside the desired interval.
Solution set: {300°}

2sec20+3=7=sec20=2=

260 =60°+2n (1 80°) or 260 =300°+ 2n (1 80°).
26 = 60°+2n(180°) = 6 =30°+n(180°) =
6 =30° 210°

260 =300° + 2n(180°) =

6 =150°+ n(lSOO) = 6 =150°, 330°

Solution set: {30°, 150°, 210°, 330°}

20802«9+1=0=>CSC20=—%

The range of csc@ is (—eo, 1]U[L, o).

Thus, the solution set is &.
SCSCQ—IZS = cscg: 2=
2 2
=30°+2n (1800) or g =150°+2n (180°).

=30°+2n(180°) = 6 = 60°+4n(180°) =

=150°+ 21 (180°) = 6 = 300° + 4n (180°) =

PR D I DD
I
(@)
=
[e]

Il
W
S
S

°

Solution set: {60°, 300°}
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38. SSng—3=7:> secgz2:> cos£:0:>£:£+2n7z or £:3—”+2n7z
2 2 2 2 2 2 2
0 6 X
5= 60°+2n(180°) or 5=300°+2n(180°). E=E+ 2nr = x=rw+4nr = x=1
§:60°+2n(1800):> §=37”+ 2nz = x =37+ 4nsr, which is not
0 =120°+4n(180°) = 6 =120°. in the given interval.
g: 300°+2n (1800) = 0 =600°+4n (1800), Solution set: {%, T, 5?”}
which is not in the given interval.
Solution set: {120°} 41. cos3x—cosx=0
L (3x+x) . (3x—x
39, sin2x+sinx=0 —2sin 2 sin > )= 0
2sin(2x+x)cos(2x_x):0 sin2xsinx=0=
2 2 sin2x =0 or sinx =0.
6incos X = 0= sin 2x =0 = 2x =0+ 2077 or 2x = 77 + 2n.
2 2 2x=0+2nr=x=0+nr=x=0, 7.
.3
51n—x=0 Qrcosﬁzo' 2x:7z+2n7z:>x=£+nﬂ:>x=z,3—”
2 2 ' 2 2 2
Sin2X = 0= 222 0+ 207 or 2 = 20z, Sinx=0=x=0+2n7= x=0,7
2 2 2 Solu {0 T 37[}
olution set: <0, —, 7, —
3 r o x= T 0 AT 2772
2 3 3
37)‘:,,:”5:2?” 42. sin3x—sinx =0
2sin(3x_xjcos(3x+x)=0
X X x 3z 2 2
COSE=O:>E=E+2n”0rE=7+2n” sinxcos2x=0=
x 7 sinx=0 or cos2x=0.
STt x=atinn=x=7 sinx=0= x=0+2n7=x=0, 7
T kY4
%:37”+2n7z:> x =37 +4nm, which is not C082x=0= 2% =2+ 207 OF 2X= == 217,
in the given interval. =" vor = x=" v nr=
Solution set: {0, 2—” T, 4—” T Srx
3 3 X=—, —.
4 4
40. cos2x+cosx=0 2x:3—”+2n7z:>x:3—”+n7[:>
_ 2 4
2cos(2x2+x)cos(2x2 x)=0 _3r In
3 4° 4
cos—xcos£:0:> 3 Stz In
2 2 Solution set: {O, —, —, T, —, —}
3x X 4 4
cos— =0 or cos—=0.
2 2 43. cos3x+cos5x=0

cos3—x=O=>3—x=£+2nﬂ

2 2 2

3—x=—7z-+2n7[

2
3x & 7 4nrm T Srx
—=—t+2IT = xX=—+t—=2>x=—, —.
2 2 3 3 33
3x 3w
—=—+2MT = X=7
2 2

2005[3x+5xjcos(3x—5x)= 0
2 2

2cos (4x)cos(—x)=0
2 cos (4x)cos x=0=

cos4x =0 or cosx=0.
(continued on next page)

Copyright © 2015 Pearson Education Inc.



Section 6.6 Trigonometric Equations I 577
(continued) 45. sin3x—sin5x =0
. (3x—-5x 3x+5x
COS4x:O:>4x:%+2n7[0r 28]“( 2 )COS( 2 ):0
37 2sin(—x)cos(4x)=0
A= 2 +anz. —2sin xcos (4x)=0=
dx :—+2n7z:>x——+ﬂ:> sinx=0 or cos4x =0.
2 8 2 sinx=0=x=04+2nr=x=0, 7
7 Sz 97 137 p
xX=—,—, —,—. Cos4x:0:>4x:_+2nﬂ'0r
8 8 8 8 2
3 nw
4x =7+2nﬂ=>x——+7 4x=3_”+2n7z"
po2F 17 iz 1z ar=Z 1o T onm
8 3 3 8 X—E+ I’l7l':>x——+7:>
cosx:O:x:%+2nﬁorx:37”+2n7z. _z 5z 97 137
8 8 8 8
T o= =" 37 37 nrx
x_z nw ‘x_z' 4x=—+2n7z=>x=?+7=>
x=Z sz = x =L, _3 7z iz 15z
2 2 8 8 8 8
Solution set: Solution set:
{z,z,z,z,z,%,ﬁﬁ {ng_ﬂsﬂ Iz 9z iz
8 8 2 8 8 8 8 2 8’ 8°8 8 ' g’ g°
13_7:15_7[} 137 157z}
8 8 e g
8 8
44. cos3x = cos5x =0 46. sin3x + sin 5x = 0
—ZSin(szsxjsin(3x;5x):0 25in(3x+5x)cos(3x_5x)—0
/ ) 2 2
-2 i (f*x()jlr; ()= 8 . 2sin (4x) cos (—x) = 0
0o Slilox Sinx = 2sin (4x)cosx = 0=
Sy =1 or sinx = 1. sin4x =0 or cosx =0.
sindx=0= 4x=0+2nx or sindx=0= 4x = 0+ 217 or
dx =1+ 2nr. Adx =71+ 2nrr.
nrx
4x=0+2n7= x=0+—"7= 4x=0+2nﬂ=>x=0+%=>
T 3
X=—, 7, —. T kY4
25 ’ ) x=0,—, 7, —.
dx=g+m=x=2+2 i i L
X=7 niw X—4 2 4x=7r+2n7r=>x=z+7=>
ES_ES_”Z 7 3n 5t Iz
4 4 4 4 ’
sinx=0=x=0+2nr=x=0,7 IR 37
Solution sot: 10 Tz 3_” i 5_” 3_” 7z cosx=0=>x=—+2n7zorx=7+2n7z.
. 9 45 27 4 9 9 4 9 2 9 4

T T
x=E+2n7Z:>x=—

3 3

X=—+2nr = x=—.

2 2
Solution set: <0, Z, Z, 3—”, 7, 5—”, 3—”, 7—7[
4 2 4 4 2 4
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Use the identity sin”! x+cos”! = %, x in [—l, 1] for

exercises 47-54.

47.

48.

49.

50.

.o—1 -1__7
sin. x—cos  x=—
6
.—1 T . -1 T
sin_ x—|—-sin"" x |=—
2 6
.- 27
2sintx =22
3
. T .z 3
sin_ x=—= x=sin—=—
3 3 2

Solution set: {?}

.o—1 -1

siIn - x+Ccos  x=—

6
. -1 VS | v T T
sSm x+|—-—Sln X |=—=—_—=—
2 6 2 6

Since this is a false statement, there is no
solution. Solution set: &

.- -1 37
Sin ~x+cosS  x=—

. -1 T . 3z. 7w 3m
sin_ x+|—-sin” x|="—=—="—
2 4 2 4
Since this is a false statement, there is no
solution. Solution set: &

.o—1 -1__Z
sin  x—cos X=—
3
. -1 (7[ .1 j T
sin x—|—-sin " x|=—
2 3
2sin"! x =22
-1 . T
sin x=—=x=sin—
12 12
Sm
Using the half-angle formula for sin %
gives
5z
sin| & |=
2

51.

52,

53.

2sin x:Z
3
. -1 V4 o1
sin. x=—=x=sin—=—
6 6 2
. 1
Solution set: < —
2
.o—1 -1 3z
sin” x+cos x=-——
. T . ) 3z & 37
sin x+|—-sin” x|=——D> —=——
2 4 2 4

Since this is a false statement, there is no
solution. Solution set: &

.o—1 -1 2
sin “x—tan @ —=—
3 4
. -1 T -1 2
sin x=—+tan —
4 3
. (ﬂ' -1 2)
x=s8in| —+tan —
4 3
= (.9806
Solution set: {0.9806}
Alternatively,

sin~' x—tan~

. 12 .
Let u = sin"'x and v = tan 15. Then sin u = x

and tanv = % From the figure, we have

[ . 2
cosu = +/1 — x%. Since tanvz;zl, we
X

know that r=+/x2 +y? =32 +22 = J/I3.

2 3
Thus, sinv =—= and cosv =—=. Replace
V13 V13

the equivalents of the trigonometric functions
in the equation.

(continued on next page)
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(continued) Alternatively,

54.

4 . . (7 sin”' x—tan~
u—v:Z:sm(u—v):sm Z =

SINU COSV —CcoSusiny = Sin (Zj =

)

3x—24/1 — x> :@:
3x—@=2 1—x Let u = sin"'x and v=cos_1§. Thensinu =x

Now square both sides. 2
and cosv = —. From the figure, we have

[3x__] EN ) :
cosu = — x~. Since cosv = —, we know

9x2—3\/%x+7=4(1—x2):>
that sinv=,/1— \/7 —. Replace
9x2—3x/%x+§=4—4x2=> V ’

the equivalents of the trigonometric functions
2 5
13x% - 3/26x + 3= 0 in the equation.
Use the quadratic formula to solve for x. U—v= z = sin (u - v) =sin (E) N
6
2
~(-3v26) + \/(—3\/%) - 4(13)(3) . . . [nj
sinucosv—cosusiny =sin| — |=
2(13)
326 £4/234-130 _ 3426 ++/104 x.Z_(/l_XZ) NS N
- 26 26 3 3) 2
26 +2+/2 2 2
_3W26+2426 _5V26 /26 PN
26 26 26 >

Use a calculator to check each answer. 4x-3=25 VI —x

Sin M TC2E 2601 | [2in TSI (260260 - Now square both sides.

anie 25{%‘%@6@?@43? tanrict %é%%as 1634

P P 43 (241—)

& . 753931634 & . 753931634 (4 ¥ *

1637 = 24x+9=20(1-x%) =

16x% = 24x+9=20-20x> =
. 5426 ) B
Solution set: 2— 36x°—24x-11=0

6 Use the quadratic formula to solve for x.
2
sin”! x—cosflzzz Y= _(_24) t \/(_24) ~ 4(36)(_11)
30 5 2(36)
sin”!x = cos™ 24442160 2441215 2£415
A 42 72 72 6
x=sin 3 +cos 3 3
~0.9788 Since is negative, we disregard this
Solution set: {0.9788} answer.
Solution set: {2 +6\/E}
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sin(%(x— 2)) - 1=

%(x—2)=37”+2n7r:>x:8+8n

Whenn=0,x=8 Whenn=1, x=16,

which we reject because x cannot be greater

than 12. There were 0 overcoats sold in
August.

580 Chapter 6 Trigonometric Identities and Equations
6.6 Applying the Concepts
PPIng P b. 1000=500+5005in(%(x—2)):>
. |
55.a. 30=60sin(12071) = — =sin(12071) = sin ( % (o z)j e
1207 =% = 1= L~ 0.0014 sec or p 7
6 720 —(x=-2)=—+2nr=>x=4+8n
57 5 1 4 2
1207t ===t = ——>——, so the smallest Whenn=0,x=4. Whenn=1,x=12.
6 720 720 ’ A .
. .. . There were 1000 overcoats sold in April
possible positive value is 7 = 0.0014 sec. and December
. |
b. =20 = 60sin(12071) = —= = sin(12071) = . 500 = 500+ 500sin ( % (- z)j .
1207t = —0.3398 (because we are looking for
positive values) = 27 —0.3398 = 5.9434 = sin (1 (x— 2)} =0
t=0.0158 sec or 4
12077t = -0.3398 = 7+ 0.3398 = 3.4814 = f(x_ 2)=0+2n7 = x=2+8n or
t =0.0092 sec. The smallest possible positive 4
value is ¢ = 0.0092 sec. %(x_2)=ﬂ+2n,,=>x=6+8n
56. 6Sin(£lJ=3ﬁl=Sin(£tJﬁ Forx=2+8n,Whenn=0,x=2.When
2 2 2 n=1,x=10. Forx=6 + 8n, whenn =0,
T T T 57 x = 6. There were 500 overcoats sold in
Et = g or El = ? . Because we are February, June, and October.
looking for all positive values, solve 59. a. Note that we use 30 instead of 30,000 for y
T 1 because y is defined as thousands of people.
—t=—+27n=1t=—+4n secor x
28 3 30=20+105in(—(x—14)):>
512?4‘27[1’1:}1:5'1'4” sec 26
sin(l(x—m)j =l= £(x—14) LN
7 1 7 26 26 2
57. 6cos| —t|=3=—=cos| =t |=> x=27
2 2 2
(7
ToiZ 7 237 Because we are b. 25= 20+1051n(%(x—14)j =
2 3 2 3
looking for all positive values, solve sin (£ (x— 14)j _1 — i(x _14)= r_
T 2 26 2 26 6
Si=gt2am=r=2+dnsecor x=18.3 (the 18th week) or
T S 10
=" 2rn=t=—+4n sec z()5—14)=5—7z.:>)cz35.6 (which is
2 3 3 26 6
x during the 36th week).
58. a. 0:500+500sin(—(x—2)j:> -
4 . 15=20+10sin(2—6(x—14))=>

sin(ﬂ(x—14)j:—l:>£(x—14):7_ﬂ:>
26 272 6
X~443~ the 44th week or %(x— 14)

- —% — x=9.7 (which is during the 10th

week).
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60. a.

61. a.

62. a.

78.75°=10.5sin (% (x— 5)) +735=

. (T T T
SIH(E(X—S)j—O.Sﬁg(X—S) —g=>

x =6 (June) or %(x—S)z%”:x:lo

(October)
(7
84°=10.5 51n(g(x—5))+ 73.5°=

T 4 /4
i — —5 =1ﬁ— —5 = — =
sm(6(x )j 6(x ) >
x =8 (August)

24 = 12+125in(%(x—2)):>

.| T T
51n(z(x—2)j—1=>2(x—2)—3=>

x =4 (January)
. (7
18 = 12+12s1n(z(x—2)j =

V4 1 V4
i — — 2 =— = — — 2 = — =
sm( 2 (x )j > 2 (x=2) 5
x = 2.7 (which is during December) or

%(x —2)= %” — x=5.3 (which is during
February).
A

3 ft

B

1.5 ft
C D

5

X

tan (ZADC) =tan(0 + o) =

0 +a)= tanl(zi).

X

tana = 2 = i:> o= tanl(ij. Thus,
X 2x 2x

6=(0+a)-a=tan" (22)— tan™! [;j

X X

Letu= tan"' (ij and v = tan”! (ij
2x 2x

Then, tanu = i and tanv = i
X 2x

tan@zl:
4
(9 -1 3) 1
tan| tan — |—tan — ===
2x 2x 4
1
tan(u —v)=—
(u=v)=7
tanu — tanvy %—%
tan(u—v)=1 = 55
+ tanu tan v 1+(Z'Z)
3 3
- X — X
27 4x*+27
1+(4x2) e
_ 12x _l
4x2 427 4

48x=4x” +27 = 4x” —48x+27=0
Solve for x using the quadratic formula.

_—(-48)(-48)’ - 4(4)(27)
2(4)
_ 4841872
8

=114 ft

6.6 Beyond the Basics

63. sin42x=1=>sin2x=i1=>2x=%+2ﬂ'n=>

/4 3 3
x=—+mnor2x=—+2rn=x=—+7n

V4 T hY/4
fx=—4+mn=x=—orx=—
4 4 4

T

3 3
Ifx=—+7mn=x=— orx=—
4 4 4

. 7w 3n St In
Solution set: { —,—,—,—+¢.
4 4 4 4
64. cos*2x=1= cos2x ==l
cos2x=1=2x=0+27n=
x=0+7zn=x=0orx=r.
0082x=—1=>2x=ﬂ'+2ﬂ'n=>x=§+ﬂ'n=>
T RY/4
X=— or —

2 2

Solution set: {0, z, 7, 3—7[} .
2 2
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65. 4c052£=32>0052£=§:>c03£=i£ Ifx:£+£n:>x:£0rx:5—7[0rx:9—7[
2 2 4 2 2 8 2 8 8 8
137 St & hY/4
ot BT 2T orx=——. Mx=—r+on=x=—ror
2 2 6 2 6
x 7 z r 7 B
—=—42nmr = x=—+4dnr=> x=— x= 8 orx = g X = n
2 6 3 3
x 1z iz LA L AN Y SO 4
~=—=+2n7 = x=——+4nzx, which is TETg T g oA E T o=
2 6 3
outside the required interval. = Z 2, 7 e 157
X B ox sz 8 2 8 8
TR T T T {z 3z 57 7z 97 1z 137 lsﬂ}
x Iz 88’888 8787 8]
—=—+2nz
2 6
2 X X
525_”4_2,”[:”5:5_”4_4””:”5:5_” 68. cot 5:1:>cot5:i1
2 6 3 3 . « 7 x
§=7?”+2nﬂ=>x=%[+4nﬂ', which is ot =l=o=7tam=x="r+nr =
outside the required interval. x=% or §=5—7[+7m:>x=5—”+ 2nr,
Solution set: {Z, 5_”} which is outside the required interval.
33
cot = 1= 37[+7z =
. . 1 . 1 5= ST TR
66. 4sin’t=1=sin?t=—=sint=+- 2 4
2 2 4 2 2 kY4 3z
x 1 x 7 x 57 X=—+2nr=x=—or
sin==—=>=="—+2nmor —==—+2nr 2
2 2 2 6 2 6 x Ir 1 L
x T P —=—+7n= x=——+2nx, whichis
—=—+2nr=>x=—+4nw = x=— 2 4 o2
2 6 3 3 outside the required interval.
x Sr hY/4 V4
= 2= x=—+4nr = x="— . |m 3z
2 6 3 3 Solution set: {—, —
22
x Ir
s1n—:—5:>5:?+2n7z0r . . .
¥ e 69. 3sec’==12=>sec’==4=sec==+2
E=T+2n7l'. jn 2
X X
—=—+2nT = x=—+4nr = x=— 2
2 6 3 27 27 x 5z
—=—+42nmwr = x =——+4nzx. Both of
2 —10—7[+2 hich is outside th ired
these values are outside the required interval. = 3 17z, Winehis outside the require
. VY4 interval.
Solution set: {—, — x Y 2r
373 sec—=—"2=—=—+2n71 >
2 2 3
4z 4z
67. x=T+4nﬂ'=>x=Tor

T
tan22x:1:>tan2x:i1:>2xzz+7m:>

T Sx Sk«
X=—+—nor2x=—+an=—Sx=—-+—n
8§ 2 4 8 2

3 37 &«
or2x=—+an—x=—+—nor
4 8 2

7 r 7«
2x=—+n=x=—+—n
4 8 2

§=4T”+2n7z=> = 4 dnz, which is

outside the required interval.

Solution set: {2—”, 4—”}
33

Copyright © 2015 Pearson Education Inc.



Section 6.6 Trigonometric Equations I

583

70.

71.

72.

73.

74.

5CSCZ£—11=9:>CSCZ£=4:>CSC£=i2
2 2 2

X

X X 7 /4 V4 R4 R4 R4
csc—=2=>—=—+2nt=>x=—+4nr=>x=—or —=—+2mT => x=—+4nr = x = —
2 2 6 3 3 6 3 3

2
in
3

117z

X X 117z
or —=—+2nr = x=——+4nxm.
2 6 3

X 17 17
csc—=-2=>—=—+2nT=>x=—+4nT = x=
2 2 6 3
Both of these values are outside the required interval.
S

Solution set: {E, —}
33

(tan2x—1)(sinx+1)=0:>tan2x=1=>2x=%+nﬂ=>x=%+%n or sinx=-1=

3 T T /4 hy/4 o 137
x=—.Ifx=—+—n=Sx=—orx=—orx=—orx=—.
2 8 2 8 8 8 8
The solution is Z,S—”,g—”,?’—”,n—ﬂ .
8 8 8 2 8

J3eot2x—1)(2cos x—1 :0:>x/§c0t2x—1:O:>c0t2x:£:> =L =
( ) ) 5 3

T 1 /4 hY/4
x=—+—nor2cosx—1=0=>cosx=—=x=—orx=—.
6 2 2 3 3
VA /4 27 T hY/4
Ifx:€+—n thenx=— orx=— orx:? orx=—.

3
The solution is {E, —, —,—,—} .

(1—25in2x—1)(\/§+200sx)=O=>1—2sin2x—1=0or\/§+2cosx=0.
1-2sin2x-1=0=sin2x=0=2x=0+2nr => x=0+nr=> x=0, 7 or2x =7 + 2nw =
x=%+nﬂ:>x=%,377[.\/5+2005x=0=>cosx=—?:>x=%[+2n7z=>x=5?7[ or

4 4
X=—+2nr=>x=—-1.
6 6

]

Solution set: 40, z, 5—”, 7, Iz 3z
26 6 2

(x/gtan2x + 1)(200sx +1)=0=~3tan2x + 1=0o0r 2cos x + 1= 0.

\/§tan2x+1=0=>tan2x=—£=>2x=5—ﬂ+n7z=>x=5—”+ﬂ=>x=5—”,—11”,—17”,—23”.
6 12 2 12 12 12 12
1 2 4Arx
2cosx+1=0:>cosx=——=>x=7,T
. Sz 2z 1z 4m 17x 237
Solution set: {—, —, —, —, —, ——
123 12 3 12 12
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75. sin2xcos2x+73sin2x+%cos2x+£:O
l(25in2xcos2x)+ cosz)sin2x+ sinz)cos2x +l ﬁ =0
2 6 6 21 2
lsin4x+sin 2x +£) +l sinz =0
2 6 2 3
l(sin4x+sin£j+sin(2x + z): 0
2 3 6
V.4 T
sin{4x * 3]005[4x - 3] +sin(2x + %J: 0
2 2
sin(Zx + E)cos(Zx - Zj+sin(2x + £)= 0
6 6 6
sin(2x + Zj cos(2x - £)+1 =0=
6 6
sin(2x+£j=0 or cos(2x—£j+1 =0.
6 6
sin[2x+ Z |20 2x+ Z =04 2m7 = 2x=0-Ft 2 = x == Fpnp = x= UZ 257
6 6 12 12 12
V.4 hY/4 Sz 11rx
2X=T——+2MT = X=—F—"+NT =>X=——, ——
6 12 12 12
cos 2x—£ +1=0=cos 2x—E):—I:ﬂx—E:ﬂ+2n7z:>2x:7—”+2nﬂ:>x:7—”+n7z:>
6 6 6 6 12
T 197
X=—,——
12 12
. Sz Tx 11z 177 197 237
Solution set: { —, —, —, —, —, ——
12 12 12 12 12 12
76. 2sin3xtan2x—2sin3x+tan2x—1:0:>tan2x(2sin3x+1)—(25in3x+1):O:>

(tan2x—1)(2sin3x+1)=0= tan2x—1=0 or 2sin3x+1=0.
tan2x—1=0=> tan2x =1 = 2x =+ n1 or 2x=5—”+n7r.

4 T nw 7 St 9r 13«7
X=—+nmr = x=—+—=x=—,—, —,——
4 8 2 8 8 8 8

Y4 St nw Sz 97 13«
2x=T+n7[:>x=?+—:>x=—,—,—

2 8 8 8

2sin3x+1:O:>sin3x:—%:>3x:7—ﬂ+2n7z or 3x=%+2n7z.

1 i 2nw T 197 31z
AX=—+2MT =D X=—F— DX =, ——, ——
6 3 18 18 18
11z 11z 2nr 11z 23n 35«
X=—+2nmr=x=——+—=x=——, —, ——
6 3 18 18 18
. 7 Tn 11z 57 197 9n 237 137 31z 357
Solution set: { —, —, —, —, —, —, —, —, ——, ——
8 18 18 8 18 8 18 8 18 * 18
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2x—4x
2

25in3xcosx—2sin3x:O:>(2sin3x)(cosx—1):0:> 2sin3x=0or cosx=1

2sin3x=0=sin3x=0=>3x=0+2nx or 3x =7+ 2nrx.

3x:0+2n7z:>x:2nTﬂ:>x:0,2_”’4_”

77. sin2x+sin4x=2sin3x = 2sin(2x;4x)cos( j—Zsin3x20:> 2sin3xcos(—x)—2sin3x:O:>

37 3°
T 2nw T Sx
3x=rm+2nr > x=—+—=>x=—, 1T, —.
3 3 3
cosx=1=x=0
Solution set: {0, f’ 2—, 7, 4—, S—E
33 33

78. cosx+cosSx=2cos2x = 2COS(L25)C)COS(X_TSXJ—2COS 2x=0=

2cos3xcos(—2x)—2cos 2x = 0=> 2cos 3xcos 2x —2¢cos 2x =0 =
2cos2x(cos3x—1)=0= 2cos2x =0 or cos3x—1=0.

20052x=0=>0082x=0=>2x=§+2n7z or 2x=37ﬂ+2nﬂ'.

4 4 T Sw
2X=—+2nmr > x=—+nr=>x=—, —.
2 4 4 4

3 3 37 Ix
x=—+2nmr = x=—+nr = x=—\, —.
2 4 4

4
cos3x—1=0=>cos3x=1=>3x=0+2nﬂ'=>x=2nT”=>x=0,27”,477[.
Solution set: {0, Z, 2—”, 3—”, 5—7[, 4—”, 7—7[}

79. sin x+sin3x =cos x+cos3x = 2sin(x+23x)cos(x_23x) = 2cos(x+23x)cos(x_23x):>

2sin 2xcos(—x) = 2cos2xcos(—x) = 2sin2xcosx =2cos2xcosx = 2sin2xcosx—2cos2xcosx=0=
2cos x(sin 2x —cos 2x) = 0 => cos x = 0 or sin 2x—cos 2x = 0.

cosx=0=>x=%+2n7z orx=37”+2n7z.

T 4 kY4 3
X=—+2mr > x=—; X=—+2nr => x=——.
2 2 2 2

~ 2| -2 24| Z-2
sin2x—cos2x:O:>sin2x—sin(5—2x):0:>2sin o 2 *Jlcos| 2 J=0=
2 2
2sin| 2x-Z |cosZ=0= sin| 2x-Z |= 0= 2x-Z =0+ 2nz or 2x-Z =+ 207
1) 4 4 4

2x—£=0+2n7z:>2x=£+2n7z:>x=£+n7z:>x=£,9—”

4 4 8 8 8

T S5z Y4 Sz 137
2x—Z=7Z+2n7Z:>2x=—+2n7[:>x=?+nﬂ:>x=?,T

Solution set: < —, —, —, —, —,
{8 8§ 2 8 }
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80.

sin 2x + sin4x = cos 2x + cos 4x = 2sin(2x;4xjcos(2x;4xj = 200s(2x;4x)cos(2x;4x) =

2sin3xcos(—x) = 2cos3xcos(—x) = 2sin3xcosx =2cos3xcosx = 2sin3xcosx—2cos3xcosx=0=
2cos x(sin3x — cos3x) = 0=> cos x = 0 or sin3x—cos3x=0.

T RY/4
cosx=0=>x=3+2n7z orx=—+2nr.

T V4 kY4
X=—+2mr > x=—; xX=—+2nT => x=—
2 2 2

z O 3+ Z-3
sin3x—c053x:O:>sin3x—sin(3—3xj:0:>ZSin o 2 * ] |cos| 7* 2 J=0=
2 2
2sin 3x—£)cosz=0:>sin ax-Z 0= - L =042 or3x-Z =+ 207
4)°77% 4 4 4

3x—£—0+2n72’=>3x——+2n7r=>x——+2n—”=>x=£,3—”,17—72-
4 4 3 12 4 12
V4 Sz Sz 2nr Sz 13z I«

X——=+2nr =3 x=—+2nT=>x=——"+——=>x="", ——, —
4 3 12 12 4

. n Sm m 37m 137 Tn 37 Irx
Solution set:  —, —,—, —, —, —, —, —

For exercises 81-84, recall that if (a, b) is any point on the terminal side of an angle € in standard position, then

asinx+bcosx = \/dz +b? sin (x + 0) for any real number x, and 6 = tan”! (%)

81. a.

82. a.

3sin2x+4cos2x =0
Using the reduction formula, we have

3sin2x+4cos2x = '\/32 +42 sin (Zx +tan”! (%D =5 sin(Zx +tan”! (%D

55in(2x + tan”! (%D =0=2x+tan" ( =0+ 2nm or 2x+tan" 1(%) =7 +2nrx.

—an'(9)
+nr = x=2.678, 5.820.

tan l(é)
—+nr = x=1.107, 4.249.

2

2x+tan_l(%):0+2n7[:> 2x=—tan ( j+2n7[:>x—
il

2x+tan_l(%) T+2nr = 2x =7 —tan

[SSRINN

T
j+2n7z:>x———

Solution set: {1.107, 2.678, 4.249, 5.820}

30052x—4sin2x:%:> —(30052x—4sin2x): —%: 4sin2x—3cos2x=——

Using the reduction formula, we have

4sin2x —3cos2x =[4> + (—3)2 sin (Zx +tan”! (_73)) =5sin (2x +tan”! (—%D
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83. a.

84. a.

5sin (2x +tan”! (—%D = —% = sin (2x +tan”!

~—
|
Nw
(@) ~—
N —r
Il
|
N | =

2x+tan”! —i :7—”+2n7z or 2x+tan! —é =
4 6 4

-1 3
—tan —
2x=—tant[ -2 +7—”+2n7z:>x:J+7—”+n7z:2.154, 5.296
4)" 6 2 12
-1 3
—tan —=
2x+tant [ -2 :ll—ﬂ+2n7z:>x:J+M+nﬂ'zO.060, 3.202
4)" 6 2 12

Solution set: {0.060, 2.154, 3.202, 5.296}

1343
2

5sin3x—12cos3x =

Using the reduction formula, we have

5sin3x—12cos3x = 5% +(-12)” sin (3x +tan”! (—%D =13sin (3x+ tan”! (—%D

13sin (3x +tan”! (—%D = % = sin (3x +tan”! (—%D = ﬁ =

2

3x—tan"! (E) = z +2n7 or 3x—tan ! (Ej = 2—7[ +2nr.
5 3 5 3

E4 -1(12
3+tan (5)+2n7z
3

3x—tan1(%)=§+2nﬂ=>3x=§+tan1(%)+2nﬂ=>x= =

x=0.741, 2.835, 4.930.

2 -1(12
L ttan (=) + 207
3x—tan”! 12 =2—7[+2n7z=>3x=2—”+tan71 12 +2nT = x=- (5) =
5 3 3 5 3
x=1.090, 3.185, 5.279
Solution set: {0.741, 1.090, 2.835, 3.185, 4.930, 5.279}
12sin3x+ 5cos3x =§
Using the reduction formula, we have
12sin3x + 5cos 3x =122 + 57 sin (3x +tan”! (%D =13sin (3x +tan™! (%D
13sin| 3x + tan ! i =2=> sin| 3x+tan”! i =l=>
12 2 12 2
3x+tan ! (i) _Z +2n7 or 3x+tan”! (ij = 5—7[+ 2nrw.
12 6 12 6
Z _tan~ (3 )+ 207
3x+tanl(i)=£+2nﬂ=>3x=£—tanl(ij+2nﬂ=>x= 6 (12) =
12 6 6 12 3

x=0.043, 2.137, 4.232.
5 -1(5
6” —tan (—12)+ 2nrw

3

3x+tanl(i)=5—”+2n7z=>3x=5—7[—tanl(ij+2nﬂ'=>x= =
12 6 6 12

x=0.741, 2.835, 4.930.
Solution set: {0.043, 0.741, 2.137, 2.835, 4.232, 4.930}
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6.6 Critical Thinking/Discussion/Writing

85. Letu=sin"'x. Then sinu = x.
( .-l 1 1 .2 1 1 2 1 , 1 1
cos|2sin x):—:>cos(2u):—:>1—2s1n U=—=1-2x"=—=22x"=—=2x"=—=x=%—.
2 2 2 2 2 4 2
-1 -1 T
86. Letu=tan " x. Then tanu = x. tan lzz.
tanu+tanE
tan(tan_1x+tan_11)=5=>tan u+£ =5= 4 =5=>x+1=5=>
4 ( 7Z'j 1-x
1 — (tanu)| tan—
4
2
x+1=5—5x:>6x=4:>x=§
6.6 Maintaining Skills
91. sin60°:£ 92. sin45°:£
2
3 5 X
87. —=—=>—-—=— .
x 7 3 5 93. s1n(180°—30°)
=5sin 180° cos 30° — cos 180°sin 30°
sin12° 2 4 2x 2
88. =—= == == =0—(-1 1.1
4 2x sinl2° 2 2 =0-(-1){ 5 ]=3
12 3 : o °
89, -2 _33y=48= x=16 94. sin(180°—45°)
x 4 =sin180°cos 45° — cos180°sin 45°
2 2
90. Z=£:>21x=18:>x=g =0—(—1) £ =£
3x 7 2 2
95. True 96. False
Chapter 6 Review Exercises
Basic Concepts and Skills
. 2 ..
1. sind= 3 and cos@ <0 = @ is in Quadrant III.
2
(—zj +(00526)=1=>cos¢9=—£.
3 3
tan@ = sinf _ =33 \/§ cot€=L=£,sec€= ! =—£, cscl = ,1 =—§
cosf \/_/3 tangd 2 cosd 5 sin @ 2
2. tan€=—% and cscd > 0= @ is in Quadrant II.
cot@z;:—Z;(—Z)z+1:csczt9:>csct9:\/§;sin¢9: ! zﬁ
tan @ cscd S
tan@zM:—l:@:cosﬁz—ﬁ; secd = ! :—ﬁ
cos @ 2 cos@ 5 cos @ 2
3. secd=3and tanfd <0 = @ is in Quadrant I'V.
2
cosfd = :l;sin219+l :1:>sin9:—&;tan0 smH @:Mangz—%/a;
secld 3 3 cos 1/3
C0t9= 1 =—£; CSCH= 1 =—£
tan & 4 sin & 4
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10.

11.

12.

cscl =5 and cotfd <0 = 6 is in Quadrant II.

2 .
sin@ = ! =l; (lj +cos2€=1=>cos0=—&; tane=ﬂ=l/—5=_£
cscd 57 \5 5 cos® -26/5 12
cotd = ! =—2\/E; sec@ = =_ﬁ
an @ cosd 12

(sin6?+cos€)2 + (siné’—cosﬁ)2 =sin? 6 + 2sin O cos O + cos> 0+(sin2 0—2sin00059+00829)
= (sin2 0 + cos? )+ 2sin#cosf — 2sin Hcos6’+(sin2 6 + cos? o)
=2(sin? @ +cos> ) =2(1) =2

(1-tan x)% + (1+ tan x)> = (1- 2 tan x + tan” x) + (1+ 2 tan x + tan> x)
= (1+tan2 x)—2tanx+2tanx+(1+tan2 X) = 2(1+tan2x) =2sec’ x

sin?@  cos>@—sin’ @

1-tan> @ cos? @ cos2 @ cos>f—sin’6 cos>H—sin’ 6 2 .2
5= 5 = 5 — = — = =cos“ @ —sin“ 0

1+tan” @ 1_I_sm 6 cos“@+sin“f cos”@+sin” 0 1

cos’ @ cos?

. sinx sinxcosx+sinx  sinx(l+cosx)
. sin x + . .
sinx+tanx _ COSX _ COS X _ COS X _sinx(l+cosx) sinx
csc x + cot x 1 R I+cosx I1+cosx cos x 1+cosx

sinx sinx sin x sin x

sin?x | 2

=———=sin" xsecx

cos X
sin @ N sind  sin@(1—cosd) + sinf(1+cosf)  sinf—sinfcos+sinf +sin 6 cos O
l+cos@ 1—cos@ (1+cos@)(1—-cos@) (1-cosB)(1+coshH) 1-cos?0

2sin @ 2
= =——=2cscl

sin’@ sin@

Start with the right side.

2 .2 sin®x 2 sin? x—sin? xcos? x sin2x(1—coszx) sin? xsin? x 2 .2
tan” x—sin”~ x = 2 —SIn”~ x= 2 = 2 = 2 =tan” xsin~ x
cos” x cos” x cos” x cos” x
sin @ cosd sin @ cosd sin @ cos @ sin” @ cos’ 6

= — = — + — = — -
l-cotd 1-tané l_cosé’ 1_smH sin@—cosf  cosf-sinf sin@—-cos@ cos@—sind
sin @ cos @ sin @ cos @
_ sin” @ cos? 6 _ sin? @ — cos> 6 _ (sin@ —cos B)(sin 8 + cos §)
sin@—cos@ sin@—cosl sin@ — cos @ sin@ — cos @
=sin@ + cosf
sin @ sin@ sin @ —sin @ cos &
. ——si _ .
tanH—sm&ZCOSg _ cos 6 :sme(l—cosﬁ)' 1 _ 1-cosé@ _ 1—cos@
sin® 0 sin® 0 sin® @ cos @ sin®@  sin’ @cos O (1—00529)c056
1—cos@ 1 secd

B (I—-cosB)(1+cosB)cosd B (I+cosfB)cosb B 1+cos@

Copyright © 2015 Pearson Education Inc.



590 Chapter 6 Trigonometric Identities and Equations

tan x N tanx _ tanx(secx+1)+tanx(secx—1) tanxsecx+ tanx+ tan xsecx — tan x

13. = 2 2
secx—1 secx+1 sec“x—1 sec“x—1
2
2tanxsecx 2secx 2
= 5 = =C08X = _2descx
tan” x tan x SImx  sinx
cos X
1 1 cotx+cscx—(cscx—cotx) 2cotx
14. - = 5 ( 3 )= =2cotx
cscx—cotx cotx+cscx csc? x—cot” x 1
1+sind 1+sinf 1+siné (1+sin¢9)2 (1+sin¢9)2 1+sin@)° 1 sin@ ) 2
15. — = — — = > = 5 = = + =(secH +tanf)
l1-sin@ 1-sinf 1+sinf@ 1-sin“@ cos” @ cosd cosf cosb
2 2 2 2
1-cos@ 1-cos@ 1—cosd (1-cosf) (1—cos8) 1-cos@ 1 cosf 2
16. = . = 5> = 3 = - =| ——— :(cscﬁ—cotﬁ)
1+cos@ 1+cos@ 1—cos@ 1—cos“@ sin“ @ sin @ sin@d siné
secx—tanx secx—tanx secx—tanx (secx—tanx)2 (secx—tanx)2 )
17. = . = 5 5= = (sec x — tan x)
seCcx+tanx secx+tanx secx—tanx sec“x—tan” x 1
cscx+cotx cscx+cotx cscx+cotx (cscx+cot)c)2 (cscx+cot)c)2 2
18. = . =— 5= = (cscx+cot x)
cSCx—cotx cscx—cotx cscx+cotx csc“x—cot’x 1
19 sinx—cosx+1 sinx+(l-cosx) sinx+(1-cosx) sinx+ (1—-cosx)

sinx+cosx—1 sinx—(1—cosx) sinx—(1—-cosx) sinx+ (1-cosx)

B sin2x+251nx(1—cosx)+(1—cosx)2 _ sin? x + 2sin x — 2sin xcos x + 1 — 2cos x + cos? x

2

sin? x — (l—cosx)2 sin x—(l—2cosx+cos2 X)
_ sin? x +cos’ x + 2sin x — 2sin xcos x — 2cos x + 1 _2-2cosx—2sinxcos x+2sin x

sin” x—1+2cosx —cos” x sin x —1+2cosx—cos” x

_ 2(1-cosx)+2sinx(1—cosx) (2+2sinx)(1—cosx)  2(1+sinx)(I1—cos x)
1—cos? x—1+2cosx—cos> x —2c0s? x—2cos x —2cos x(cos x —1)
_ 2(1+sinx)(I—cosx) 1+sinx

2cos x(1 —cos x) coS X

20. Start with the right side.

2¢cos x 2cos x 2cos x 2cos x .
= = = =cosxsin x
. 2 2 . 2 2 2
sin x + ¢csc x + coS~ xCSC x . 1 cos“x sin“x+1+cos”x
sinx+-——+— - -
sinx sinx sin x sin x

. sin x . 2 [cosx .2
=CcoSXxSIn x| — =smn”~ x| —— |=sIn" xcotx
sin x sin x

- 00515020053(2) _ /1+c<;s3o :\/1+f/2:\/2;\/§

22. sin105° =sin(60° + 45°) = sin 60° cos 45° + cos 60° sin 45° :ﬁ Q +l ﬁ =M
22 2\ 2 4
1 1 1 1
23. csc75°= = = = =\/g—\/§
sin(45°+30°)  sin45°c0s30°+ cos45°sin30° /2 (/3 J 2 (1) J6 +/2
- +7 J— _
22 ) 212 4
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24.

25.

26.

27.

28.

tan45°+ tan30°  1++3/3 3+.3
1-tan45°tan30° 1-43/3 3-43

sin41°cos49° +cos 41°sin 49° = sin(41° + 49°) =sin90° =1

tan 75° = tan(45° + 30°) =

c0850°c0s10° —sin 50°sin 10° = cos(50° + 10°) = cos 60° = %

tan 69° + tan 66°

——————— =tan(69° + 66°) = tan 135° = —1
1 - tan 69° tan 66

208 75°c0s15° =2 cos(45°+30°) cos(45° —30°)
= 2(c0s45°c0s30° —sin 45°sin 30°) - (cos 45° cos 30° + sin 45°sin 30°)

TR

In exercises 29-32, sinu =% and O<u S%=> cosu =§,tanu =i and cosv=i and

T . 12
O<v$5:>s1nv:—,tanv:—

29.

30.

31.

32.

33.

34.

35.

36.

37.

2
s 31216

sin(u—v)=sinucosv—cosusinv=i ————— =
513 513 65

35 412 33

cos(u+v)=cosucosv—sinusiny=—-—-——-

513 513 65

. . 3 412 63
cos(u—v)=cosucosv+sinusiny==-—+—-—=—
513 513 65
tanu — tan v 4/3-12/5 16

t — = = = —-—
) = anwtany  1+(4/3)(12/5) 63

sin(x — y)cos y + cos(x — y)sin y = cos y(sin xcos y — sin y cos x) + sin y(cos x cos y + sin xsin y)
= sin xcos’ Yy —sin ycos xcos y +sin y cos xcos y +sin xsin? y
= sin xcos? v+ sin xsin? y =sin x(cos2 v+ sin? y) =sinx

cos(x— y)cos y —sin(x — y)sin y = cos y(cos x cos y + sin x sin y) — sin y(sin xcos y — sin y cos x)
= cos x cos> Yy +sin xsin y cos y —sin xsin y cos y +sin? yCoS X
= cos x cos> y+ sin? Y COS X = COS x(cos2 y +sin? y) =cCos X

Start with the right side.
sinu + siny  sinucosv+sinvcosu

tanu+tanv _ cosu cosv _ COS 14 COS V =s1nucosv+smvcosu=s1n(u+v)
tany —tany SN SNV SINUCOSV—SINVCOSU  sinycosv—sinvcosu  sin(u —v)

cosu  Ccosv COSUCOSV

2 2
tan(x + tan x + tan tan x — tan tan” x — tan
tan(x+ y) =tan(x+ y)tan(x— y) = > Y = 3 2y
cot(x—y) l-tanxtany l+tanxtany 1-tan”xtan”y

sindx cos4x 2sin2xcos2x 2cos’2x—1
- - = - - =2cos2x—2cos2x+
sin2x cos2x sin 2x Ccos2x Ccos2x

=sec2x
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38. See section 6.3 example 3 and practice problem 3
sin 3x 3 cos3x 3sinx-— 4sin> x 3 4cos’ x —3cos x
sinx  cosx sin x COS X
=3—4sin’ x—4cos’> x+3=6—4(sin® x+cos’x)=6-4=2
Alternatively,
1-. . 1-. .
sin3x cos3x _ sin3xcosx—cos3xsinx _ E[Sm (3x+x)+sin (3x - x) | - 2 [sin (3x+x) = sin (3x - x)]
sinx  cosx sin xcos x sin xcos x
_sindx+sin2x—sin4x+sin2x _ 2sin2x _ )
2sin xcos x sin 2x
. 4 /4 . T . /A .
39. sin| x—— |[+cos| x +—) = sin X COS — — Sin —CO0S X + COS X COS — — sin x sin —
6 3 6 6 3 3
NE 3.
=—sinx——cosx+—cosx———sinx=0
2 2 2 2
40. Start with the right side.
cos* x—sin* x = (cos2 x+sin> x)(cos2 x—sin? Xx)=cos2x
. . .2 .2
4l. 1+tan0tanzg:1+sm6'sm2€: 2s1n267cos6’2 _ 2251n 62
cos® cos20 cos@(cos” 6 —sin” ) cos“ @ —sin“ 0
cos>@—sin’ @ +2sin’0 cos>O+sin> O 1
= > — =— —— = =sec20
cos” @ —sin“ @ cos”@—sin“ @ cos20
42 sinf+sin20  sinf+2sinfcosd  sinf(1+2cosd) an 0
" 1+cos@+cos20 1+cos@+2cos?20—1 cosO(l+2cosh)
. . 2sin—cos| ——
sin @ + sin 26 2 2 36
43. = =tan—
cos + cos 260 36 ( «9) 2
2cos—cos| ——
2 2
. 0 30
. . 2sin| —— [cos—
sin @ — sin 26 2 2
44, = =—cot—
cos@ —cos 26 . 30 . ( 0)
—2sin—sin| ——
2 2
sinSx—sin3x 2sinxcos4x tan x
45. — - =— =tanxcot4x =
sinSx+sin3x 2sin4xcosx tan 4x
46. cos5Sx—cos3x _ —2sin xsin4x — _tan x tan 4
cosSx+cos3x 2cosdxcosx
sin3x sinx  sin3xcosx+sin xcos3x
+ . .
47 tan3x+tanx: cos3x  cosx _ COS 3x COS X :sm3xcosx+s1nxcos3x
" tan3x—tanx sin3x _sinx  sin3xcosx—sinxcos3x  gin3xcosx —sin xcos3x
cos3x cosx cos3xcos x

_sindx _ 2sin2xcos2x

=— = - =2cos2x
sin 2x sin 2x
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48.

49.

50.

51.

52.

53.

Chapter 6 Review Exercises
sindx _ 2sin2xcos2x _ 2sin2xcos2x _ sin2x _ 1 an2x—l( 2tan x )_ tan x
2(1+cos4x)  2(1+2cos?2x—1) 4cos? 2x 2cos2x 2 2{1-tan’x) 1-tan’x

sin3x+sin5x+sin7x+sin9x _ (sin3x+sin5x)+(sin7x+sin9x)  2sin4xcosx+2sin8xcosx
cos3x+cosSx+cos7x+cos9x  (cos3x+cosSx)+ (cos7x+cos9x) 2cosdxcosx+2cos8xcosx

_ 2cosx(sin4x+sin8x) _ 2sin6xcos(—2x) _ sin6x

= = = =tan 6x
2cos x(cos4x+cos8x) 2cosbxcos(—2x) cosbx

cosx +cos3x+cos5x+cos7x  (cosx+cos3x)+(cosSx+cos7x)  2cos2xcos(—x)+2cos6xcos(—x)
sin x + sin3x + sin 5x +sin 7x (sin x+sin3x)+ (sin5x+sin7x)  2sin 2xcos(—x) + 2 sin 6x cos(—x)

_ 2cosx(cos2x+cosbx) 2cosdxcos(—2x) cosdx

= : ; = =— cotdx
2cos x(sin2x+sin6x)  2sin4xcos(—2x) sindx

Using the reduction formula, we have y = 3 sin x + cos x = asin x + bcos x =

a= \/g,b =1=+a?+b*> =2=A. So, Ois any angle in standard position that has (\/g,l) on its terminal

1 T w
side= tan@=——=0=—.S0 y=~/3sinx+cosx=2sin| x+— |.
NE) 6 7 ( 6)

2 y=25in(x+%>
1 RE liz
/_ 6 6
|| I I |
- -z T Am *
6 -1+ 3 3
_2_

Using the reduction formula, we have y =sinx++/3cosx =asinx+bcosx =

a=1b= B=Va?+pt=2=A So, @ is any angle in standard position that has (1,«/5) on its terminal

side :>tanH:\/§:>0:§.So y=sinx+ 3cosx:25in(x+§).

sin2A +sin2B —sin 2C = (sin 2A +sin 2B) —sin 2C = 2sin(A + B) cos(A — B) — 2sin C cos C
A+B+C=180°= C=180°-(A+B)orA+ B=180°-C, so
2sin(A + B)cos(A— B) —2sin C cos C = 2sin(180° — C)cos(A — B) —2sin C cos C
=2sinCcos(A— B)—2sin C cos C = 2sin C[cos(A — B) —cos C]
= 2sin C[cos(A — B) — cos(180° — (A + B))
= 2sin C[cos(A — B) + cos(A + B)]
= 2sin C[cos A cos B + sin Asin B + cos A cos B — sin Asin B]
=2sin C[2cos Acos B] =4 cos Acos BsinC
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54. A+B+C=180°= A+B=180°-C = tan(A+ B) =tan(180°-C) =
M=—tan€=>tanA+tanB=—tanC(1—tanAtanB)=>
1—tan Atan B
tan A+ tan B = —tan C + tan Atan Btan C = tan A + tan B + tan C = tan A tan Btan C
55. 2coszx—1:0:>cosx:i£:>xe £,3—”,5—”,7—”
2 4 4 4 4
56. 3tan2x—1=O=>tanx=i£=>xe{£,5—”,7—”,£}
3 6 6 6 6
57. 2cos’x—cosx—1=0= (2cosx+1)(cosx—1):O:>cosx:—% or cosx=1.
If cosx:—l:> x:2_7z orx:4—”. If cos x =1= x = 0. The solution is {0,2—7[,4—”}.
2 3 3 3 3
.2 . . . . 1 . . . Tr 117
58. 2sin“x-5sinx—3=0= 2sinx+1)(sinx-3)=0=> s1nx:—5 or sin x =3 (reject this) = x € ?,T
59. 2sin3v—1=0=sindv=—=3re {5,5—”,13—”,17—”,—25” ,—29”} = xe {1,5—”,13—”,17—”,—25” ,—29”}
2 6 6 6 6 6 6 18 18 18 18 18 18
60. 2cos(2x—1)—1=0= cos2x—1)=1/2 = xe |71 37 +3 Tm+3 llr+3
6 6 6 6
61. 35in6—1:O:>sin02%306{19.5°,160.5°}
62. 4cosH+1=0=>cos€=—i=>06{104.5°,255.5°}
\/g o o o (o] [e] o] [e] [e]
63. 2\/500520—3:0:cos20=7:>206{30 ,330°,390°,690 }:>9€{15 ,165°,195°,345 }
64. (1—2sin2t9)(\/§+2cos29):O:>sin29:% or 00529:—§.
1
If sin26 = 5= 26 € {30°,150°,390°,510°} = 6 € {15°,75°,195°,255°}.
\/g o o O o [e] o] [e] o
If COSZH=—7:>9€{150 ,210°,510°,570 }=>€e{75 ,105°,255°,285 }
The solution is {150, 75°,105°,195°,255°, 2850}.
65. (x/gtan9+1)(20050+1)=0:> tan0=—g or cos&=—%. tan6’=—§=> 6 € {150°,330°}.
cosd = —% =0e {120", 2400}. The solution is {1200,1500, 2400,330"}.
66. x/gcosﬁzsin0+1:>300520:sin20+2sin9+1:>3(1—sin29):sin20+2sin9+1:>

2(2sin@—-1)(sin@ +1)=0= sin @ :%: e {30",1500} or sinfd =—-1= 6 =270°.

Checking each solution in the original equation, we find that 8 =150° is extraneous.
The solution is {300, 2700} .
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Applying the Concepts
67. zzicosa:> cos o :1:> a =60°
3 3 2

68. 1900 =2400+500sin 7zt = sin 7zt = —1 = 7t = sin_l(—l) = 37” =t =1.5 years

69. 80=160co0s1207t = cos120xt = % = 12072t = cos ! % _Z =>t= L sec

3 360
70.

[N

SIS)
SIS

h=xcos— and 2: xsing:b = 2xsin2

A:lbh:l 2xsing xcosg :x2singcosg
2 2 2 2 2 2
71. A=1andx=2=>4singcosg=1=>2 2singcosg =2sin67=1=>sin€=l=>67=sin_1 l =30°
2 2 2 2 2 2

Chapter 6 Practice Test A

1. sinH:EZZ and cost9<0:>cost9:£:—£:>tanHz—i
5 r r 5 4
2y

2. tanx=—==and cscx<0=>
3 x

ENE

. X
sinx<0andcosx<0=cosx=—= 3
’

1—sin’ x _ cos” x

2

— =— =cot2x
sin” x sin” x

4. Letu =sinx+cosx. Starting with the right side, we have
(sinx+cosx+1)(sinx+cosx—1)=(u+Du—-1)=u>—1=(sinx+cosx)> -1
=sin” x+ 2sin xcos x +cos> x—1

= (sin2 x + cos? x)—1+ 2sin xcos x = 2sin xcos x

2sinxcosx sin2x

2 2

5. sinxsin E—X =Ssmx SIHECOSX—SIHXCOSE =SImxCosx =
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596 Chapter 6 Trigonometric Identities and Equations

6. Start with the right side.
sin x sin x sin x sin xcos x 28in xcos x sin 2x

I+tanx | sinx cosx+sinx cosx+sinx 2(cosx+sinx) 2(cosx+sin x)
cos x cos x

. . s (2x+4x 2x—4x . .
5 sin 2x+sindx 2sin ( 2 ) cos ( ) ) _ 2sin3xcos(—x) _ sin3x
" cos2x+cosdx  2cos (2";4’6)005(2";4’6) 2cos3xcos(—x) cos3x

=tan3x

8. cos(x+ y)cos(x—y) = %(cos [(x+ y)—(x- y)]+ cos [(x+ y)+(x- y)]) = %(cos 2y +cos 2x)

1
:5(20052y—1+2coszx—1):coszx+coszy—l
9. tan(—x)=1=>-x= tan '1= —x:%:> x= —%+ nsr, where n is any integer.

10. sin4x:l:>4x:sin71 1 :>4x:£+2ﬂ0r4x:5—7[+27[:>x:£+£norx:5—”+£n, where n is any
2 6 6 24 24 2

2
integer.
11. cos>= Q =X = cos! ﬂ - te 2,7—” = x= 3—” (The other solution is not in the domain.)
3 2 3 2 3 (4 4 4

. . . . 1
12. sin2x+cosx=0= 2sinxcosx+cosx=0= cosx(2sinx+1)=0= cosx=0 or s1nx=—5

Ifcosx:O:xzzorxzs—ﬂ. Ifsinx:—l:xzzorx:%.
2 2 2 6 6
The solution is 2,7—”,3—”,M .
26 2 6

13. sin56°+ cos146° = sin(90° — 34°) + cos(180° — 34°)
=sin 90° cos 34° — sin 34° cos 90° + cos 180° cos 34° + sin 180° sin 34°
=c0834°-0—-co0s34°+0=0

14. co0s48°cos12°—sin48°sin12° = cos(48° +12°) = cos 60° = %

2

2

.S . (n «w . T V.4 T .
15. sin— =sin| —+— |=sin—cos— + cos —sin — =
12 4 6 4 2 4

6 6 4 2

7 1(ﬁJ \B[ﬁj:£+ﬁ

2
16. cos29=1—2sin29=1—2(f) .
5 25

17. tan6=§:>sin€=§,cos6=i
4 5 5

sin2@ =2sinfcos @ = 2(éj(i) :ﬁ
5)\5 25

T .
18. y :COS(E_XJ+tanx: Sin x + tan x

f(=x) =sin(—x) + tan(—x) = —sin x — tan x = —(sin x + tan x) = f(x) is odd.
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19. Ifx:y:E,s1nx+S1ny:1+1:2¢s1niz, so sinx+sin y =sin(x + y) is not an identity.

2 .
5o, 12878020 _ o o 512:32
32 1282

1= 260=90°= 6 =45°

Chapter 6 Practice Test B

1. sinHz—E andzz<t9<3—7Z:>c059:—i:>sec¢9:—E
13 2 13

The answer is A.

2 2

2. (sinx+cosx)2+(sinx—cosx)2=sin2x+2sinxcosx+cos2x+sin X—28in xcos x +cos” x

= 2(sin2 x+ cos? x) = 2. The answer is B.

sin x + sinx _ sinx(I-cosx)+sinx(I+cosx) 2sinx 2

3. 3 5—=—_—_=2cscx. The answer is D.
l+cosx 1-cosx 1—cos” x sin“x slnx
tan x + tan tan x + tan tan x + tan .
4. Y = Y = Y - tan xtan y. The answer is B.
cotx+coty 1 + 1 tan y + tan x
tanx tany tan xtan y
5 sin x +sin y + cosx—cosy _ (sinx+sin y)(sin x —sin y) + (cos x — cos y)(cos x + cos y)
" cosx+cos y sinx—siny (cos x +cos y)(sin x —sin y)
B sin? x—sin? y+cos2 x—cos? y (sin2 x+cos? )c)—(sin2 y+cos2 y)
(cos x+cos y)(sin x —sin y) (cos x+cos y)(sin x —sin y)
The answer is A.
sin 2x 2sin xcos x 2sin x cos x 1
6. = > = > 10. 2cosdx=-1=cosdx=——=
I+cos2x 1+4+2cos”x—1 2cos” x ) 2
sin x . T T nxw
= = tan x. The answer is B. dx=—+2mT=>x=—+——
cos x 3 6 2
4r T nxw .
1—cos2x ) . or 4x=—+2n7r = x=—+—, where n is
7. ————  =tan” x. The answer is C. 3 32
1+cos2x any integer. The answer is C.
. . . .3 .
3. sin 3x sinx _ 3sinx—4sin” x—sin x n o x_x/E x 7 ) 3r ;
COS X — COS 3x COSX—(4COS3X—3COSX) . sm§—7=>§——+ niw —x=—+06nrx
. .2
- x 3r 97 .
= 2sin x(1 251n2 x) or —=—+2n7r = x=—+6nx, where n is
4cos x(1—cos” x) 3 4 4
2sin xcos 2x cos 2x any integer. The answer is C.
4cosxsin®x  2sinxcosx 12. cosx—sin2x=0= cosx—2sinxcosx=0=
cos2x . 1
= inox cot 2x. The answer is D. cos x(1—2sinx) =0=> cosx =0 or sinx = 5
T kY4
9. cot(-x)=-1= —-cotx=-1=cotx=1= If cosx:O:x:E orx:7.

x = 7z/4 + 7n. The answer is C. | e S
If sinx=—=x=—orx=—.
2 6 6

The answer is A.
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598 Chapter 6 Trigonometric Identities and Equations
13. sin71°+cos161° Cumulative Review Exercises
=sin(90° —19°) + cos(180° —19°) Chapters P-6
=sin90°co0s19° —cos 90°sin 19°
+c0s180°cos19° +sin180°sin 19° \/27
=¢c0s19°~0-co0s19°+0=0 1. x2+x—1=0=>x=_1i ! _4(1)(_1)=>
The answer is D. 2(1)
. . . -1445
14. sin53°cos37°+ cos53°sin 37° = sin(53° + 37°) x= >
=sin90°=1
The answer is D. 2. logr,(x+D+log,(x-D=1=
log, (x+D)(x—-1))=1=
15. cos26=1-2sin?0=1-2(2/3)> =1/9 ZgZ( R )
The answer is B. * _.1=2 = X =3=>.x=\/§ (Reject'the
negative solution; logarithms are not defined
16. tand = 4 =Y s ding = i,cos& _ é for negative numbers.)
3 x 5 5 1029
sin 26 = 2sin  cos @ = 2(4/5)(3/5) = 24/25 3. 57=9=—xlog5=1log9= x=- £
. log5
The answer is A.
ju 4. sin2x—cosx=0= 2sinxcosx—cosx=0=
17. f(—x)=sin| ——(—x) |+ cot(—x) . . 1
2 cosx(2sinx—1)=0=cosx=0or sinx=—.
=cos(—x) +cot(—x) = cos x —cot x ju 3 2
# f(x) = f(x) is not even (not symmetric If cosx=0=x= Py orx= -
with respect to the y-axis) 1 put 5
#—f(x) = f(x) is not odd (not symmetric If sinx = 5 =x= 3 orx= r
with respect to the origin)
. {ﬂ' 75 37[}
T The solution is { —,—,—,—+.
-y =—(sin(3—(—x)J+cot(—x)J 6 2 6 2
= —(cos(—x) + cot(—x)) 5. Solve the associated equation:
= —(cos x — cot x) = —cos x + cot x = ¥ —4x=0= x(x-2)(x+2)=0= x=0or
y = cos.x — cot x = sin (ﬁ_ xj —cotx = x =2 orx=-2. The intervals to be tested are
2 (2,-2), (=2,0), (0,2), and (2,).
the equation is not symmetric with respect to Valu of
the origin. The answer is D. Interval Test 2 ue o Result
hY/4 3z point i
V4
18. tan (Z + T) =tan - (undefined) (—o0,-2) -3 ~15 _
tan (%J + tan (ST”) =141=2. The answer is C. (=2,0) -1 3 +
0,2) 1 -3 -
2 3 2 3 3
19. 2cos x=E=>cos x=Z=>cosx=i7=> (2,00) 3 15 +
Z,S_E’Z’M The answer is D. The solution set is (=2,0) U (2,0).
060 00 2x-3 2x-3 2
128 im0 6. x—2 —1<0:>x_;(2“)<0=>
20, =20 o563 *r o
32 _5<0 Now solve x—=5=0=>x=5
: 256:3-32 3 x+2
sin2f =————=—=20=60°120°= .
1282 2 and x+2=0= x=-2. The intervals to be
8 =30°, 60° tested are (—o0,-2),(-2,5), and (5,0).

The answer is B.

(continued on next page)
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10. Shift the graph of y = Jx three units to the

right, then stretch the graph vertically by a
factor of 2, then shift the resulting graph one
unit up.

y
10~

(continued)
T Value of
Interval e.st 2x-3 Result
point -1
x+2
(—o0,—2) -3 8 +
(-2.5) 0 -5/2 -
(5,0) 6 1/8 +
The solution set is (—2,5).
7 Sx+h) - f(x)
) h
(2(x+h)2 —(x+h)+3)—(2x2 —x+3)
- h
_2x% +4xh+2h* —x—h+3-2x" +x-3
h
2 — —
_2h +:xh h_ h(4x+h2h D e 1o

8. fx)=y= ;Lzl Switch the variables, and
.

then solve for y to find f _1(x) :

xX= y+2=>2xy—x=y+2=>
2y-1
2xy—y=x+2=>y2x-D)=x+2=
s _)C+2
y=frw=-=

9. First, complete the square to find the
transformations needed:

y=x2—4x—7=>y+7+4=x2—4x+4=>
y+ll=(x-2)%2= y=(x-2)2-11

Shift the graph of y = x% two units to the
right and 11 units down.

y

6 gy =22

\ - 7

\3: /l /
AV S oA S I ET A
-4 2\ 2 4 f6 X

-9

—2F y=xr—d4x—7

11.

12.

Shift the graph of y =2" one unit to the right
and two units down.

—_
o
TT'T T 1T 17T 1T T 1T T T

Shift the graph of y =Inx one unit to the left

and then stretch the graph vertically by a
factor of 2.

Y
4 y=2Inx+1)
3_
2_
7
1~ ,,”\ In x
| L7 | [ &
-1 21 2 3 4005
N =7
1
1
21
I
3
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600 Chapter 6 Trigonometric Identities and Equations
2 2
13. The period of y:lsian is 2—”27[ and its 17. 2csc” x—3cotx—5 _ 2(1+cot” x) - Scotx—3
2 2 2cotx+1 2cotx+1
amplitude is 1/2 . Compress the graph of 2cot? x—5cot x—3
y =sinx horizontally by a factor of 2 and a 2cotx+1
vertically by a factor of 2. _ (cotx—3)(2cot x +1)
YA y=sinx 2cotx+1
1k =cotx—3
y= %sin 2x 1
L 18. secl5°=sec(45°—-30%)= ——————
Sr \C o 1 cos (45°-30°)
W+ " c0s45°c0s 30° + sin 45° sin 30°
- 1 4
14. The amplitude of - (%) (%) + (%) (é) Je+42
1
y=—2cos(3x—l)=—2cos3(x——J is 2, the 4 6—+/2
; o S v MR
period is 277/3, and the phase shift is 1/3 to 6+v2 N6-v2
the right. . 3z
y=—2c0sGr— 1) 19. s1n(x—7)
=sin xcos3—ﬂ— sin3—”cosx
y=COS X 2 2
=0-(-1)cosx=cosx
27
20.
h
15. A y=-3cscx
U B 0 90° -9
77N [77N
v/ 1 \\c | g r I \\1 & |«800 ﬂ_>| 3200 ft |
27 - 4F 7, Jon
N\~ \_/ h
4L y=3sinx tanfd =——= h=800tan &
6 800
tan (90° - 0) = cot 6 = I h=3200c0t6
16. y = 2tan 4x 3200

I
<—\=i‘-\\>
| T—
o ==>
f‘“\\\
L TS
l]l][l\ N
\\\\-—)
(—5\\\
"\sl—\—)
.

tan 6

cotd
tan’@=4= tand = +2
(Reject the negative solution.)

800tan @ = 3200cot 8 = =4=

2=L=> h =1600.
800

The tower is 1600 feet tall.
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